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NPEAUCNOBUE

Hcnonb3oBanne 3/1€KTPOHHO-BBIYHCIHTENbHON TEXHHKH CBS-
3aHO C BO3MOXKHOCTbIO aJITOPHTMHYECKOTO pelueHHs 3agay H dPPexTus-
HOrO BBIYHCJEHHSI GYHKUHA. MeXay TeM B MaTteMaTHKe LUIHMPOKO MCIIOJIb-
3yloTcst (DYHKUHMH, 3alaHHble He3((eKTHBHbIMH onpeneieHusmu. Ctoib
K€ 4acTbl J0Ka3aTe/lbCTBa pa3pelliMMOCTH 3aJay, HalpUMep ONTHMH3aIHH,
He CONpoBOXKJaeMble aJTOPUTMaMH HX pelleHus.

B neficTBuTenbHOCTH KJacC 3alay, AOCTYNHBIX KJacCHUECKHM cpefr
CTBaM, B HEKOTOPOM TPYAHO YTOUHSIEMOM CMBICJI€ CTPOro IIHpe KJjacca
3aj]ay, peillaeMblX aJropuTMHuecKH. KuHra nocBsimeHa NPOsSICHEHHIO
CMBIC/Ia 3TOTO YTBEPXKIEHHS, HM3JIOKEHHI0 MaTeMaTHYeCKHX Mofenell BHI-
YUC/JUMOCTH, a TaKxkKe HEeKOTOPHIX HelaBHHX pe3yJbTaToB, KOTOpDblE HC-
NOJIb3YIOT [IOHSITHS TEOPHH BBIUHCIHMOCTH, HO BBLIXOAST 3a ee Npelesbl.
Crona otHocsitcst npexkne Bcero unen A. H. Kosmoroposa o cBsizsix mo-
HATHI BbIYNCAHMOCTH H CJy4YaHHOCTH, a TaKXe pe3yJbTaThl O TEOPETHKO-
YHCJOBBLIX acnekTax TeOpHH BbiuMcaeHHi. BoJsee mnoxpo6Ho MaTemaTu-
yeckas npoGaemMaTHKa KHHTH OGCYXJeHa BO BBElEHHH.

Cka)keM HeCKOJIBKO CJIOB O TOM, KaK KHHTY MOXHO uuTaThb. [Ipexne
BCEro, IJIs NOHHMaHHs 6OJIblUEH ee yacTH JOCTaTOYHO MHHHUMaJ/JbHBIX Ma-
TeMaTUYeCKHX 3HaHMHA, HO, KOHEUHO, HeoGXoaMMa HeKoTopasi MaTeMa-
THYecKas KyJbTypa. Ee Xapakrep npHMepHO OnpenessieTcsi COefHHeHHeM
NPHUBLIYKH K TEOPETHKO-MHOMKECTBEHHLIM INOHSTHSIM HayaJbHOrO aHaJHu3a
(byHKuMH, HX rpaduku, 00JIaCTH ONpEeNeNeHHst) U HaBHIKOB COCTaBJIEHHS
npocTeix nporpaMm. OCHOBHbIE NOHSITHSI, NPHBOAMMBIE B KHHre (peKyp-
CHBHas (yHKIHs, NepeyucaHMOe MHOMKECTBO, aJrOpHTMHYecKas paspe-
HIMMOCTb MaccOBOH 3aflaud M Jp.), BaKHee, 4ueM HOKa3biBaeMble O HHX Teo-
pembl, a (OPMYJIHDOBKH TeOpeM BaxKHee, YeM HMX JOKasaTe/lbcTBa. XOTH
B KOHEYHOM CyeTe OBJaJieHHe MOHATHSIMH MIET U yepe3 NpopaboTKy AOKa-
3aTe/IbCTB, 3HAKOMCTBO C MOCJEJHHMH MOXET Hal0J/Ir0 OCTaTbCs MOBEpX-
HOCTHBIM. MecTaMy B f0Ka3aTesNbCTBaX HYXKHbl TeXHHUYCCKHE CBeJeHHS H3
aJre6pel H TEOPHM YHCes; BCe TaKHe MecTa H BOOOLIe «KYXHS» BblIEJEHbI
HEeTHTOM.

[naBa | KHHTH cOmepKHUT GO/BIIYIO YacTb OCHOBHBIX OlpeleseHHH,
OHHM TYT JKe NOJAPOOHO NPOKOMMEHTHPOBaHbl. UHTas 3Ty rJlaBy, MOXKHO
ONMYCTUTb Zi0Ka3aTejbcTBa B § 4 U 5. Bo BTOpO# I/1aBe 1O CYLIECTBY AOKa-
3piBaeTcsl ofHa TeopeMa. Pekomenayercsi npoaymartb ee (hOpDMYJHDOBKY,
naHuywo B § 1, n0Ka3aTenbCTBa CHOBa MOXHO NPOMNYCTHUTh. DTa TeopeMma
H paccyxnenve u3 ri. Il galoT HekoTOpbI yHHBepca/bHBIA cnOCO6 OMHU-
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caHHsi JoGOH BBIYHCIHUMON GYHKUUH, TpeOYIOMWHUH TOJIbKO BBIYHC JIEHHUS
3HaueHui oamoro (!) yHHBepcaJbHOrO MOJNHHOMA W mepeGopa. DTOT pe-
3yJbTaT HMEET BaxKHOe NPHHLHNHAJIbHOE 3HayeHHe H HCMOJb3yeTcs BO
BCEX MNOCJeAYIONMX IJiaBaX, HO €ro J0Ka3aTe/l1bCTBO HE HCMOJb3yeTcs
BOBCE.

Fnaswl 111, TV u V Bmecte, VI nocBsuessl oTae/bHBIM TeMaM H Mo-
IYT YUTaThCsl He3aBHCHMO, cpa3y nocne Bropol raaswl. [locnennsis raa-
Ba BOOGlIe 3aMeTHO GoJlee clelMa/jbHa U MOXKeT ObIThb OmylleHa NMpH yTe-
HUH. B Hell HanoeHa OueHb 3HaMEHMTasi W TpYIHas TeopeMa TEOPHH
rpynn. [TogpoGHee 0 comepKaHUH OCTAJbHBIX IJ1aB CM. BO BBEJEHHH.

PasjiyHbIM acoeKTaM TeOpHH BBIYMCIMMOCTH MOCBsleHa OGLIHPHAs
suteparypa. UntaTenb, BrepBble 3HAKOMSILIUACS ¢ Hell W He XKeJaloUUi
BHHKATh B MaTeMaTHKY, MOJYYHT YJOBOJBLCTBHE H IOJb3Yy H3 MONyJsp-
HpiX pa6ot B. A. Ycnenckoro [9] u H. A. Kpunuuxoro [8]. Yue6HukH 1o
TEOPHH PEKYPCHBHBIX (DYHKUHMH, pacCuHTaHHbE Ha NPOGeCCHOHANIbHBIX
MaTeMaTHKOB, — 310 KHMru B. A. ¥Ycmenckoro [1l, X. Pomxepca [2]
u A. M. Manbuesa [3]. Monorpagus A. A. Mapkosa [4| noapo6HO H3na-
raeT CO3JaHHBLIH aBTOPOM MOAXOX K TEOPHH aJrOPUTMOB, OCHOBaHHBIH Ha
HI€e O TOM, YTO MNEPBHUHbIE MOHSTHS HOJKHB (POPMAJH30BaTh 3JEMEH-
MEHTapHble MPOLEcCh OOPaGOTKH JHHEHHBIX CHUMBOJIbHBIX TEKCTOB. Teo-
pus MawuH ThlopuHra, nonyJsipHasi aJbTepHATHBHAs MOJE/b BbIYHCJIH-
MOCTH, onmHcaHa B cbopuuke [7]. YBaexatenbnas kHura A. I1. Epiuosa
[11] naer xuBOe npencraBneHHe O TOM, KaK pa3BHBaeTCs ceHyac TeOpHs
MporpaMMHpOBaHHs, He OTIeNHMasi OT 3alPOCOB MPAKTHKH M BO3MOXKHO-
cTeil GJIMKANLIEr0 MOKOJIEHHsi KoMIbioTepoB. [lo moBoxy Tem, KpaTko 3a-
TPOHYTbIX BO BBeleHHHM, CM. IBe 3ameyartenbhble ctath A. H. Koumo-
ropoBa [19, 20], nanucannbie BecbMa HehopManbHO. Mbl COBCceM He Kaca-
JIKCb B KHHre 3aJau MOCTPOEHHS! KOHKPETHBIX 3KOHOMHBEIX a/rOPHTMOB.
Kuura [32] — oxna W3 mociegHux CBOJOK Ha 3Ty Temy. [IouTH Bce HYXK-
Hble TEOPETHKO-UHCJ/OBble CBEIEHHS MOXHO MONYEPNHYTb H3 KHHIH
M. M. Tlocruuxkosa [31]. OcranpHas JutepaTypa U3 COHMCKA MO0 TeM HJIH
MHBIM MOBOJAM LMTHPYETCS B KHHTE.

B 3axJ/iouenne s xotea 6b mobsaromaputh WM. M. fraoma wu
B. I1. 3unuenko 3a BHUMaTesbHOE M A0GPOKENATENbHOE PELEH3HPOBA-
HHe PYKONHUCH,

10. H. Manun



BBEAEHUE

1. Anroputv — 3TO TeKCT, KOTOpPbiff B OmpefesNeHHBIX OG-
CTOATENIbCTBAX MOXKET MPHBECTH K ONHO3HAYHOMY Pa3BHUTHUIO COGBITHH —
npoueccy BbINOJNHEeHHs ajdroputma. PepMeHT, KaTaJu3upyOUHi cne-
1KHGpHUECKYIO peaklHMio, yCTaB KapayJ/bHOH clymxObl HMJIM MpOrpamMma
OBM — npumepsl aJropuTMOB B 3TOM ILIHPOKOM CMBLICJIE CJIOBA.

MareMaTHKa MOCTaBJsieT aJrOPUTMbI BBHIYUCJEHHH U 06paGOTKH CHM-
BOJIbHO! HH(OPMALHH, KOTOPBIe SIBJASIIOTCS CYLIECTBEHHBIMH KOMIIOHEH-
TaMH HaYYHOH NeATeNbHOCTH; A3BIKH 1JIsl 3aMHCH aJrOPUTMOB, HX PaGOThl
H pe3yJbTaToB; MNPOEKTbl (PU3HYECKUX YCTPOHCTB, BHLIMNOJHSIOMMX aJro--
putMbl. HakoHen, mMaTeMaTHKa CTPOUT TeOpeTHUECKHE MOIENH BCeX 3THX
NOHSITHH.

TakuM TeopeTHUeCKHM MOJEJsIM — MaTeMaTH4ecKoll TeOpHH aJiropHT-
MHUeCcKOll BbIYHCIMMOCTH — MOCBSIleHa 3Ta kHura. OHa siBAsieTCs ecTe-
CTBEHHBIM OpOJOJKeHHeM KHHrH «[{okasyemoe u Hemokasyemoe» (M.:
Cos. paauo, 1979; nmxke uutupyerca kak «/1 u HI»), Ho no Goabuieii
YacTH MOXET ObIThb MPOYMTAaHAa HE3aBHCHMO OT Hee.

2. Tpocreiiuasi, HO OueHb YyHHUBepcaJbHas MOIeJab aJropuTMa mO-
CTYJIUPYET, YTO aJIrOPHUTM NPEANUCHIBAET Cnoco6 BBIYHC/AEHHS (YHKIHH,
3aJaHHOI HA MOJAMHOXKECTBE LeJbIX MOJNOXKHUTENbHbIX YHcesn Z' U NPHHH-
Maollell uesble NOJOXKUTeNbHble 3HaueHHs. Il omHON W TOH Ke PyHK-
IHH TaKUX crnocoboB MoxkKeT ObiTb MHOro. OKasblBaeTcsi, 4TO CpPeld HHUX
€CTb CJIelYIOLHIT THIOBOH Cnoco6: Mo JoOoMY OMHCAHHIO aJroOpUTMa Bbl-
YHCMEHUs PYHKUHH y = f (X) MOIKHO MOCTPOHTb MHOTOUJEH

P, (x, y; by, ooy 1)

C HeJbIMH Ko3(dHuUHeHTaMH, TaKo#, uto b = f (a), ecqn ¥ TOJbBKO ecJH
CYLIECTBYIOT LieJbie YHcaa &, ..., {4 € Z*T ¢ ycaoBHeM

P, (@ b; £, ..., £ = 0.

3Has P; w a, Mpl MoXeM Haiith b = f (a) mepeGopoM BeKTOpOB
O, t, ..., t;) 0O ouepend. ITO — OCHOBHOH pe3y/bTaT NepBbIX ABYX rJaB
kuuru. [1yTh Kk Hemy nmoJor [lepBasi moJioBMHA MyTH COCTOMT B aHaJ/H3e
caMoil HleH NEeTePMHHHPOBAHHOTO MpONECCa BLIYHCJAEHHE; 3TOT aHaJaH3
NPHBOAUT K NPENCTaBJIEHHIO O TOM, YTO TAKOH Nporecc MoxkeT GbITb pas-
JIOXKEH Ha 3JIeMEHTapHble LIard H3 KOHEeYHOro M (PUKCHPOBAHHONO pas
H HaBcerga CIUcKa M YTO -QYHKIHMH, BBIYHCIHMBIE C [IOMOLIbIO HTEpalHH
9THX LLIaroB, MCYEPMBIBAIOT (PYHKLHH, BHIYHCIHMbIE JIOOLIM APYTHM aJjro-
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puTMUuecKHM crocobom. [locsienHee yTBep:xieHHe siBJAseTCA €CTeCTBEHHO-
HAyYyHbIM [OCTYJIATOM, KOTOPBbI He NOKa3blBaeTcss MaTeMaTHYeCKH, HO
MOJATBEPKIAAETCS 3KCriepUMeHTasbHo. Takoil aHa/in3 cBA3aH C HMeHaMu
Toiopunra, Uepua, [locra, Mapkosa, Kaunu, Koamoroposa. Ou npu-
BOJAUT K MaTeMaTHYeCKOMY OMpefeseHHI0 DeKYPCHBHOH (YHKUMH, KO-
TOpCe BBOAMTCS M H3yuaeTcs B NepBOH IJaBe.

Bropasi mosioBHHa IyTH COCTOMT B MaTeMaTHYecKod o6paboTke MOHH-
THS PEKYPCHBHOH (DYHKUMH CPEACTBAMM 3JIeMEHTapHOH, HO OYEHb HeTpH-
BHa/bHOH TeopuH unces. IlepBble Hjaen 31ech OblIH 3aJI0XkeHbl B paboTax
Tenens, HofiBuca, [latnama, k. PoGuHcon, a 3aBepluaiomuii pesyabtar
nonyuen [O. B. Matuscesuuem.

3. PeanbHblfi npouecc BBLIUHC/AEHHH NPOH3BOAUTCS HAlL 3anuUcAMU
yHces, CKaxKeM, B JBOHUHOH cucTeMe. [lepBrifi sTan paGoThl Jio6o# Godb-
moi OBM cocToHT B aJrOpHTMHYECKOH MepepaboTKe MPOrpammbl, HanucaH-
HOW Ha si3bIKe NPOrpaMMHPOBAHMs, B MPOTPaMMYy Ha sA3blKe MaLIMHHBIX
komaHa. OcCyIecTBISIIOMHKI TaKylo nepepaGoTKy TPaHC/ISTOP ecTh aJjro-
PHTM, MNepPEeBOASALIMA CHMBOJIbBHYIO HHGOpManuio B cpMBogbHYw0. [lo-
3TOMY B MaTeMaTH4eCKOH TeOpHH BBIYHCIHMOCTH, ONHpaiouielcs Ha no-
HSITHE PeKYPCHBHOH (DYHKIMH, NO/MKHA HAaHTH CBOE MeCTO MOJe/b CBSI3H
MEeXJIY uHcJaMH U TekcTamH. Takoil Moxenu — Hymepauuu [enens — no-
cpamieda . IV Ee ocHOBHOH pe3yJsibTaT COCTOHT B TOM, 4TO Bce 3Jle-
MeHTapHble OllepalMH Hal TEKCTOM, KOTOpbIE MOTYT Jieyb B OCHOBY MpoO-
[16CCOB a/iTOPUTMHUECKOH nepepaGoOTKH TEKCTOB, NpeBpalLalOTCs B peKyp-
CHBHblE (DYHKIHH MpH JM06GOH ecTecTBeHHOH Hymepauuu TekctoB. [lo-
3TOMY HyMepalus M03BoJsieT NepeBecTH TaKYI TEOPHIO Ha sI3blK pPeKyp-
CUBHBIX (QYHKIHH.

IIpuHUKOHaIbHOE 3HAUEHHE 3TOTO pe3yJbTaTa COCTOHT B TOM, YTO OH
OTKpbIBaeT BO3MOXKHOCTY BBOAMTb Pa3HOro pPOJa «3aMbIKaHHS BBLIYHCJIH-
TeJBHOTO YHHBepcyMa». EcC/IH apryMeHTHl H 3HaueHHs! BbIUHCJIUMBIX (DYHK-
uM# MOryT ObITh TEKCTaMH, TO TEKCT, ONHUCHLIBAIOUIMH aJropuTM, CaM MOXKeT
ObITb NpeagMeToM O6pPabOTKH aJropuTMoM. J[lasee MOXKHO BOOOpPa3UTh
ce6e aJropHTM, MOPOXKIAIOMWKHA BCe TEKCThl, KOTOpHIE SIBASIOTCS OMNHca-
HUSIMH aJITOPUTMCB.

WccnenoBanue CBOHCTB TaKHX YHHBepCaJbHRIX KOHCTPYKUMH, B 4a-
CTHOCTH 3((eKTOB CaMONPHMEHHMOCTH, NPHUBOAMT K OGHAPYXEHHIO a/ro-
PHUTMHUECKH Hepa3pelIMMblX MaTeMaTHUYeCKHX 3aJauy U HeNOKa3yeMbIX
TeopeM B ¢opManbHbIX s3blkax. OueHb obuweMmy pe3yabTaty [emens o
HenoJIHOTe (popMaJsibHOH MaTeMaTHKH MNOCBsilleHa MsTasi IJaBa, a ONHOH
TOHKOH HepaspelunMOH 3ajiaye M3 TEOpPHH Tpynn — llecTas rJaBa.

Teopema MatusiceBuua u3 ra. Il Takxke HeMelJIeHHO NPUBOAHT K YT-
BEPIKIEHHIO O HepaspellMMOCTH OIHOH H3 3HaMeHHTHIX npoGaeM [uib-
Gepra.

4. CymecTBoBaHHe aJTOPHTMHYECKH HepaspellMMbIX 3agad d ¢op-
MaJ/IbHO HeNOKa3yeMblX MCTHH OblIO NepBbiM (yHAAMEHTaJbHHIM OTKpbI-
THeM TeOPHH BBIYHCJIHMOCTH, €CJIH He CYHTaTb CAMOH CHCTEMbI OCHOBHBLIX
noHsTHH 3ToH TeopuH. CeHyac TaKoro poja pe3yJbTaThl MPOZOJIKAIOT
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nosiBAsThbCA U BBI3BIBATb HHTepec: cM., Hampumep, § 6 ra. V, rae cdop-
MYyJHPOBaHa yCHJEHHas TeopeMa Pamcesi — Hec/loxkHOe KOMOHHHPOBaHHOE
yTBep2KIeHHe, HEBLIBOZUMOCTb KOTOPOrO M3 aKCHOM apH(PMeTHKU Oblia
ob6HapyxeHa Juwb B 1977 rony. Ho ocHOBHBIE TeHIEHIUH TEOPHH BBIYHC-
JIHMOCTH OTpelesiioTcss pa6oTaMH, KOTOpble MOTHBHPOBaHBI ee NpHKJai-
HbIMH, obLieMaTeMaTHYeCKHMH M Jaxe OOLIeHayYHbIMH acleKTaMH.

K nepBoMy Hanpas/ieHHIO OTHOCSITCSI MHOTOYHCJ/IEHHbIe paboThl M0 CO3-
JaHHI0 3(Q(QeKTUBHBIX, T. €. YKJaAblBalOIMXCS B pealibHble OrpaHHYeHus
Ha Bpems pa6oThl M o6beM NaMsTH, aJrOPHTMOB pellleHHS] KOHKPETHBIX
BBIYHC/HTe/LHBIX 33al1a4 ¥ Teopuu aJjroputMoB. Ciola Ke OTHOCATCS pas-
paboTKK $3bIKOB NPOrpPaMMHPOBAHHS H TPAHCJASTOPOB, a TaKXKe MPHH-
LMNOB HX cOo3JaHHusl. BosHHKamoUlast HOBAS AHCUHMIJIMHA — TeopeTHuecKoe
nporpaMMHUpOBaHie — BbIHYXKJ€HA NIPH 3TOM paboTaTb MHOTAA Ha CaMOM
Kpaw «IponacTH HepaspelidMOCTH», HO BCe e ee rJaBHas 3aboTa co-
CTOHT B TOM, KaK Cle/laTb XOpOLIO TO, YTO B NMPHHUMIE CAENATb MOXKHO.
[lesy u 06beM 3TOH KHHTH He MO3BOJHJIH HAM KOCHYTbCSI 3TOH OrpOMHO#
¥ BaXHOH obsnactn Teopusi peKypcHBHBIX (YHKUHH JHIUb OYepuyHBaer
ee caMble OTJaJIeHHbIe PAHHIIBI.

Ko BTOpoMy HampaB/ieHHIO MOXKHO OTHECTH HCCJEIOBaHMS, CBSI3BIBAIO-
[IHC TEOPHIO BBIYHCIHMOCTH ¢ GoJiee KJIaCCHUECKHMH MaTeMaTHYeCKUMH
cTpykTypamu. Tak ke, Kak coeIHHeHHe CTPYKTYp Cpynnel U IHddepeH-
IHpYyeMoro MHOrooOpasusi NPHUBOAHT K MOHATHIO Tpynnbl JIM, KO MHOTHM
MaTeMaTH4eCKHM ONpeleeHHsIM MOXHO JNOGaBHTb YCJIOBHE BBIYHC/JIHMOCTH
BXOISILIMX B 3TO ONpejeseHHe onepaurit uau, Gosnee o6LIO, KOHCTPYKTHB-
HOCTH OOBEKTOB M MOJNYYHTb HOBYIO BEPCHIO TPaAHLHOHHOH TEODHH Yike
MOCTPOEHBI KOHCTPYKTHBHbBIE BapHaHTb! aHaJ/JH3a H3 (ppaI‘MeHTOB JPpYyrux
Teopui. MoxXHO HaledTbCsl, 4TO mMpeapaccyikH ¢uaocodcKoro nopsiaka,
CBsI3blBaIOLIHE 3TH HAEH C YCTapeBIUHUMH KOHUENUHSIMH «OOOCHOBaHHS
MaTeMaTHKH», 6YAYT MOCTeNeHHO OTXOAUTb B TeHb M oblleMaTeMaTHyecKas
po/ib MOJIYYeHHBIX pe3yJbTaToB OYAeT oco3HaBaThcsl sicHee. KoOHCTpYyK-
TUBHas MaTeMaTHKa NpPH3BaHAa He 3aMEHHTb KJAacCHUYEeCKYlo, a CTaTb ec
no/iHonpaBHOH uyacTblo. B uacTHOCTH, 3ajaya XapakTepH3alUHH peKyp-
CHBHBIX CTPYKTYp B GoJiee OObIUHBIX TepMHHAaX, ofpasuam KoTopoil
cayxat Teopembl Matusiceuua (ri1. [I) u Xurmsua (ra. VI), BeposiTho,
HacT ellle MHOTO 3aMevyaTe]bHBIX pe3ysbTaToB. [Ipumep ropasno MeHee
NpSIMOJIMHEHHOH CBSI3M PEKYPCHBHOCTH C KJIACCHYECKOW MaTeMaTHKOH
npencrasasior ray6okue unen A. H. KosmoropoBa B TeOpHH C/I0XKHOCTH
H TEODHH BepOSITHOCTeH, BBeNEeHHIO B KoTopele nocesimena rja. II1. @op-
MaJibHO roBopsi, ONHA M3 3ajay, pelleHHbiX KoJMOropoBbIM H ero yue-
HHKaMH, COCTOHUT B TOYHOH MaTeMaTHUECKOH XapaKTepH3aUWH CJIYyyaHHbIX
nocnenopatesnbHoctell. Ho mo cyuiecrsy KosMoropos caenan mpeamerom
rAYG0KOH TEOPHH HHTYHTHBHOE OLLYLIEHHE TOro, 4YTO CTENneHb OpPraHH30-
BaHHOCTH GOJIBUINX CTPYKTYP (B NPOTHBOBEC WX CJAYYaHHOCTH H XaOTHY-
HOCTH) MPOSIBJSIETCS B XOle aJrOPHTMHYECKOTO B3aMMO/IEHCTBHA C HH-
MH, JaJeKO He CBOAfILErocs K MPOCTbIM MpoLeAypaM MNoJACHeTa 4yacToT
(cm. § 3 ran. III).



[Mostomy Teopuio Kosmoroposa [19—21] MoxHO ¢ paBHEIM npaBoM
OTHECTH K TpPETbeMY HaNpaBJeHHIO Pa3BHTHUS HAEH BBIUHCIHMOCTH, Ha-
NpaBJeHHI0, TJe TEOpUsl aJrOPUTMOB paccMaTpuBaeTcsi Kak ¢opmaJsiu-
30BaHHAsi MOJENb aJrOPUTMHYECKOH MAesTeNbHOCTH H aJrOPHUTMHYECKHX
[POLECCOB B IIMPOKOM MoHMMaHHH. K TakHM mpoueccam oTHOCHTCS, CKa-
JKeM, [epeBOJ TEKCTOB Ha €CTeCTBEHHBIX sI3bIKaX HJH pa3BopauydBaHHe
reHcTHNa B (eAoTHN, NpPOHCXOAsllee B Npolecce pPa3BHTHA KHMBOTO Op-
raHuama.

Takasi Touka 3peHHs HAa aJrOPHTMBI NO3BOJISIET YBHIAETb HEOXHIAaH-
Hble aHAaJOTHH W MNOCTAHOBKH 3ajiay, 3ac/yXKHBawollHe OGAYMbIBAHHUS.
Onuiiem BKpaTue JBa Kpyra HieH, OTHOCSIMXCS K JIMHTBHCTHKe U ¢u-
3HKe COOTBETCTBEHHO.

5. SIsbiK B LIHPOKOM MJIaHE €CTb CTPYKTypa yMpaBJIsIOWHX Bo3xeli-
CTBUH B CJIOXKHOH CHCTeMe; peub — KOHKDETHBIH (parmMeHT TaKHX BO3-
nefictBui. CoOTHOLIEHUe meKcm [3HaueHue mekcma NoJL0OHO He TOOTHO-
IIeHHI0 ghomoepagpus | pearbHocmsy, a COOTHOLIEHHIO npozpamma | evi0aua
WIH npoepamma | 6oiducaumensHoili npoyecc.

B pesysabrate MHOroJieTHedl pa6oThl Haj npoGJeMOii aBTOMaTHYECKOTO
nepeBofia BBIKPHUCTAJIM30Ba/lach OJHA M3 3HAYUTEJNbHBIX OOLIHX KOH-
HenuHi# COBpeMeHHOH JIHHTBHCTHKH: M3BECTHasi MOJAE/b «CMBICA «» TEKCT»
(em. [14, 15]). B 3T0H MOmesnu sA3BLIK MPEACTABJSETCS KaK COOTBETCTBHE
MeXNy NBYMSI GECKOHEUHBIMH MHOXKECTBAMHU: «MEKCMO8» W «CMbICAOBY.
D/eMEHTaMH TMEPBOTO MHOXKECTBA SBJSIOTCS TEKCThI HA TOM WJIM HHOM
€CTEeCTBEHHCM 53bIKe; 3/JeMEeHTaMH BTOPOTO — TAKKe TEKCThl, HO Ha HCKYC-
CTBEHHOM CeMaHTHYeCKOM s3biKe, MoJjJexaueM KoHcTpyupoBaHHio. Co-
OTBETCTBHE COIMNOCTABJISIET Ka)KAblil eCTeCTBEHHbIi TEKCT ¢ HaGopoM ero
BO3MOXKHBIX CMBICJIOB, & KaXXIblii CMBICJ — ¢ HaGoOpOM €ro BO3MOXKHBIX
BbIpaXKeHHH Ha ecTeCTBEHHOM si3biKe. CeMaHTHYeCKHH s3blK B MpHHIHIE
JoJKeH ObITb YHHMBEpCAJbHBIM MO Pa3HbIM NapameTpam, B 4aCTHOCTH, He
3aBHCSIIUM OT HCXOIHOTO €CTECTBEHHOTO si3blKa. JIMHIBHCTHKa €CTb Teo-
PHs NepeBOlia «CMBIC/ «» TeKcT». [lepeBox MOJIKEH OCYIECTBASITbCS Yepe3s
Pl NPOMEXYTOYHBIX 3TanoB, Ha3blBaeMbIX YPOBHSMH [peNCcTaBJIeHHs
NpelJoXKEeHHH ecTecTBeHHOro si3blka. K 3THM ypoBHsIM OTHOCATCS: ¢po-
HeTHYecKU#l (uau opdorpacuueckuit), GoHoorHUeCKHil, MNOBEPXHOCTHO:
MopoJorHYecKufl, ray6uHHO-MOPGOJOTHUECKHH, MOBEPXHOCTHO-CHHTAK-
CHYECKHH, TJyOHHHO-CHHTaKCHUeCKHH M cemaHTHuecKuil. «Kaxnabii u3
ypoBHeH, 3a HCK/OYeHHeM, MOxKeT ObiTb, opdorpaduueckoro, 3anaercs
CcBOUM (OpPMaJIbHBIM $3BIKOM; Ha KaxKIOM H3 YpPOBHEH HCXOIHOe Npeiso-
KeHue uMeeT (opMasbHBId 06pa3, Ha3biBaeMblil NMpelNcTaBJAeHHEM MPenJo-
JKeHHs1 — (POHOJIOr HUECKHM, NOBEPXHOCTHO-MOP(ONIOrHUeCKUM, FJayGHHHO-
MopgoJsoriyeckum ¥ T. I.» [15, c. 4].

«MoJesib «CMBIC/T «> TEKCT», TakHM 00pa3oM, SIBISIETCS WHCTPYMeH-
TOM, KOTOpBLIH JieJlaeT BO3MOXKHBIM OBJaJieHHe CMBICIOM G6OJIBILOro Kpyra
TEKCTOB Ha eCTecTBeHHOM f3blKe. IToaToMy mpeicTaB/sieTcsi 3aMaHYHBOMH
peanusauus 310l Mofend Ha DBM M ee ucnosb3oBaHHe AJis pelUeHUs 3a-
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Jay, BOBHHKAIOUYUX B Pa3/IHUHBIX aBTOMaTHYECKHX U aBTOMaTH3HPOBAHHBIX
cucTeMax o6pa6oTKU TeKCToBO#H uHdopMauun» (15, ¢. 5.

Paspa6GoTka HeTaJM3HPOBaHHOH MOJE/NH — JOJTroe W KPOMNOTJIHBOE Jie-
Jo. Ananua naxe npocThlX 06pasuoB GHITOBOH pedyd MPHBOAHUT K JOBOJIb-
HO CJIOXHbIM KOMOMHATOPHBIM CTPYKTypaM Ha YpPOBHe CEMaHTHUYeCKOro
npencTaBjaeHus (cM. puc. 1, rie npuBeieHO CEMaHTHYECKOe MpeacTaB-
Jenne ¢pasbl «Kocre ynanock no6eantb», B3sitoe us (14, c. 67]). B uccae-
JOBaHUM OKa3blBAlOTCA 3alyTaHHbLIMH Mpo6JeMbl aHaJ/JH3a CeMaHTHKH
M CO3JaHUs sI3blKa CMBICJIOB H COOCTBEHHO rnepeBoia B 06Ge cTopoHnl. He-
ICHO, KaKOH MaKCHMa/NbHBI YpOBEHb CTPYKTYPHPOBaHHOCTH MOXKET ObITh
HAOCTUTHYT H KAKOBO NPOHCXOXKIEHHE «HEeaJrOPHTMH3YEMOrO OCTAaTKam
SIBJIsSIETCS] JIH OH CJIEICTBHEM HCTOPHYECKHX CJAy4YallHOCTEH M MNpPHXOT-
JIUBOCTH €CTECTBEHHOTO si3blKa HJIM ecThb GoJsiee r1y6GOoKHe NPHUYHHBI €ro
CYILeCTBOBaHHS.

HekoTophiil cBeT Ha 3TOT BONPOC MNPOJIMBAeT MOMBITKA PacCMOTPETh
VIpoLIeHHble BADHAHTH ONMCAHHOH NMPOrpaMMbl KaK Gbl MOZAEJH «CMBIC/ <
<> TeKcT». B yacTHOCTH, YAO6HO BHIOpaTh TaKYyl0 OrpaHHUYeHHYIO 06JacTh
CMBICJIOB, YTOOHI e ceMaHTHYeCKoe MpeNcTaB/leHHe HMeJJ0 BO3MOXKHO GoJiee
npocTyio W (PHKCHPOBaHHYIO CTPYKTYpy. Bribepem B KauecTBe 3TOH 06-
JIaCTH «HaTypaJ/ibHble YHCJa», CeMaHTHUeCKH NPeACTaB/asds HX MHOCJeN0-
BateabrocTsaMu nmajouek: I, II, III, III1, ..., Ucropus ee npenctrasienus
CPEICTBAMH E€CTECTBEHHEIX $I3bIKOB OTHOCHTCSI K OMHCATeNbHOH JHHTBH-
CTHKe; OJHOBPEMEHHO OHA HOCTaBJIsSeT LEHHbHIE CBHAETENbCTBA O PaHHHUX
CTafusiX MaTeMaTHYeCKOrO MbILJIEHH .

B uyacTHOCTH, «npeaMaTeMaTHYECKHH» MEePHOL OTPaKeH B CJENYIOLIHX
YepTax CHCTEMbl Ha3BaHMH 4YHCcesNl B PA3JHYHLIX €CTECTBEHHbIX s3biKax.
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B HeKoTOpbIX NPUMHTHBHBIX S13bIKaX UMEIOTCS Ha3BaHH s JIHIIb /151 MaJblX
HaTypaJslbHbIX 4MCes, oCTajlbHble 0003HAYalTCsl eANHBIM C/IOBOM «MHOTO.
Tak, B nanyacckux ssbikax I'enne, Katn, Kamopo umeercs nBa co6ctBeH-
HO uHcauTesbHbiX | H 2, nanee no 20 cuer HAeT Mo majblaM PYK H HOT,
Ha 20 HaTypasibHLIA psil «KOHuaeTcs». Pasymeercsi, cuctema {1, ..., 20,
MHOro} moxeTr GbITb 6e3 TpyZa ogopMm/eHa Kak HeMNpoTHBOPeuHBHIH «Ma-
JBIA yHHBEpCyM» MaTeMaTHKH. DoJsee Tcro, Takoll M aHa/lorHYHble HaTy-
pa/ibHble PsAbl 3aHOBO paccMaTpPHBAIOTCS B OJHOH M3 MIKOJN OCHOBAaHHH
MaTeMaTHKH («YJbTPaHHTYHUHOHM3M») Ha pPAaBHBIX HJAH Ja)ke MNpeumy-
[IECTBEHHBIX MpaBaX CO CTAaHAApTHBIM HaTypajdbHBIM PSJOM KJjaccuue-
ckoli maTemaTuku. OfHAKO Heslb3s MepeoleHHBAaTh 3HayeHUs ITOro pa-
(DUHHPOBAHHOTO BO3BpAallleHHs] CO3HAHHUS K apXaHyHbIM CTalHsM W OTKa-
3bIBaTbCsl OT MOTYILECTBEHHOH HJAeH MOTeHLHaNbHO WM Aae aKTyaJbHO
6eCKOHEeUHOH NMPOJOJKUMOCTH PSA LEbIX Yucel.

B HeKOTOpBIX s3blKaX COXPAHMJHUCH pa3Hble CepHH Ha3BaHHH YHC/IH-
TeJbHBIX AJsl CueTa NpPeAMETOB pa3HOH NpHPOAbl (IJTHHHBIX, KPYIVIBIX,
ONYIEBJAEHHBIX, HEONYIIEBJEHHBIX H T T.). DTO CBHAETENLCTBYET O NOJ-
rom nepuojne opMHUPOBaHUS HIEH O YHCJE KaK 00 UHCTpYMEHTe, MPHUroi-
HOM JJIs cueTa «uero yroaHo». Co3HaHHe uesioBeKa JOBOJIBHO J0JIM0 He GbIJIO
rOTOBO K OGBEAMHEHHIO B OAHH «KJAaCC 3KBHBAJIEHTHOCTH» MPOH3BOJIBHBIX
(xoTst 6bI H MaJbIX KOHEUHBbIX) PAaBHOMOLIHEIX MHOXECTB; 3Ta JXKe Huies
B MpPHMEHEHHH K GeCKOHEUHBIM MHOXKECTBaM CTajla JOCTOSIHHEM MaTema-
THKH Juwb nocsae pa6or I' Kanrtopa. Cremsl TakUX pasHBIX THIOB CUeTa
COXpaHUJICh B COBPEMEHHOM KHTaHCKOM f3blKe, TJe XOTS H HMeeTcs
enMHasi CHCTeMa YHCAUTENbHBIX, HO OHa JOMNOJIHAETCS PasBHTON cHCTEMCHt
CYETHBIX YaCTHI, YHOTPEG/ASIEMbIX C CYLIECTBHTENbHLIMH Pa3HBIX KJacCOB
tuna kuai (kKycok»), ge («lITyKa»), ben («kKopelok») U T. A.

B psne a3bIKOB oTMeuaeTcsl pa3/iHuHe KOpHeH, OT KOTOpPbIX 06pa3yloT-
Csl COOTBETCTBYIOLME TOPSIAKOBBIE H KOJNHYECTBEHHBIE YHCJHTE/bHbIE
(cp. uno/primo, duo/secundo B /aTbiHH). B 3THX CBHAETE/NbCTBAX MOXKHO
YyCMOTpeTb BeCbMa paHHee 3apoxkKAeHHe HIeH nopsika ( B OTJHuHe OT HAEH
KoJIMuyecTBa), o(QOpMHBIUEHCS B KauecTBe CaMOCTOSITE/ILHOrO MaTema-
THUYECKOTO MOHATHS YAMBHTENBHO MO3AHO («KapAWHAMbI» H «OpAHHAJBbI»
KanTtopa n crpykrypn nopsaka H. Byp6aku).

[Tepsble nowenmue no Hac TekcTol (Baeunon, Erunet) oTpaxalor yxke
KapTHHY Pa3BHTbIX MaTeMaTHueCKHX 3HaHMWH, B YaCTHOCTH, 3apOXKIEHHe
s13bIKa MaTeMaTH4YeCKHX 0003HaueHHH, NOCTATOYHO YETKO OTAAJEHHOTO OT
€CTeCTBEHHOTO f3biKa. OCHOBHOE MECTO B HeM 3aHHMaeT cHcTeMa 0Go3Ha-
YyeHHUH yuces M onepauuil Haix HUMH. [IpeqsICTOPHS MO3HIHOHHON CHCTEMBI
0003HaueHHH COBpEMEHHOro THMa OCHOBaHa Ha MJee cyeTa Bce GoJiee Kpyn-
HbIMH eMHHIAaMH. DTH eAHHHIBI MOTYT ObITh CTENMEHSIMH OJHOTO H TOTO Ke
yHcsIa (OCHOBaHHE MO3HUHMOHHOH CHCTeMBbI), HO 3TO He oOsizaTesibHO. Tak,
B XPOHOJIOTHYeCKOH cHcTeMme MaieB efuHHuubl cueta cyTb 1, 18, 360 u
naJnee 18, 20 (cp. caenbl apXxaMyecKOro cuera JBajuaTKaMH BO (paHIy3-
CKHX 4YHCJAMTeJNbHBIX THna quatrevingt six). Uucsno exuHuu ouepegHoro
paspaga o06o3HauyaeTcs cheuHas]bHBIM CHMBOJIOM, KOTOpHIi B HadaJe
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MOXKET 3aBHCeTb H OT HoMepa pa3psna (y eruntsH, rpeKkoB, PUMJSH).
Korna sToT cuMBo/1 nepectaeT 3aBHCETb OT HOMepa paspsiia H NocjeaHul
onpejessieTcss JHIIb NOJOXKEHHEM CHmBOJMA B LENOYKe, M/ HEIBY-
CMBIC/JIEHHOIO MPOYTEHHS 3aNHCH CTAHOBUTCS HEOOXOAHMBbIM CHMBOJ HYJIS,
Ero nospi/ienye 3asepxHBaeTcs AOBOJNBHO HA0/AT0; K KOHIY BaBUJOHCKOH
TpazsHUHH OTCYTCTBHE €IHHUL, NaHHOTO pa3psja OT/HYaeTcsl HYyJeM JIHIIb
B cepellMHe 3anHcH. Mesa o ToM, 4To CHMBOJ HY.JIs IBJISIETCS He TPOCTO 3HAy-
KOM, HO 0603HaueHHeM CaMOCTOSITEbHOTO YHCJa, HMeeT elle 6oJiee MO3J-
Hee MPOHUCXOXKAEHHe H MPHMHUCBIBAETCS HHAYCaM, Y KOTOPBIX OHa Obljia
3aMIMCTBOBaHa €BPONEACKOH MaTeMaTHKOH mnoJ apaGCKHM — BJHSTHHUEM.
Cama no3HLHOHHAS 3aMHCh CONEPKHUT y2Ke 3a4aTKU TeOPHH anreGpandyecKux
onepauuil Hal YUCAaMH: NPOYTEHHE 3aMUCH TPeGYeT YMHOMXEHHS eIHHHIb
OYepelHOro pa3psiia Ha YHCJAO 3THX eNUHHL M CJOXKEHHS Pe3yJbTaToB.
[lpaBuna Bbimo/sHeHHS AEHCTBHH Hal UeJbIMH YHCJAAaMH B NO3MLHOHHOMN
3anucH GblIM NaHbl a/1b-X0pe3amu™!, Msi KOToporo JoHeTHUeCKH TpaHcdop-
MHpPOBAJIOCh B COBPEMEHHOE CJIOBO aJTOPHTM.

Ha stom ypoBHe cucTemMa Ha3BaHHH uMCell B €CTECTBEHHOM SI3BIKE
nepecraeT GLITb JHHIBUCTHUECKHM MaTepHAJIOM: «ThiCsi4a JEBSITHCOT BO-
CeMbJIeCAT YeTbIpe» eCThb COOCTBEHHO Ha3BaHMe JecsaTHuHoH 3amucu 1984,
a He yhcaa, H306paXKaeMoro 3TOH 3amUChio, T. €. HEKOTOPOe BTOPHYHOE SB-
Jgenue. (Hucno 1000 B 1BOMYHOH 3amUCH MNCHXOJOTHUECKH TPYAHO MpO-
yecTb, «BOCEMb» BOCIPHHHUMAaeTcsl ceffyac CKopee Kak HMs yugpes, ueMm
uMs uucaa.) [TosToMy OTKaxkeMcst OT PaCCMOTPEHHsI HaHMeHOBAHHH yHces
B €CTeCTBEHHOM s3bIKe H [ONBbITaeMCsi MPEACTaBUTh ceGe XapaKTepHBIE
4epThl JIOOOH MBICJUMOH CHCTEeMbl HaUMEHOBaHWH: [E€CSITHYHOH, JBOHY-
HOH WJH Jax»Ke He o6s3aTesibHO Mo3HiHOHHOH. OuyeBHIHO, MHHHMAaJbHbIE
TpeOGOBaHHUS NOJKHBI ObITh TAKHUMU: HAaUMEHOBaHHs NOJMKHbI ObITb KOHeY-
HbIMH TEKCTaMHM; Croco0 BOCCTAaHOBJIEHMS YHCJAa 110 HAaWMEHOBAHMIO J10J-
JKeH ObITb BBIUHCANMOH (yHKLUMEH, T. e. 3amaBaThCs ajJropuTMoM. Eciu
6bl 11€J10 3THM OTPaHUUUBAJIOCh, Heyero GblI0 Obi 3aMEHSITh HaWMEHOBaH Us
I, IT, 111,  npyrumn. IlosnuvoHHasi cucTeMa peasu3yeT GpyHIaMeHTab-
HOe OTKpHhITHE: YyHc/o N MOXKHO 3aHHCaTb~ logN 3HakaMi BMECTO MaJioyex:
Jaxke oueHb OoJblIMe uHMc/Ia HMEIOT KOPOTKHe 3anucu. CMBICA 3anHucH
BOIJIOIIIEH B aJITOPUTMe ee NepepaloTKH B MOC/JAeA0BaTeNbHOCTh MaJoyek.
[lpaBuna anb-XopesMH CyThb a/JropUTMbI NnepepaGOTKH 3aMHCH IBYX YH-
cesl B 3aMUCH MX CYMMBbI H NPOH3BEJEHHS.

Ho Torzna B KauecTBe MoJie/IH CHCTEMBbI HAHMEHOBAHHI YHCEJ Mbl MOXKEM
B35iTh JIOGYI0 BBIYHCAMMYI0 (QYHKUHIO f OT HATypaJibHbIX YHces] (BCTHOM-
HHM, YTO TEKCTbl MOXKHO 3aMeHSITb UX Homepamu ['ezens)), NpPUHHMAIOLLYIO
BCe HaTypaJsbHble 3HaueHHsi. OCTaBHB B CTOPOHE BHIYHCIUMOCTD onepauui,
COCpelIOTOuNMasi, Ha HIee SKOHOMHH: Hac HHTepecyeT (yHKuus f, Takad,
uTOGBI UMsi 7 KaXKIO0ro uncaa N, T. e. 3HaueHHe aprymeHTa f, /51 KOTOPOro

*) Xopeamn, Myxammen 6es Myca — y36. MaTeMaTuR B acTponom IX 8. ABTOp
apHQMeTHYEeCKOr0 TPaKTaTa, aiare6pandeckoro Tpyaa «Kuura o BoccTaHoBieHHR A Npo-
THBONOCTaBAeHUU» H Ap. ([Ipum. ped.)
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f (n) = N, €bUl0 HACTOJNBKO MaJbiM, HaCKOABbKO 3T0 BOOGILIE BO3MOXKHO

(B IBOMYHOH 3amucH umcaa «1010 10 (1000 pas)» ouenb MHOrO GHT, HO
MBI CYMEJIH 3aMUCaTh €ro CoBCeM KOPOTKO. CM. TaKKe CBelNeHHsl O PYHKIHH
Pamces B § 6 rai. V). Kak nokasan A. H. KoiMoropos, Takue ¢pynkunu f
CYMIECTBYIOT H MOTYT GbIThb NMOCFPOEHBI SIBHO: Ka)KAasi M3 HUX MO3BOJSieT
Ha3BaTb 4YHCc0 N HACTOJBKO KOPOTKHM HMeHeM, HAaCKOJbKO M03BoJseT
JoGasi Apyrasi CHCTEMAa HAWMEHOBAHHI g, BO3MOKHO, C MOTepell HEKOTOPOro
yhcsa GUT, 3aBUCSLLUErO OT f U g, HO He oT N

OnHakc 3To YC/OBHE ONTHMAJbHOCTH HEH3GEXHO BJeueT 3a CoGoH
caenyloume cpolictBa ¢GyHkuuu f. B so€oil onTuManbHOB cHCTeMe HauMe-
HOBaHUI

a) Kaxcooe uucao umeem GECKOHEUHO MHO20 HAUMEHOBAHULL.

6) He 6ce yeavie uucaa n A8AAIOMCA HAUMEHOBAHUAMU: PYHKYUs [ AuLub
YOCMUYHO PeKYPCUBHa, HO He 0DWepeKypcusHa, u He moxcem boums npodos-
Hena 00 00uiepeKypCUsHOL.

B) Boccmarosaenue wucaa no e20 HAUMEHOBAHWIO 8 ONMUMAAbHOLU CU-
cmeme mpebyem padomol CAOHCHO20 QAO0PUMMA: ONMUMAAbHbLE DYHKYUU
CMPOSMCS C NOMOWBIO YHUBEPCANLHBIX BOIUUCAUMBLX DYHKYUL, KOMOpbLE 8 He-
KOMOPOM CMbICAE HACMOALKO CAONCHbL, HACKOALKO MO 8006Uie B03MONCHO.

r) [lpobarema omewkaHus no wucay e2o Hauboace KOPOMKO20 HAUMEHO-
BAHUS ANOPUMMUMECKU HEPASPEUUUMA: AHAAU3 BOALULOZO YUCAQ HA npedmem
0BHApYNCeHUA CMPYKMYPUPOBAHHOCMU, NO360AOWE Hassamy e2o Ko-
POMKO, ecmb meopHecKas 3a0a4a.

ConocTaBUM 3TOT CHHCOK CBOHCTB ONTHMAJbHON CHCTeMbI HaWMeHCBa-
HHMH YyMCes Co Clie/lYIOUIHMH CBOACTBAMH €CTECTBEHHOTO 3blKa:

A. Obunrue cunonumuu: KaxcOoll CMbICA MOXHCEm ObLmMb BLLPANEEH 02POM-
HbIM KOAUHMECMBOM MEKCMO8 HA ecrmecmBenHom asvike. (st ¢passl «CuuT
He CyMeJ MepeBecTH 3TOT TeKCT TOJIBKO H3-3a TOro, YTO B HEM OKa3aJoch
MHOTO ClelHasibHBIX TEPMHHOB» Mo oueHKe [14] umeercs Gosee MUAAHOHA
nepedpasupoBoK.)

B. Omkpoimocme a36i1Ka: HA KX ObL MOMEHIM BPEMEHU He 8Ce 2pamma-
MUYECKU NPABUAbHBIE MEKCMbL OCMbICAEHb. (3Ta KpaTKas KOHCTaTalHs
HYXKIaeTcsi B TilaTeJlbHOM oOCyxxleHHH. B Mozmenan «Cwmbicha < Tekcr»
noJjiaraercsi, 4To JI060H NpPaBHJBHBIH TEKCT MOxKeT ObiTb NepeBelieH B
NpaBUJbHLIA TEKCT Ha s3blKe CMBICJIOB, HO CPeld MOC/TeJHHX ecTb «Gec-
CMBIC/IEHHBIE» B HehOpMaJIbHOM NMOHHMAHHH 3TOrO CJOBa: HHTEPECYIOUIan
Hac KaTeropusi, crtano ObITb, MepeBOAMTCA Ha APYroil ypoBeHb.) JTa
OTKPBITOCTb €CTECTBEHHOTO $3blKa fIBJISETCHd HCKJIOUHTENbHO BaKHBIM
pe3epBOM €ro TBOPYECKOrO MCNOJb30BaHHs He TOJbKO B MO33HH H (pH-
JIOCOHH, HO H B Hayke. Jlnisi BbIpaXKeHHsi BHOBb BO3HHKAIOLIErO CMbBIC/]A
MOMKET GbITh HCMOJb30BaH paHee HEOCMBICJAEHHBIH TEKCT (KBOJIHA BepoST-
HOCTH» B KBaHTOBO# MeXaHHKe HJIH 6oJ/iee Npo3aHYeCKHH «IaKeT MOJOKay).
Ewe uHTepecHee ¢aKTBl POXIEHHS HOBOTO CMBIC/Ia M3 paHee HEOCMEIC-
JsIeMbIX, XOTSl M TrpaMMaTHYeCKH IONYCTHMBIX $SI3bIKOBBIX BbIpaxKeHH i
(nostuuyeckre MeTadopbl; KOHTHHYAJbHbIE HHTerpa/nl PefiHMaHa).
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B. Iepesod «Texcm «> Cubica» mpebyem muozocmynenwamoil pabo-
Mol CUCMEMbL CAONCHOIX AASOPUNMOS, BOIABASIOUUX O2POMHYIO CIPYKMYpPU-
POBAHHOCHIb A3bIKOSOLX KOHCMPYKYUL.

I' Bo scex paspabomxax nepeeod «Cmbics <« Texcmy» 0Kas3bieaemcs ewje
eopasdo 60aee mpydroim, dem obpammoll.

CorniocTaB/eHne cBodicTB a) —r) W A. — I’ mnokasbiBaeT HX YyIHBH-
TeJbHBIH Napajiienu3M. JTo nobyxKAaeT BbICKa3aTb THIIOTe3Y O TOM, UYTO
MHOTHE YepThl eCTeCTBEHHBIX $13bIKOB, OOBIYHO OTHOCHMBIE 32 CYeT HCTO-
DHUYeCKHX cayyaliHocTell, XOTss 6bl YaCTHUYHO OTPaXalOT CBOHCTBA 3KO-
HOMHYHOCTH #3blKa: Ero BO3MOXHOCTH KPaTKO Bbipa3HTb CJIOXKHBIHA
CMBICJ/1, KOTODBIl TaKoe BblpaxceHHe BooOlue gomyckaeT. OOuiue CHHOHH-
MHYECKHX CNocoGOB BHIPAXKEHHSI H GECCMBICJIEHHBIX TEKCTOB KajKeTcs
MpOTHBOpEYallUM 3TOH THIOTe3e, HO eCcJAH CYMTATh HAaly MoJe/]b ajeK-
BaTHOH, TO 3TO0 OOHJNE MapaloKCaJbHbIM OGpPa3soM OKAa3hbiBAaeTCs Heu3-
GEXXHbIM CJEACTBHEM 3KOHOMHYHOCTH.

6. B noc/eHbIOTOHOBCKOH (pH3HKe OCHOBHBIM BbIPaXKEHHEM HIeH IeTep-
MHHHPOBaHHOCTH CJVXKHT MPHHLHM, COTJIACHO KOTOPOMY Ppa3BHTHE H30-
JIUPOBaHHOH (U3HYeCKOH CHCTeMbl B NPOCTPAHCTBE — BPEMEHH oOIpe-
nessiercs AugpepeHuHanbHEIMH YPaBHEHHAMU («3aKOHBI MPUPOALI») H rpa-
HHYHBIMH (HayaJbHBIMH) YCJAOBHSIMH. DTOT NPUHUMI IPHHHMAETCS H B KBaH-
TOBOM HJEOJIOTMH: BEPOSITHOCTHBIH acneKT KBaHTOBOH TEOPHH CYLIECTBEH
LJIsl OTIMCAHUSI B3aHMOJEHCTBHUH, B YaCTHOCTH, C H3MEPHTENbHBLIM YCTPOH-
CTBOM, HO He JJISl TEOPHH H30JIMPOBAHHON CHCTEMBI.

BbluncuTteNbHBI NpoLecc MOXKHO paccMaTpHBaTb KaK APYLYIO MO-
Ienb HleH LeTepMHHHPOBaHHOCTH. OHa BO MHOTOM NapaJijiesibHa NepBof:
«3aKOH» OTBeYaeT CTPYKTYpe BbIUHCJIHTENBHOrO YCTpOHCTBa, Haya/bHble
ycJ0BHSI — nporpaMmam. Pa36ueHne BBIUMC/MTENLHOTO Mpolecca Ha 3Je-
MEeHTapHbl€e 11ard, BKJOUAIOlLHe, B YaCTHOCTH, NMpOCTeliliHe MaJble H3Me-
HEHHUS] COAEPKMMOro MaMsiTH (KaK CTHpaHWe HWJH BIUCHIBAHHE CHMBOJA
Ha JieHTe MaliMHbl THIOPHHIa), MOXHO COMOCTABUTH C Hieell HH(pdepeH:
nupoBaHHs. B Takux mpouneaypax, Kak pelleHHe ypaBHeHHs TEMJONPOBOL-
HOCTH METOJIOM CeTOK, Mbl COBEPIIAEM NOBOJIBHO NPSIMOJHHEHHYIO HMH-
TallMI0 HeNpepbiBHOH JeTepMHHHPOBAHHOCTH C MOMOLIBIO IHCKPETHOH,
HO, BoOOLle roBOps, CONOCTaBJIeHHe STHX ABYX Mojenell najeKko He TpH-
BHAJIbHO.

MounexynisipHasi GHOJIOTHSI JOCTaBAsieT 06pasibl NMOBEeIeHUs] ecTeCTBeH-
HbIX (He CKOHCTPYHPOBAHHLIX Y€/JOBEKOM) CHCTEM, KOTOPOE Mbli BbIHYX-
JeHbl OMHCBHIBATH B TePMHHAX, GJIM3KHX K MNPUHATHIM B TEOpHUH AHCKpeT-
HbIX aBToMaToB. Ha puc. 2 nso6paxeHa cxema cHHTe3a Gesika Ha HHGOP-
maupnonnoli PHK: oHa oueHb nmoxoxa Ha H306pa)keHHe MaluMHbl Tbio-
puHra, Konupyoueli HHpopMauHuIo ¢ OIHOH JIEHTH Ha JPYrYIO.

Kanaccuueckue HenpepbiBHbIE CHCTeMbl, YnpaBiaseMmble AuddepeH-
IMaJbHBIMH ypaBHEHHSIMH, MOTYT HMHTHPOBaTh IHCKPETHbleé aBTOMAaTHI
JMLIb NPH HCKJIOYHTENBHO CJIOXKHOH CTPYKType cBoero ¢as3oBoro npo-
CTpaHCTBa: OOW/IHM ofJacTell YCTOHUMBOCTH, pa3fie/leHHBIX HeBLICOKHMH
SHepreTHueckuMM Gapbepamu. BBoa nporpammbl npojebiBaeT H3OLIPEH-
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HYIO CHCTeMYy NPOXOJOB B 3THX 6apbepax, npemonpenesssi ABHKeHHe Qa-
30BOH TpaeKTOPUH MO 3ToMY JabHPUHTY. Kak ¢u3Hueckasi cucTeMa Bbl-
YHCAHTENb JoJKeH ObITb OueHb HeyCToHuHMB, W60 OILMGKa B ONHH 3HaK B
nporpaMMe, BooOlle roBopsi, NPUBOAMT K COBEPLIEHHO APYTrod Tpaek-
topun. Ho cam npouecc BoluHMC/IeHHs Jo/KeH GbiTb GecrpiMepHO CTa-
OHJIBbHBIM, T. €. CaMONPOH3BOJIbHBbIE OLIHOKH (NepeXol TPaeKTOpHH uepes
6apbep, KOTOPLIH JOJKEH ObITb 3aKpBHIT, B pe3yJjbTaTe (JIOKTyalHH)
JO/KHbI MMeTb BeCbMa MaJlyl0 BEPOSTHOCTb. XOpOIIO H3BECTHO, YTO 3TH
Tpe6oBaHHs (B COUETAHUH C MELJIEHHOCTbIO paboThl H SKCMNOHEHIHAIbHBIM
pPOCTOM JHCCHNHDYEMOH SHEpPrud MpPH YyBeJHUYEHHH CJIOXKHOCTH) MOCTa-

Hhuylayua

W AY 4TI, @lﬂm
I / I




BUJIH 6apbep nepel pasBUTHEM MeXaHWUeCKHX KOMMNbIOTepoB. Mexny Tem
JlefiCTBHE «reHETHUECKHX aBTOMATOB» Mbl NBITAEMCS YaCTO ONUCHIBATH HMEH-
HO TaKUMH MeXaHHYeCKHMMH TepMHHaMH. K caMblM H3BECTHBIM MapapoK-
caM, K KOTOpbIM MPHUBOIMT TaKoe ONHCAaHHe, OTHOCHTCSI THMOTETHUYeCKas
KapTHHa pa3BOpayMBaHMs JBOHHOH CNUpaJH B Mpollecce penHKalHH.
B sToff KapTHHe nBOHHas crmupaib GaKTepHaJbHOH XPOMOCOMbI 3aKpYy-
yeHa npumepHo Ha 300 000 o6opotoB. Tak Kak ee ynBoeHue B GJjaromn-
PHSITHBIX OOCTOSITeNbCTBaX 3aHHMaeT 20 MHH, COIJIaCHO MeXaHHUYecKOi
MoIe/H pelJIMKauMH, NpPH pa3BOpPauMBaHHH CIHUPaAJH 4acTb XPOMOCOMBI
JIOJ2KHA BPAaLIAThCs CO CKOPOCTbIO, He MeHblueH 125 060pOTOB B CEKYHAY.
[TapanjenbHO ROMXKHA NPOHCXOXHTb CJOXKHAs CeTb Ge30lIHGOUYHBIX GHO-
XHMHYeCKHX MpeBpalleHu .

Bo3MoxHo, 151 mporpecca B MOHMMAaHUH TaKEX sIBJeHUH HaM HeJo-
CTaeT MaTeMaTHYeCKOll TeopUH KBaHTOBLIX aBToMaToB Takue oGBHEKTHI
morju Gbl MOKa3aTh HaM MaTeMaTHYeCKHe MOJEJNH JeTepMHHHPOBAaHHBIX
TNPOLIECCOB C COBEpIIEHHO HeNpHBbIYHBIMHM cBoHicTBamu. OfHa W3 NpPHYHH
3TOro B TOM, YTO KBAHTOBOE NPOCTPAHCTBO COCTOSIHHMH oOGJajaeT ropasio
GoJiblllell eMKOCTBbIO, YeM KJaCCHUeCKoe: TaM, The B KJaccuke umeercsa N
JMCKPETHBIX COCTOSIHHI, B KBAHTOBOH TEOpHH, NONYCKAIOLIER HX Cynepro-
3UIHI0, IMeeTCst ¢ N NJIAHKOBCKHX siueeK. [IpH 06beHHEHUH K/1aCCHYECKHX
CHCTEM HUX 4HcsIa cocTossHHH N, W N, mepeMHOXKaloTCsi, a B KBAHTOBOM
BapHaHTe noJjyudaetcs cN' Ve,

AtH rpy6bie NOACYETH NOKA3bIBAIOT ropasno GOJbLIYIO MOTeHIHANbHYIO
CJIOXKHOCTb KBAHTOBOTO MOBENEHHsI CHCTEeMbl MO CPABHEHUIO C ero KJiacCH-
yecKoll uMmuTauuell. B uyacTHocTH, H3-3a OTCYTCTBHsI OJHO3HAYHOIroO pas-
JIeJIeHHs] CHCTeMbl Ha 3JeMEeHThl COCTOSIHHE KBAHTOBOTO aBTOMAaTa MOXKET
paccMaTpHBaTbCS MHOTMMH CIocOO6aMH KaK COCTOSTHHE COBEpIEeHHO pas-
HBIX BHPTYaJIbHBIX KJlacCMYecKHX aBTOMaToB. (Cp. cO C/leRyIOUIMM MOYYH-
TeJbHbIM [OJACYETOM B KoHue paGoTul [17]. «/s KBaHTOBOMEXaHHUYECKOTO
pacueTa MOJIEKYJbI MeTaHa TpeOyeTcss NPOBECTH BLIYHCIEHHS MO METOLY
cetok B 102 Toukax. Eciy cuHTaTh, 4YTO B Ka)KIOH TOUKe CJIEAYET BbINOJ-
HUTb Bcero 10 sneMeHTapHBIX onepauHil, H MPENoJOXKHTb, YTO BCE BhI-
YHCJIeHHSs TPOM3BOASITCS NpU CBepXHHU3KoiH Temnepartype (T = 3 - 10—° K),
TO U MPH 3TOM pacyeT MOJIeKYyJbl MeTaHa noTpedyeT H3pacXoAOBaTb SHEp-
THI0, TPOU3BOAUMYIO Ha 3emJie MPUMEPHO 3a CTOJIETHE.)

[lepBast TPYAHOCTb NpH MPOBEIEHHH 3TOH MPOrpaMMbl COCTOHMT B BHI-
6ope mnpaBH/bHOro OaJjlaHCa MeXIy MaTeMaTHYeCKUMH H (H3HYECKHMH
npunnunami. KBaHTOBHI aBTOMAaT HoJ/ikeH OBLITh aGCTPAKTHHIM: €ro Ma-
TeMaTHyecKasi MOJeJb JOJKHAa HCNOJNb30BaThb JIHUIb caMble oOIlHe KBaH-
TOBBIE MPHHLHILL, He Npeapelas ¢usnueckux peanusauuii. Torna monenb
SBOJIIOLIMH €CTh YHHTapHOe BpallleHHe B KOHEYHOMEepHOM FHJ/IbOepTOBOM
MpOCTPAHCTBE, a MOJEJb BHPTYa/NbHOIO Paslie/leHHsl Ha MOACHCTEMBl OTBe-
yaeT pas/IoKeHHIO POCTPaHCTBa B TeH30pHOe npou3BeneHHe. [1e-To B 3TCit
KapTHHe IOJ/DKHO HaliTH MeCTo B3aWMOZEeHCTBHe, ONHCHIBaeMOe MO Tpajiu-
MM 3PMHTOBbIMH OlepaTopaMH M BePOSITHOCTSIMH,
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Fnasa |
PEKYPCUBHBIE bYHKUMMN U ANTTOPUTMbI

1. UHTYUTUBHAA BbIYMCIMMOCTD

1.1. OcHOBHBIM OGBEKTOM 3TOH I'JIaBbl GYNYT CTPOTHE MaTeMaTHUYeCKUe
TOHSITHS, KOTopble (popMaJ/iu3yIOT MpeicTaBleHHe O TOM, Y4TO HeKOTOpble
(DYHKLIMH MOANAIOTCS «MeXaHHYeCKOMY» BBIUHCJEHHIO, CKaxeM, Ha 2BM,
KaK TOJIbKO 1JIst 3TOTO COCTaBJIeHa HajlJiexkallas nporpamma, Toraa Kak Ipy-
rHe (yHKuuM, 3agaHHble Hed(p(PeKTHBHBIM olNpejeseHHeM, MoryT Tpebo-
BaThb TBOPYECKOro MoAXO4a K 3ajauye ONpele/eHHsi KaXKIOro CBOEro
3HAYEHHSs.

Heckonbko xapaKTepHbIX UepT HAeaNH3alUH CeaYyeT OObSICHHTD Cpasy.

a) OGJaacTaMH omnpeneneHHss W 3HAYeHWH pacCMATPHBAaEMbIX HaMH
YHKUHA GyNYT B OCHOBHOM UeJ/ble MOJNOMXHTEJNbHBIE YHC/IA HJH COCTaB:
JIeHHble M3 HHUX BeKTOpHl (PMKCHPOBAHHOM IJIHHBLI, HJIH, HAKOHel, TIOA-
MHOXeCTBa TaKMX BEKTOPOB. DTO CBSI3aHO, HampHMep, C NpeACTaBJIeHHeM
0 ToM; yTo uH¢poBeie DBM umeloT neso ¢ npubMuKeHHOH 3anHChbiO0 YH-
ceJsl, CKa)keM, B JBOWUYHOH CHCTeMe, W NPUTOM C 3apaHee OrpaHHUYEHHOH
TOYHOCTbIO. M3mepsisi Bce 3TH 4HC/Ma B eNMHHUAX MOCJAENHEro paspsia,
MOXKHO CYHTATb HX [&JIbIMH.

6) Hac nouTu He GyfeT HHTepecOBaTh MOKa BONPOC O CTPYKTYpe CaMHX
nporpaMM U pa3BopauHBalollerocss BO BpeMeHH M MPOCTPAaHCTBe Mpoliecca
uX paboThl, B YaCTHOCTH, npobJsemMa o0beMa NaMATH M IJIMHbI BEIYHCIEHHH.
JInuwip cyutecTBOBaHHE HJIH HeCYLIeCTBOBaHHE NMPOrPaMMbl, BBIUHCJISIOLLEH
HEKOTOpYI0 OMHCAaHHYIO (YHKUHMIO, OYAET TJIaBHbIM [PeIMETOM PpacCcMoT-
peHHs.

C 6oJiee WIMPOKOH TOUKH 3PEHHS] OCHOBHbIE aGCTPAKUHH TEOPHH BhI-
YHCJIUMOCTH OynyT OnucaHbl B MocJeRHeM naparpade sToH r.aasbl. Tam
Mbl KOCHEMCSl HAeasM3aiHH «KOHCTPYKTHBHOTO 0ObBEKTa», KoTopasi Cay-
KUT aJeKBaTHOH MOJe/biO IJsi NpelNcTaBJeHHs 06 aJropuTMax, nepe-
pabaThiBalOMKUX CHMBOJIBHYIO HH(GPOPMalMI0, a TaKke COOTBETCTBYIOLUIHX
Hjeann3auui U Camoro MOHSTHS aJropHTMa.

B stoM naparpade Mbl 06CYAHM MOHSITHE BBIYHCIUMOCTH He(opMaJsbHO.
Ero rsnaBHas uesb — NOMYEPKHYTb Ba)KHOCTb abCTPALMH «IOJYBBIYHCIH-
MOCTH» U JaTh MepBYl0, caMyio cl1abyio (GopMyJaHPOBKY 3HAMEHHTOTO «Te-
3uca Yepuan.
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1.2. BBeneM HEcKOJMBbKO MPOCThIX OCHOBHBIX MOHATHH. [Tycts X, ¥V —
IBa MHOXecTBa. Yacmuunod ynxkyued (Mnu otobparkeHueM) 3 X B Y
6yZAeM HaswBaThb Jo6yio napy < D (f), f >, cocrosauiyio u3 noMHOKeCTBa
D (f) = X u oto6paxenus f D (f) > Y 3aece D (f) nasuiBaercs 06-
aacmeto onpedesenus f;, f onpemenena B Touke x € X, ecau x € D (f);
f Hurne He onpeznenexa, ecin D (f) mycTo; cyuiecTByeT eAMHCTBeHHAsl HH-
r/le He onpeje/eHHas YacTHYHash QYHKUHS.

Yepes Z+ = (I, 2, 3...} Oyldem 0603HayaTb MHOXECTBO HaTYypaJbHBIX
yuces, uckarodan Hyso. ([locnennee He 06s3aTeNIbHO, HO NOMYILEHHE HYJS
TpeGyeT Apyrofl pelakuuH N0Ka3aTenbCTB.) Ecin n > 1, uepes (Z+)" mul
0003HauWM n -KpaTHOe NpsiMoe npousBeleHue Zt Ha cebs, T. €. MHOXe-
CTBO YMOPSIMOYEHHBIX N-0K < Xy, ..., Xp >, X; € Z+ ¥Ypo6HO cuH-
TaTh, 410 (Z1)® — MHOXKECTBO, COCTOsIIee H3 ORHOro 3aJjeMeHta. Hanmm
OCHOBHBIM OGBEKTOM OYAYT YacTHuHble GYHKUUH u3 (Zt)y™ B (Z*)* nas
pasnHuHbIX m, n. B caenyowedl nasee kaaccHpMKaniu 3THX QYHKUHA 1O
CTeNeHN MX BbIYHCJIMMOCTH I0J CJIOBOM «MpPOrpaMMa» YHUTaTeNb MOXeT
npeacTaBasTh ceGe MporpamMMy HJsi YHHBEpPCAJbHOH BbIYHCJIHUTENBHOH
MallNHbl, HAaNHCAHHYIO 6e3 yueTa OorpaHHuYeHHi Ha BpeMmsi U mamsaAThb. [loa-
pasymeBaeTcsi, uTO KaxIas NporpaMMa jJisi BBIYMC/TeHHs1 (DyHKUHH CO-
JIEPXKUT CIIENHATbHOE «IIYCTOe MECTO» /sl BCTABKH O4epPeqHOro 3HAueHHs
aprymeuTa.

1.3. OcHoBHoe onpegenenue. a) YHactuunas dyukuus f u3 (Z+)" B
(Z+)* nasbiBaeTcs goiuucAumOl, €CJIH CYILECTBYET TaKasi «IpOrpaMMar, 4To
NPH TNojaye Ha ee BXON BeKTOpa x € (Z+)™ mbl NOJY4YHM HA BeIXofe f (x),
eciu x € D (f); 0, ectu x € D (f).

(3mech 0 — mpocTo yKa3aTesab TOro, 4TO [ He onpeie/ieHa B X; MOXKHO GBITO
6bl paspelidTb B 3TOM CJiydyae MOJYYMTb Ha BbIXOJe 4TO YTOAHO He u3
ZHm)

6) Yactuunasi ¢yukuua f us (Z*+)m B (Z+)" HasbiBaeTca nOAYSbIYLUC-
AUMOL, €CJIH CYIIECTBYET TaKasi «IporpaMMa», 4TO MPH MOJdye Ha ee
BXoX x € (Z*)™ mbl nosyuaeM Ha Bbixoze f (x), ecnn x € D (f); nonyuaem Ha
Boixojie O uiu e nporpamMma pa6otaet GecCKOHeyHO goJro, eciau x € D (f).

B uacTHoOCTH, 6buucaumsie yHKyul noaysviuucaumsl, a 8ctody onpe-
Oenertbie NOAYBLIMUCAUMBIE PYHKYUU BOIYUCAUMSL.

B) UactHuHas GyHKuHUs [ HA3bIBAETCA HesbiuucAumOl, €C/IA OHA He YIO0B-
JIETBOPsIeT YCJOBHIO 0) M TeM 6oJee a).

1.4. Mosichenus. a) U3 3TUX Tpex MOHSATHH OCHOBHBIM SIBJISIETCS MOJY-
BBIYHC/JHMOCTb, HOO BBIYHCJIHUMOCTb CBONMTCS K HeMy. JleldCTBHTeNbHO,
JUIS BblA€JEeHUsT BBIYHCIHMBIX (DYHKUHME M3 MOJYBBIUHCAHMBIX MOXKHO MO-
CTYNHTb TakK.

IMycts X = Y — nBa MHoxectBa. Hasosem xapakrepucThueckoii
¢dyukunell noaMHoxectBa X B Y Takyio ¢yHKuMO yx: Y — Z¥,
uTo

)= 1, eciu x= X;
KX\ = 2, ecau x &£ X.
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3aMeTHM, uTO %y x OmpenesieHa BCIOAY.

Tenepb nyctsb f — nosyBuluucaumMas GyHkuus u3 (Z+y" B (Z*+)*. Ecan
OHa JlaXke BBLIYHCJIHMA, TO BBIYHC/IHMMA H XapaKTepHCTHYecKast GYHKIUs ee
obsacty onpenesierus D (f): K Beruucasiouell f nporpamMme HyXHO n06a-
BUTb HHCTPYKUUH «niepepaboTaTh O B 2, a He O B | ¥ nopaTh Ha BHIXOL».
Hao6opot, eciy BelUHCAUMA. % p(f), TO BBIUHC/HMA H f: mepel NporpaMMoi,
NONYBbIUMCASIIOMWER f, HYXHO HanucaTb NPOrpamMMmy, BBHIYHUCJSIIONLYIO
XD(j), U NojaBaTh Ha BbiXoA cpasy 0, ectu ypg)(x) = 2, uau nepe-
llaBaTh x B mporpammy mJjs f, ecan xp( (x) = 1. Takum o6pasom,

[ nmonysbluMCAHMa H %D (4),
2

[ BbHHCAHMA <«=»> NOJIYBLIYUCIHMA (M, 3HAUMT, ¥p sy aBTOMa-
THYECKH BbIUHCJIHMA, HOO BCIO1y onpejeseHa).

IlpaByto yacTb 3TOH UMMJIHKAIWK Mbl BbiOepeM B KauecTBe (opMasiM3alHiH
NCHSATHA BbIUHCJAHUMOCTH, KOTJa TMOJYBBIYHCAUMOCTh OYyAeT dopmalu-
30BaHa.

6) Cywecmsyrom Hesoiuuciumole Gyukyuu. JlefCTBUTENbHO, Kaxiaas
nporpaMma — 3To KOHEUHbIH TEKCT B KOHEYHOM afiaBUTe, TaK YTO MHOXKe-
CTBO MpOrpaMM CYeTHO, TOTJA KaK MHOXKeCTBO BceX (yHKuui Zt — Z+
HecueTHo. (KpHTHKY 3Toro paccyxmeHust cM. HHxKe B 1. 1.5.)

KounkpeTHb i nmpumMep HeBHYHCAUMOH ¢YHK-
0LHH

PaccmoTpuM  ¢opMasibHBIH  s13bIK  apHpMeTHKH SAr, onucaHHbil B
§ 10 ra. II xuuru JI n HIL. INponymepyem ¢opMyJibl 3TOTO si3biKa, Kak
3T0 610 o6bsicHeno B § 11 rai. 11 Toit ke kuuru. Onpenenum ¢ynkuuio f
CorJialeHHeM

Fih) = 1, eciu k-1 opmyJsia HCTHHHA B CTAHAAPTHOH MHTEpIpETalHY;
| He onpelejeda, ecaH k-1 GopMmyJaa JoXHa,

Dynkyus f nesoruucsuma. B ra. V MBI YBHIHM, UTO 3TO CJIENyeT U3 He-
BbIpasuMocTH MHoxkectBa D (f), ycraHoenenHoil Teopemoii Tapckoro.

Huaue roBopsi, HeJb3si pacHo3HaTh (XoTs Obl B MPUHIIMIE) BCE TeO-
PeTHKO-UHCJIOBblE TeopeMbl, HanhcaB OAHY (XoTd Obl oueHb 6oJbLIYIO:
¥ CJIOXKHYIO) IpOrpaMMy JJis X paclio3HaBaHHs MO AaHHOH GOpPMYJ/IHPOBKe.

JlokasaTe/qIbCTBO 3TOrO pe3yJ/bTaTa, KoHeyHo, TpeGyeT ropasio GoJsee
rJ1y60KOro aHa/u3a MOHATHS BbIYHCJIHUMOCTH.

B) Cywecmsyrom hnoAYSoIMUCAUMbIE, HO HE 6bMUCAUMblE QYHKYUL.
Cnauasa npuBeJieM NpUMep MoJyBblYHC/AstOmeH nporpammel. PaccMoTpuM
¢yukumio f u3 Z+ 8 Z+, onpellenenHyio uyepe3 3agauy depma:

1, ecau cyuecTBywoT x, y, z € Z*
fF(n)={ ¢ ycnoBuem xn+2 4yn+2=2zn+2
HE ompeleseHa HHauye.
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Bot nporpamma, nosysblumc/siomas f: mocJe TOro Kak Ha BXOJ [Mo-
JaHo n, mnepebHpaTb BEKTOPbI. < X, Y, Z>> B JIEKCHKOrpa(HUeCKOM [10-
psiKe H NMPOBEPSTh AJ1s1 KaXIOro BEeKTOpa yc/IoBHe X" +2 4 yn+2 = zn+2,
Ecau oHo BbiMosiHeHO, nojaTh Ha BbixoA. 1. Hnaue, nepexoluTb K cle-
JYIoLemy.

3uauut, f nonyserancuMa. Ho Mbl 10 cux nop He 3HaeM, BHIYHMCJIHMA
au f. F'unoresa ®epma COCTOMT B TOM, 4TO | HUTIE He onpejlesieHa (4, SHa-
4HT, BbiuHC/IUMal). CaMble CHJ/IbHBIE TEOPETHYECKHE pe3YJ/IbTAaThl, H3BeCT-
Hble OTHOCHTE/JbHO f, — TaK Ha3biBaeMble KpHTepuu Kymmepa, Bugpepu-
Xa, Bannueepa u 1p. — MOXKHO paccMaTpHBaTh KakK HeKOTOpPOe MPHOGJH-
KeHHe MMEHHO K J0Ka3aTe/bCTBY 6uMUCAUMOCTU [, a He TOro, 4To OHa
HHUrIe He omnpefeneHa. [losTomy nisi caenyiwomelt NPOBepKH THNOTE3H
Depma AN151 TeX HJIM HHbIX 3HaUeHHI 7 HYXKeH elle (MALIHHHBIE) cyeT (06beM
KOTOPOTO GbICTPO PacTeT ¢ POCTOM 71) AJsi BbIYUCJEHHS Xp(;y B TOUKe 7,
KOTZla OHO BO3MOXHO.

Ananoruynylo npupomy MMeeT NpHMepP MOJYBBLIYMCIHMON (DYHKIHH,
KOTOpasl ye 3aBeJlOMO He SIB/ISIeTCs BLIUMCJAHUMOMH: Mbl AoKaxeM B ra. II.
4TO CYLIECTBYeT TaKOH MHOrouJieH

Pt xyy ..., xp)
C Ue/bIMH KO3(hGbHIHEHTaMH, 4TO (BYHKUHS

1, ecin ypasuenue P (2, xy,..., X,) =0 paspelunmo
gl)= Xppeewy Xp € 2%
He onpejejieda HHaye

— He BblYMC/JAMMA. Ee HEBBIUHCAHMOCTb YCTAHABJIHBaeTCsl TOYHO TaK XKe,
Kak a5 QYyHKUHH [, cBsi3aHHOH c ypaBHeHneM Pepma.

1.5. KpuTuka npeaumecTByOmHX 10Ka3aTelbCTB:

Ilpexne uem nBHraTbCs IHaJblle, PAcCMOTPHM O6oJiee KDHTHYECKH,
cKaxeM, paccyxnenve H3 0. 1.4 6). IlepBoe caGoe Mecto Gpocaercsi B
rjasa: Mbl He YTOYHHJ/IM, 4TO Takoe mporpamma. OnIHakKo 3TO He TakK CYy-
LleCTBEHHO; NpH JIO60M BbIODaHHOM YTOUHEHHMH NpOrpaMMa JOJIKHa ObITb
TEKCTOM HajJ KOHEUHbIM aJihaBUTOM, 4TOObl YIOBJIETBOPATb HHTYHTHB-
HbIM [PEICTAaBJEeHUsIM, a TaKUX TEKCTOB CUETHOe MHOxecTBO. [‘opasno
GoJiee CHJIbHOE BO3paXkeHHe COCTOMT MPHMEPHO B CJIeAYIOLIeM: Ha KaKoM
OCHOBAaHHH MbI MOXKEM PaboTaTh C 0OKUM YTOUHEHHEM NOHSITHSI TPOrPaMMbl?
Bo3MOXHO, CyIeCTBYeT BCe Bo3pacTaioliasi HepapXHs TOYHO OIMHCBbIBae-
MBIX «BbIYHC/JAHTE/IbHBIX CPEACTB», TaK YTO IJIs KaKAoH QyHKuUH u3 Z*
B Zt MOXHO nopoGpaTh CBOIO NpOTrpaMMy, KOTOpasi MOXKET BLIYHC/IATb
3Ty QYHKLHIO?

DyHIAMEHTAaABHBM OTKPHITHEM TEOPHH BBIYHCAMMOCTH ObIO TO 00-
CTOATENIbCTBO, YTO HA MOCJEIHHH BONMPOC HYXXHO [aThb OTPHLATEJbHbIA
orBeT. K HacrosiineMy BpeMeHH Mbl 00jajaeM eAHHCTBEHHBHIM H OKOHHYa-
TeJIbHHIM (pOpMaJIbHBIM MOHSITHEM, KOTOPOE BBIAEPKAaJO BCE MPOBEPKH Ha
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€ro COOTBETCTBHE HWHTYHUTHBHOMY IIpeACTaBJIEHHIO O MOJYBLIYHCIUMOCTH
1 KOTOpOe KOHCTPYHpYeTCs Tak.

1.6. Tesuc Yepua (cnaGeitmas dopma). Moxno sa6r0 yxasames

a) cemelicmeo npocmeliuiux nOAYEoIUUCAUMBLY PYHKYULL,

6) cemelicmeo saemeHmApPHBIX ONepayuLl, KOmopble no30AAI0M CMpounts
N0 00HUM NOAYBLIUUCAUMBIM QYHKUUAM OpYyeue NOAYSLIMUCAUMbLE PYHKLUL,

¢ mem C80LCMEoM, umo a106as NOAYSLIMUCAUMAR PYHKYUS NOAYHAEMCS
30 KOHEUHOEe HUCAO w208, KAXCObi U3 KOMOpPbIX COCMOUM 6 NPUMEHEHUU
O0HOU U3 3MeMEHMAPHbIX Onepayuli K panee nocmpoennsim aubo K npocmetl-
wum QYHKYUAM.

1.7. Nosacuenue. B cnenyioumem naparpade Ttesucy UYepua Oyzer
NpuAaHa ToyHas GOpPMYJHPOBKA: npocTefiline ¢GYHKLUHMH H 3JeMeHTapHble
onepanuy OYAyT 3ajaHbl siBHO. C OJHOrO MecTa HayHeTCs TOYHas MaTe-
MaTHuecKasi TeopHs BbiuMCAHMOCTH. ONHAKO HaM Ka3asochb BaKHbIM OTMe-
TUTb NPUHUMIMANBHOE 3HAUEHHE TOrO OTKPBITHSA, 4TO CeMeHCTBa TaKHX
¢GyHKUMH ¥ onepauMii BooOlle CYLLECTBYIOT U MOTYT GbiThb SIBHO YKa3aHbl,
4TO JaJieKO He OYeBH IHO.

IT0 — 3KCNepUMeHTabHbIH (aKT, OAWH W3 BaXKHEHWHX OTKPBITHIX
Jorvkoii. CBUaeTeNIbCTBA B €r0 MOJMb3y H €ro 3HaueHue 6YAYT 06CYKIeHbl
B caenyroieM naparpage. Cefiuac 0TMETHM JIHLUb, 4TO OH POJACTBeH (hHHHT-
HOCTH OCHOBHBIX JIOTHKO-MHOXXECTBEHHBIX MPHHLHIMOB MaTeMaTHKH (3a-
JIOXKEHHBIX, CKaxeM, B #3blke L, Set: cm. 1 w HI), HO He TOXKIe-
CTBEH.

2, YACTUYHO PEKYPCHUBHBLIE ®YHKLINK

2.1. B stom naparpade Mbl H3JI0XKHM TOUHOE Omnpefle/leHHe U MepBoHa-
yaJibHble CBOMCTBA KJacca YacTHUYHbIX (GYHKUME u3 (Z+)m B (Z+)", Ko-
TOpbIl CuHMTaeTCss aJeKBaTHOH (opMa/M3alHel KJacca MOJYBbIUHC/IH-
MbiX ¢yHkuni. OH 6ylneT onucaH TeM CNOco6OM, KOTOpbIH ykasaH B ¢op-
MyJauposke Tesuca Yepua B m. 1.6.

2.2. Mpocreitiune GyHKUHH.

suc: Zt — Z*, suc (x) = x + I;
1w A(Z5) s ZF5 1 (xy, sy X)) = 1, 12> 0;
pry (Z¥)yr— Z%F, pr} (xy, oy Xp) = X3, n = 1.

2.3. dnemeHTapHble ONEpPAUMH HAJ 4YaCTHUYHBIMH (DyHKUHSIMH.

a) Komnosuyus (Wnu mnoactaHoBKa). OHa CTaBHT B COOTBETCTBHE mnape
byHRuMi f u3 (Zt)ym B (Z¥)» nu g us (Zt)y* B (Z*)P ¢pyHkuMO h =g« f
U3 (Z+)m B (Zt)P, KOTOpasi ompefensieTcs Tak:

D(g-f) =i (D (@) = (xeZ*
x €D (), f(x) € D(g) (g ) x) =g &x)).

6) CoeQunerue. dta onepauysi CTaBUT B COOTBETCTBHE YACTHUHBLIM QYHK-
uHsMm f; u3 (Z+yr B (Z*)m, i = 1, ..., k, dyuxumio (fy, ..., fp) u3 (Z*)" B
(Z+)m X X (Z*)™, Kotopasi onpejesiercs TaK:
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Dt ... N =D ()N N D),

(1’ fh) (x]_) seey X,n) =< fl (xl, eeey Xm). cees fh (JCI, cery x.,,) >.

B) Pexypcus. 3DTa onepauus CTaBHT B COOTRETCTBHe mape QYHKUUP f
U3 (Z+)%, B Z+ n g u3 (Z+)*+2 B Z+ pyHkuHo h 1z (Z+)n+1 g Z+, KoTopas
onpenesiseTcss peKypcHell 1No NOCaeLHEeMY 4pryMEHTY:

B (X1yeeny Xy 1) =F(%4,..., X,) (HAYAABHOE YCJOBHE);

h(xlr-"y Xns k +1)=g(x11-~-’ Xns k» h(xl""’ Xas k)) "P” k> 1
(PeKypCHUBHBIA Miar).

O6nacte onpenenennss D (h) onuchiBaeTCss Tak)Ke DPEKYPCHBHO!

< Xy e Xy, 1> €D (W) <= << Xy o0, x, > € D ();
< Xy ey Xy R+ 1> €D (h) == <<xpy ooy X > € D (h)

H< Xy, eeey Xny By R (X, ooy Xp, B) > € D (@) upu b > 1.

r) Onepayus p. ITa onepamus CTaBUT B COOTBETCTBUHE YaCTHYHOK (PyHK-
und f u3 (Z+)»*! B Z+ gactHunyio ¢yHkuuio h us (Z+)* B Z+, Koropas
onpenesnsieTcss Tak:

D) ={<xpo0o x5 1 F Xnn =1,

F(Xpaeees Xny Xpp) =1

H {Xyyeees Xy BY € D (f) ma1st Bcex b < ¥nyq),

B (Xqyeooy Xp) =N (X0 9 | F(X15e0r Xny Xngq) =1}

B ofWuX uepTax posib W COCTOMT BO BBelAeHHH (YHKIHH, 3aNaHHBIX
«HesiBHO». Kpome Toro, oHa mHo3BoJ/isseT BBOAWTb B BbiYHCJ/IeHHE mepebop
00BEKTOB JJIsi OTbICKAHHA HYXHOro B 6eckoHeyHom cemeictBe. TpH oco-
GEeHHOCTH OnepalMH u 3aC/]YKHBAIOT ObITh OTMEYEHHBIMH HeMelJeHHO.

BriGop muHHMajdbHOrO Y € f (Xy, ..., Xn, ¥) = | nesnaercs, KOHeYHO,
IJis obecriedeHHs OJHO3HAYHOCTH (YHKIUH h.

O6GJaacTb onpejefeHuss h Ha nepBblil B3rJsiA NPeACTaB/sieTCs HCKYC-
CTBEHHO CYXEHHOH: ec/lu, CKaxeM, [ (X;, ..., Xp, 2)=1, a f (xy, ..., X5, 1)
He oMnpejeseHo, Mbl CuuTaeM h (xy, ..., X,) He ONpeleneHHOM, a He paBHOH 2.
[IpuunHa 3TOTO COCTOUT B KeJNaHHH COXPAHUTb HHTYMTHBHYIO MOJYBbI-
QUCAHUMOCTb (DYHKUMH h u OYAeT HeCKOJbKO MoApoOHee MPOKOMMEH -
TUPOBaHa HUXKe (CM. 1. 2.7a).

Hakoneu, Bce onucaHHble 10 w onepanyu, eciy HX NPUMEHATD K BClOaY
onpenesNieHHBIM (YHKUHAM, NAIOT B pe3yJbTaTe BCIOAY ONpeleseHHVIo
¢yukuuo. s p 310, OYEBHIAHO, He TaK: 3TO €AHHCTBEHHas onepauus,
OTBETCTBEHHAS 32 BO3HHKHOBEHHE YACTHYHBIX (DYHKUHH.

2.4. Onpepeaenune. a) [lociedosamearvrocme wacmuunslx Qyrxyul
fi» .., [N HaBbiBACMCA waCMUUHO pPeKYPCUBHBIM (COOMBEMCMBEHHO NPUMU-
MUBHO peKypcusHbim) onucaruem Pywxkyuu fn = [, ecau f, — oOna u3
npocmediwux pynkyul;
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fi — Oan 6cex i = 2 aubo ssasemca npocmediweld dyuxyued, aubo
noayuaemcs npumMeHeruem 00HOU U3 INEMEHMAPHbIX onepayull K HeKomopsLm
u3 ¢yuryul fy, ..., f;_1 (COOTBETCTBEHHO OJHOH H3 3JleMeHTapHLIX oOne-
pauui, Kpome p).

6) PDyunxyus [ Ha3bIBaeTCs YACTUYHO PEKYPCHBHOH (COOTBETCTBEHHO
NPUMHTHBHO PEKYpPCHBHOII), €C/IM OHa JOMYCKaeT 4YaCTHYHO PeKYypPCHBHOE
(COOTBETCTBEHHO MPHMHTHBHO PEKYPCHBHOE) OMHCAHHe.

(AHasnorusi ¢ onpenesieHHeM BbiBOJa B ()opMa/ibHOM si3blke GpocaeTcsi
B IJ1a3a H MOXKeT GhiThb HCHOJ/1b30BaHa.)

2.5. Teauc Yepua (oGbiuHasi Gopma).

a) PyHKYUA [ NOAYSBIHUCAUMA, ECAU U MOALKO ECAU OHA YACMUYHO PEKYp-
cusHa.

6) Pynkyus [ soruucauma, ecau u moavko ecau f u Xp(py Hacmuuuc pe-
KYpcusHsL.

TepMuunosnoruueckoe 3ameuaHHue. Bcony onpere-
JIeHHBIe YaCTHYHO PEeKYPCHBHble (DYHKIMH Ha3bIBAlOT TaKXKe obujepexyp-
cuenpimu. B ciydae, Korja o6sacTh onpele/ieHHs siCHA HJIM HEeCYIeCTBeH-
Ha, ynorpeGJisieTcsl NMPOCTO TEPMHH «peKypcHBHasi». ClOXKHBLIeecsi pyc-
CKoe cJsoBoynoTpefJieHHe HeynayHO: cJefoBajo Obl TOBOPUTb peKYp-
CHBHAs YaCTHYHAasi PYHKUHS H T. 0.

2.6. UcnoabsoBaHue Teauca Yepua. [Ipexne uem o6cyxkaaTh noxpoG-
Hee aprymeHTHl B NoJib3y Te3uca Yepua, yKaxeM, KaK OH HCIOJb3yeTcs
B MaTeMaTHUYeCKOH NpakTHKe.

JIBa OCHOLHBIX crnoco6a GpOCalOTCs B I/la3a NpH H3YYEHHH JUTepaTyphl.

a) Tesuc Yepua kax onpedeirerue aaz0pummuyecKoli Hepaspeutumocmu.

Ilycte uMeeTcsi cueTHasi MOC/IENOBAaTEJNbHOCTH MaTeMaTHYeCKHX «3a-
nau» Py, P,, Ilpennaraercst jajiee, yTo Ka)kJas 3a7aya HMeeT OTBET «/a»
HJIH «HeT» H YTO 10 HOMepY n YCJOBHe 3ajaud P, BhINHCbIBaeTcs «3dek-
THBHO». Takas mnocsenoBatesbHOCTh P = (P,) Ha3blBaeTcss «MaccoBOM
npo6yiemoii». CesizkeM ¢ Hell ¢yHKuuio f us Z+ B Z+:

D (f) = (i € Z* | P;) umeer oTBer «gav};

f @) =1,ecmni € D (f).

Maccopasi mpoGJieMa P HasblBaeICs aA20pummu4ecku paspeusumori, eciu
GyHkuMA f ¥ Ap(s) HaCTHYHO peKypcuBHB. B nmportuBHOM caydae P Ha-
3bIBAETCS QA20pummuuecku Hepaspewumor. MoxHO elile pasinyaTb CJay-
YaW, KOrJa TOJIbKO ¥ p(f) HE SBJIS€TCS YaCTHYHO PEKYPCUBHOH HJ/IH KOTIa
Jaxe f He 4aCTHYHO PeKypCHBHA. BTopasi Hepas3peluMOCTh elle «XyKe»
nepBoi; npumepn! OblIH yKasaubl B § 1. Hakonen, mMoxkHO cTporo ompe-
JEeJIHTDb H HCCIeNOBaTb pPasHble MepapXHH «CTeleHeH paspeIUMOCTHY.
OnvH H3BeCTHBIN MPHUMEP MacCOBOH NpoGJieMbl npobaema moxcoecmea
ca08 8 epynnax. Ilyctb G— HeKOTOpasi KOHEYHO Onpeje/leHHas rpynna,
@y, ..., @ € G — HeKOTOpbie 3J1eMeHThI. «[IpuBeseHHOE CJIOBOY OT @y, ..., Bp—

3TO BblpaXKeHHe BHIa affl aff'h, rae k> 1,8; = = 1, u ecn i;=
= ij41, T0 &5 = &
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Pacnonoxkum Bce nMpHBeleHHbIE CJI0Ba B alpaBHTHOM MOPSIAKE W MO-
CTaBUM 3ajauy P,:

«BepHo JiH, 4TO 71-€ C/TI0BO NPEACTABSET eNHHHYHLI 3/IeMeHT rpynnst GP»

«MaccoBasi npobsema» (P,) alropuTMHUYeCKH paspelluma AJs OXHHUX
rpynn G ¥ 3JeMeHTOB a;, ..., 4, W He pa3peinma aisa apyrux (Hosukos,
Xurmsn). QyHKiMs [ 31ech Bcera YacTHUHO PEKYPCHBHA, HO Xp(p —
He o6s3aTesbHO, cM. rJa. VI.

Jpyroii npuMep HepaspemumMoli npoG/eMel, CBSI3aHHBI ¢ AHOdaHTO-
BbIMH YPaBHEHHSMH, OIfHCaH B cJefyiouel raase.

6) Tesuc Yepua xax sspucmuueckuti npunyun. VIHTYHTHBHO MNOHSTHE
«MOJIYBBIYHCIUMOCTH» NpeicTaBasieTcss Gosiee IUHPOKHM, 4eM MOHSTHe
«4aCTHYHOH pPeKypPCHBHOCTH», W MHOTHE 3aJaud O YaCTHYHO PeKYPCHBHBIX
(YHKLHSX CTAHOBSITCS 3HAYHTENbHO Jierde, ecJ MOACTaBUTb B HX YcCJo-
BHe HedopMa/ibHble MPEACTaBJEeHHsT M pPa3pelluThb I[10/Nb30BAThC UMH B
pewennn. CkaxeM, GopMmyJa

. 1 \n
e= hm<l + ——)
n
H aJITODHTM JBKJ/HAA AeNAlOT HHTYHUTHBHO SICHBIM, 4TO (YHKIIHH
f, g: 2t — Z+:

f (n) = n-fi necaTHMuHHLIE 3HAK pas3NoXKeHHsT €; g (n) = m-e mOpocToe
YHCJO, BbIYMC/IMMBIL, TOTAA KaK NpOBepPKa HX PEKYPCHBHOCTH TpeGyer
JIOBOJIbHO KPOMOTJIMBBLIX KOHCTPYKIH.

Tesuc Uepua nosposisieT pasGuTh pellieHHe TaKHX 3ajJay Ha IBa 3Tana:
OTbICKaHHe HehOpMaJbHOTO PEIEH s C HCIONb30BAHHEM JIIOObIX UHTYHTHB-
HBIX aJITOPHTMOB; Moc/eRyiomasi gopmanusauusi. Bropolt stanm mpexnmo-
JlaraeT HM3BECTHYIO ONBbITHOCTh B OTHICKAHHH YACTHYHO PeKYpPCHBHOTO
OMHCAaHHS CaMblX Pa3HOOGPa3HBIX MOJYBBLIYHCAHMBIX (YHKUHE, a Te3HC
UYepua naeT yBEPEHHOCTb B TOM, YTO TaKOe OMHCAHHE CYIIECTBYET.

[To Mepe HaKoMJEHHs HOKA3aTeJbCTB PEKYPCHBHOCTH B JIHTepaType
BCE 4allle OrPaHHYUBAIOTCS MpPOBENEHHEM JIHIIbL [EPBOrO 3Tala peuieHUs:
SpKUM [PUMEPOM TOMY CAYXHT KHura X. Pomxepca [2].

K KOHIlYy KHHTH Mbl TaKKe M03BOJIHM cebe psill BOJLHOCTEH TaKOro pona.
Bce B 3TOM ecTb H3BecTHbIE OMacHOCTH. MOXXHO AyMaTh, YTO PaclpoCcTpaHe-
HHe NMPHUBBIYKH K HehopMaJibHbIM apryMeHTaM 3ajiepKaJjio OTKPhITHE TAKOro
¢yHnamentanbHoro (¢akra, Kak COBMafeHHE MePeuHCJHMBbIX MHOMXECTB
C JIH0(aHTOBBLIMH.

2.7. AprymenTbi B noab3y tesuca Yepua. a) [lpexkne Bcero mpeacras-
JISleTCsl ICHbIM, YTO MNpOCTeillHe (PYHKUHUH [OJXKHB ObITh BBIUHC/IHMBI,
KakK Obl HH YTOUHSATb 3TO HOHsiTHE. [lasiee, sieMeHTapHbIE ONepalliH, pHMe-
HEHHblE K MOJYBBIYHCIHUMBIM (YHKLHSIM, CHOBAa HAIOT MOJYBBIYHCIHMYIO
dyHKuMio: nporpamma, MOJYBBIUHC/IsIOLAS ee, 6e3 Tpyla KOMIOHYeT-
Cs M3 NOJNYBBHIYUCASIOUWMX IJI8 AaHHbIX (YHKUHA. MBI paccMOTpUM MOA-
po6GHee TOJIBKO cJayualf p-omnepatopa, OCTaBHB JIEFKYI0 KOHCTPYKIIHIO
OCTaJIbHLHIX TpPeX I[POrpaMM YHTaTeJo.
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B o6o3nauyenusx 1m. 23 nycTh [ — MNOJYBHIUHCAHMAs (YHKUHS H3
(Z+)n+1 g Z+ Jljis BbluncaeHus h (xy, ..., x,) Oylem nepe6upaTb B MO-
psilKe BO3PACTaHHsl MOCTeAHell KOODIAHHATHl BEKTOPbl << Xq, Xg, ..., Xn,
1>, << %1, .o, X, 2>, ... ¥ BbIUHCAATb 3HaueHus f B Hux. Ecau
< Xqy ..y X > € D (h), rae h monyuaercs W3 f npuMeHeHHeM p-onepa-
TOpa, TO Mporpamma A8 f MOC/AEIOBAaTeNbHO BBIYHCIACT f (X1, ..., Xn,
1), . f (X1, -y Xn, y — 1) 4, HaKOHeW, | (x4, ..., X5, y) = 1. Haumenp-
uiee Takoe Y, €C/I OHO CYIeCTBYET, HY2KHO MNOJATh Ha BBIXOA: 3TO GyAeT
sHauenue b B Touke << Xq, ..., X, > (@0 noctuxenus f = 1). Ecau h oka-
KeTCsi Heonpele/eHHbIM, TO MOJYBHIYHCISIOWAsA [ nporpamma n1u6o Gyaer
paboTaTb 6eCKOHEUHO HOJro, Mu6o AacT OTBET He U3 Z+ — ero Hy>KHO Mo-
CJaTh Ha BLIXOJ; HO MO HallleMy COTVIAlUeHHKI0 I B Touke << Xy, ..., X, >
TOrjla He omnpejejeHa, U Takoe I[OBeleHHe MPOrpaMMul AJasi A corJa-
cyeTcsi C onpejefeHHeM MOJYBBIYHCAUMOCTH h.

M3 Bcero ckasaHHOrO HYKHO CAeNaTb BBIBOA, YTO 4ACMUYHO peKYyp-
custvie yukyuu noaysorducaumsr.  HauGosee cHIbHOE yTBEpMKIEHHe Te-
auca Yepua COCTOUT, TaKUM 06pa30M, B TOM, UTO NOAYELIHUCAUMbLE PYHKLLL
4acmu4HO pekypcusnbl (onpeleseHte BBIYUCIHMOCTH Yepe3 MOJYBLIYHCAH-
MOCTb MBI NpocTO nepeHecaun 6e3 usmeHeHuil u3 § 1). Kak 6b110 ckasaHo,
3TO 3KCIEepPHMEHTaJNbHbIH (akT. DKCrnepHMeHTaNbHble CBH/ETENbCTBA B €r0
NoJIb3y JeJISITCSI Ha HECKOJIBKO KJacCOB, KOTOPble Mbl PacCCMOTPHM MOC/e-
JOBaTeJNbHO B MOANYHKTax 6) — r).

6) B. uTepaType uMmeeTcss OrpOMHBIH HaGop PeKYPCHBHBHIX ONHCAHHMA
pasAHuHbIX (10J1y) BbIUHCAUMBIX (yHKuHE. (CM., Hanpumep, KHHIY
P. Tletep [25].) YacTp 3TOro cnucka Mbl NpHBeleM B CJeAYIOLEM Napa-
rpade. MmeeTcss Takxke HaGOp NpUEMOB COCTaBJEHHS PEKYPCHBHLIX OIIH-
CaHHiH, NPUMEHHMBIX K [EJbIM KJaccaMm (nojy) BBIYHCAHMBIX (DYHKIME.
Kaxnpiit pas, Korga Kakof-HHOYIb aBTOp MbITAJCs HaHTH YacTHYHO pe-
KYPCHBHOE onHcaHHe (MoJy) BHIYMCJAMMON (QYHKLUHH, 3TO ONHCAHHE HaXo-
IHJIOCh.

B) THIOPHHT NpPeNJOKH/ MaTeMaTHYeCKOe ONHcaHHe aGCTPAKTHOH BHI-
YUCJINTE/NbHOA MaIUMHBI U BBIABHHYJ CHJbHBlE apryMeHTbl B IOJIb3Y TOTO,
YTO 3Ta MalllMHA SIBJISIETCSI YHHUBEpCaJdbHOH ( T. €. MOXKeT ([OJy) BbIYHG-
JN5Tb Bce (MOJy) BHIYMCIHMBIE (DYHKIHH), JeTajJbHO NpoaHa/NH3UPOEaB Xa-
pakTepHLIE YepTHI Mpolecca AeTePMHHUPOBAHHOTO BbluHc/eHHs. (Eue pas
o6paTuTe BHUMaHHe Ha TO, YTO Mbl COBEPLIEHHO He 3aHHMaJiuchb (opmaJin-
3anuell NpoUecCOB BLIYHC/AEHHS, a TOJbKO HX pe3yJibTaTaMH.)

OkasaJsioch, 4TO KJacc (pYyHKUHH, MOJYBBIYHCIHMBIX MaliHHamH Tbio-
pHMHra, B TOYHOCTH COBNAJaeT C KJACCOM YaCTHYHO PEKYPCHBHHIX (YHK-
M.

r) Uepu, [loct, MapkoB, KosamoropoB, YcnmeHckuil u Ap. Opemso-
XKHUJIH ApYrHe NeTePMHHHPOBAHHBIE CXeMBI NMepepaGoTKH MHGpOpMaULHH (He
06513aTeJIbHO UHCJIOBOH) ofluero xapakrepa. Bo Bcex ciyuasx okasaJocb,
YTO NpH NOAXOAsAWEH «3(pdEeKTHBHON» HyMEpaUH MHOXKECTB BXOJOB W Bhl-
XOIOB 3TH CHOCOObI NMPHUBOAAT K TaKoMY kKJaccy otoGpaxeHui us Zt B
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Z*, KOTOpBIi cOBMNajaer ¢ COOTBETCTBYIOIUIMM TOAKJ/IACCOM YaCTHYHO PEKyp-
CHBHBIX (YHKUHUH.

3a najbHefiuM o6GCYXK7eHHeM Te3uca Uepua Mbl OTChLJIaeM YUTaTeAs
K JuTeparype; cM. B oco6ennoctu C. Kannu [26].

3. OBPA3Lbl PEKYPCUBHOCTH

3.1. B sTom mnaparpade GyayT nNpHBeNeHH! KpPATKHHA CIHCOK pPEKyp-
CHBHBIX (YHKUHI M BhLIOOpKAa NepBOHAYaJbHEIX NPHMEPOB AEMOHCTPalHH
PeKypCHBHOCTH. B nanbHeliiiem u3/10XKeHHH o6a chucka GYAYT MONOJ-
HATbCS n;) Mepe HaJoGHOCTH: CM., B yaCTHOCTH, ra. VII.

3.2. a).

sum, (Z¥) — Z¥, < xy, X, > 1> X + X,

Pekypcus mo x,, UCXOAsi H3 HAya/JbHOILO YCJ/IOBHUS

x + 1 =suc (x),

OCPEACTBOM PEKYPCHBHOTO IIaTa

x + k4 1 = suc (sumy (x;, &)).

6).

n

SuMmy : (ZH)r —Z+F, xpyeesy %> 1> ) %3, n 23,
i=1

CuMTasi U3BECTHBIM, UYTO SUM,_, PEKYPCHBHA, MOJyYaeM SuUm, ¢ NOMOLLb!O
COeIMHEHHH U KOMIIO3HLHHU

SUM,, = SUMy o (SUMpy_y e (PrY...y Prn—1), ¥a)-

Jlpyroii BapHaHT — peKypcHs MO Xx,, HCXOAS M3 HA4Ya/JbHOIO 3HAYEHHs
SucC o sum,_,, MOCPEICTBOM PEKYPCHBHOTO Liara

n—1

3 % +k+1=suc (sum, (Xy,..., X1, #)).

i=1
dra MHOTO3HAYHOCTb DEKYPCHBHBIX OMHMCaHHH, Jaxe «eCTeCTBEHHBIX».
6yneT BCe BO3pacTaTh.

a) prod, : (Z¥)2— ZF, << xq, Xy = 1= XX,
PekypcHsi 10 X,, HCXOAS U3 HauaJbHOIO YCJAOBHS X;, MOCPEACTBOM PEKYp:
CHMBHOTO luara

xl (k + ]) = xlk + xl = Sum2 (xlk, xl).
6) prod, (Z*)* = Zt <Xy, eeey X)) > —> Xgy eoey X, B =30

prod,, = prod, « (prod,_, (prf, ..., pra—1), %a).
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3.4. a) Z+ - Z*:
x—1, ecam x>2;

X1—>x-—1=
- {1, ecan x =1,

PekypcHs K (QYHKIHAM:

fe@ZH)0—>2Z+ —l;

g=rpri @) > Zt, < x;, x, > x,.
6) (Z+) — Z+;

X1 — X9, ECIIH Xy => X5}

Xy Xod 1> Xy —Xp= {
1, eClIH Xy < Xo.

dra «yceueHHas PasHOCTb» MOJy4yaeTcsi MPHUMEHEHHEM DEKYPCHH K (yHK-
UHuAM

f(xl) =Xy =— l,
g (X, X3, Xg) =x5= L.

38.5. F:(ZY)n— Z+, 20e F — aroboii mHO20uneH OM Xy, ..., Xp C YE-
A6IMU  KOIPuyuenmamu, npurumarouwul moabko 3HaueHus us Zt

Ecou Bce kospduuuentol F HeoTpHuaTeNbHB, T0 F eCTb CyMMa Mpo-
H3BEIEeHHH OYHKUMH Pr} << Xy, ..., X, > 1= X;.

Mnaue F = F+ — F~, rae koadeuuueHTs y F+ 0 F~ HeOTpHUATE/bHEI,
a 3HaueHHe HeYCEeUeHHOHW PasHOCTH BO BceX Toukax (Z+)* coBmanaer co
3HayeHHeM YCeueHHOH pasHocTH F+ - F~ mo npeanoJoxeHHio o6 F.

MbI yacTo GyneM MOJb30BaThCS PEKYPCHBHOCTHIO (YHKIHH
Xy — x>+ 1w h = (f — g)° 4+ 1, rie f, g peKypCUBHBL: 3TOT IpHeM
N03BOJI5ieT OTOXKECTBHTb «MHOXKECTBO COBMNAIEHHS» f=g C «MHOMKECTBOM
l-ypoBHasi» b = 1, ¢ KoTOpbIM ya0GHee paGoTaTh.

3.6. «Crmynenskay:

B
’ b upu x> x,; a, b, x€ Z+.

[Tpu x, = 1 oHa mosmyuaeTcst peKypcuell ¢ Haya/lbHHIM 3HAUEHHEM a
1 nocsienyouuMu b. B obmem ciayyae

550 () =53 (x +1— x,).

3.7. rem (x, y) = ocmamox om Oenenus y Ha x, sexcauwjud B {1, xl
(y Hac Her HyJsl).
Hmeem

rem (x, 1) =1,

rem(x,y+1)={
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[TpumenuM caenyoumnii HCKycCTBEHHBIH npueM. PaccMOTp UM CTYNIEHBKY
s (x) = 2opux = 2,5 (1) = | u nonoxum

o (x, y) = s ((rem (x, !/) - X)2 + l)
OueBHIHO,

rem (x, y) £~ x == ¢ (x, y) = 1,
rem (x, y) = x <== ¢ (x, y) = 2,

OTKYJa
rem (x, y + 1) = 2 suc (rem (x, y) = @ (x, y) suc (rem (x, y)).

2To KaeT onpezesieHHe rem pekypcued.
Onuuem 3ToT npHeM B Gosee oblieM BHIE.
3.8. Ilyctb h 3ajaHa «peKypcueli ¢ ajJbTepHATHBAMH»:

Moy ey Xy 1) = [ (1, oees 20)s
h’ (xlv LXXE) xn) k + 1) = gi(xh ey xn’ k’ h' (xl, xn» k))o

ec/iM BbinosiHeHo ycjaosde C; (xy, ..., Xp, k; h), i = 1, ..., m. Bsanmo-
UCKJIloYatolpe ycaoBus C; npusenem K Buay C; BHINOJHEHO <==> @; (X, ...
cees Xns Ry B (x4, ..., Xn, R)) = |, @; — Bclony omnpefeneiiHasi peKypPCHBHast

(dyHKOus, npuHHMalomiasi Toabko 3HaueHusi 1 u 2. Toraa peKypcHBHHIM
Iar MOXKHO 3aMucaTb TaK:

h(xlvﬂ-, xn» k+1)=2 i gi (xli‘"g xn, k9 h (xlt"-' xn» k))_.'
i=1

- 2 (gi (Pi) (xl,--n Xn, k: h (xlv-" Xns k))-
=1

DTOT npHeM Mo3BOJIsieT YCTAHOBHTb MNPHMHTHBHYIO DPEKYPCHBHOCTD
caenyomux GyHKUUH, KoTopbie NOHANOOGATCA HaM Jadblle.
3.9. HenosiHoe uacrtHOe:

enas yacTtb y/x, ecau y/x>=1,
qt(xv !/)={ i Y y
1, ecau y/x <<l.
Hmeem
gt (x, ) =1
gt (x. y), ecan rem (x, y -+ 1)~ x;
g, y+D={ gt(x,y)+1, ecu rem@x,y+1)=x, y+15=x
1, ecan y+1=x.

K cranaaptiomy Buay 3.8 yc/OBHsi NPHBOAATCA ¢ MOMOLLBIO QYHKUHH
s((rem (%, y +1)—x): + 1),

s((rem (x, y + D—x)2+1). s((x—y—172+1),
s(x —y— D*+D),



rae
sh=1 s(=D=2 s(H=2, s(=2=1L

3.10. rad x = yesas uacmo V x.

Hmeem
rad(l)=1,
rad (x +1) = { rad x, ecan gf (rad x +1, x +1) <radx+ I;
radx +1, eco gt (rad x 1, x +1)=rad x +1.

IpenocTaB/isieM YHTATeNIO NPUBECTH YC/IOBHUA K CTaHAAPTHOMY BHAY.
3.11. a) min (x, y):

min (x, 1) = 1;

min (x, y), ecmn x<y;

min (x, y+l)={ _
min (x, y) +1, ecan x>y.

6) max (x, y) aHaJIOrHYHO.

3.12. Ecau f (xq, ..., x,) pexkypcusna, mo

St= Zn F(X1s0ees Xnoyy B), Pf= 1 F(X15eees Xn_1, R) pexypcuens.

K= k=1
HeificTButenbHo,

SF X1y ooy Xn_gy Xn + 1) = SF (g, ooy %) +F (g, ooy %0 + 1),
Pf(xy, ooy Xn_gy Xn + 1) = Pf (xq, ooy X5) = F (xq, oony X + 1)

3.13. Ecau f (xy, ..., Xp) pexypcusra, mo pekypcusHsl Pynxyuu, Komo-
pole noay4daromes us f:

a) 21000l nepecmano6KOl apeymenmos,

6) g8ederuem 106020 UUCAQ QUKMUBHBLX AP2YMEHIMOB,

B) Omoxcoecmeneruem 4aenos aoboti epynnot apeymermos (f (x, x) emec-
mo [ (x,y) u m. n.).

JleficTBUTEIbHO, BCE 3TH (PYHKUHH MOMKHO MOJYYHTb U3 f U pPa3JHUHbIX
pr” KOMNO3HUHEH H COeNHHEHHEM.

3.14. Omobpasxcenuc [ (Z+)ym — (Z*)" pekypcusno, ecAu u MOALKO
ecau 6ce eeo Komnowewmor pri o [ pexypcusror. (OueBHIHO.)

OTMeTHM B 3aKJIOYeHHe, YTO BCe KOHKDeTHble (yHKUHH, OMHCAHHbIE
B0 CHX rnop, ObLIM NPHMHTHBHO PEKYDPCHBHBIMH H Bce ONHCaHHbIEe olepa-
LMH, ec/1H [PHUMEHSIOTC K NPUMHTHBHO PEKYypPCHBHBIM (GYHKLHSM, HaiOT
TaKXe NPHUMHTHBHO peKypcHBHbIl pesyqabraT. HaunHas co cienyomero
naparpaga, Mpl OyJeM CYILECTBEHHO MOJNb30BaTbCsl onepauHed .
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4. NEPEYHUCIIMMBIE U PA3PELLUMMBIE MHOXECTBA

4.1. Onpenenenne. Mroxcecmso E = (Z+)™ naseigaemcs nepeducati-
MbIM, ECAU CYuwjecmeyem mMaKas HYACMUYHO peKkypcusHas dyuxyus f, 4TO
E = D (f) (06aacme onpederenus f).

O6cyxznenue B § 1 1 2 nokaswiBaeT, YTO HHTYUTHBHBIA' CMBIC/ MEpeyHc-
JuMocTd E TakoB: CyllecTBYeT Mmporpamma, KOTopasi pacrno3HaeT vieMeH-
THl X, IpHHaAJexalite E, HO, BO3MOXKHO, He YMeeT pacrno3HaBaTb 3JeMeH-
Tol, He npuHapiexamue E. Ilosxke, B n. 4.12 u 4.18, 6Gyner naHo apyroe
HHTYUTHBHOE OMUCAHUe NepeuUucTUMBIX MHOMXKECTB, 6oJiee SICHO YKasblBalo-
ulee Ha 3THMOJIOTHIO Ha3BaHUS: 3TO MHONCECMEA, BCE HACMEHMbL KOMOPbLLX
moeym 6oimb NOAyHeHbL (BOSMONCHO, C NOBMOPCHUAMU U 8 HEU3BECIHOM No-
PAOKE) € NOMOWbIO HEKOMOPOU «nOpoOXCOaowes» ux npoepammol.

[lonsiTHe nepeunc/MMOr0 MHOMKECTBa Hapsily C MOOHSITHEM YacTHYHO
PEeKYPCHUBHOH (pyHKLHH 3aHUMaeT LIEHTPalbHOEe MECTO BO Bcell Teopun W3
NanbHeHIMX pe3yJbTaTOB, B YaCTHOCTH NpeanoxeHus 4.15, 6yner BuiHo,
4TO Jl000O€ M3 HUX MOKeT OBITb NPHUBENEHO K APYroMy, OJHAaKO B 10Kas3a-
TeJbCTBaX HeOGXOAMMYIO FMOGKOCTb AA€T JHUIb HCNOJb30BaHHE O60MX MO-
HATHH.

Haunem co csenyiowero npocroro ¢axra.

4.2. Mpennoxenne. Caredyouyue mpu Kracca MHONCecms cosnadarom:

a) [epeuucaumoe mHOXCecmea.

6) Mrnoxcecmsa yposHsi 4acmuuHo pexypcusHvlx GyHxyull.

B) Mroxcecmea 1-yposHs wacmuuHo pexypcusHolx QyHxyul.

HokasaTteabcTspo. HanoMHHUM, 4TO MHOXKECTBOM rm-YPOBHS
(rn npocTo m-ypoBHeM) (GYHKUMH | U3 (Z*)® B ZT Ha3blBATCH MHOKE-
ctBo E = D (f), takoe, uTo

x € E<==fx)=m.

a) < B). [1ycts E nepeuncaumo, E = D (f), rae f yacTuuHo pekypcHs-
Ha. Torna
E = 1-ypoBenb ¢yHkuun 1V f,

6) = B). m-yposenb f cosnanaetr ¢ 1-ypoeuem (f — m)®> 4+ 1. ®ynk-
uus (f — m)? + 1 yacTUYHO peKYpPCHBHA B CHJY MpenJioxeHus 3.5 Bmec-
Te ¢ f.

B) — a). Ilyctb E — l-ypoBeHb YacTHYHO pPEKYPCHBHOH (YHKUHH
f (x1, ..y X5). TlosOXKHM

g (X, ooy xp) = min {y|(f (xg, ooy ) — D2+ y =1}

OueBHIHO, g YacTHYHO pekypcuBHa w E = D (g).

OCHOBHBIM pe3yJbTaToM 3Toro naparpaga 6yler cienywllee ropasio
6oJlee TPYJAHOE YTBepXKAEHHE H ero CJeacTBHS.

4.3. Teopema. Credyrowue 06a KAQCCQ MHONCECMS COBNAOAIOM:

a) llepeuucaumbie mHoxNCECMBA.

6) [TpoeKkyuu MHONECMSE YPOBHS NPUMUMUBHO DEKYPCUBHOLX PYRKYUL
co 3Havenusmu 6 Z*.
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4.4. MlepBass uwacTbh HNOKa3aTeabcTBa Hanomanm
N[ €XAe BCero, 4TO ecaH JaHO HEKOTOpOe MHOMKECTBG
E c (Z+)n4al
TO ero npoeKuuell («<Ha MPOCTPAHCTBO MEPBBIX N KOOPAHHAT») HA3BIBAETCS
MHOXecTBO F C (Z*)", KOTOpoe ofnpele/siercs Tak:

CXpyeees XD € F<=s g <{Y1r--s Ym> € (Z+)m, ppever YmD € E.

(3mecb M HMXKe Mbl, B paCXOXJeHHe C NPAKTHKOH NepBOH yacTH, He OTMe-
yaeM B 0603HAYEeHUSIX Pa3HULBl MEXIY «lepPeMEeHHLIMH KOODIAMHAT» H HX
YaCTHBIMH 3HAYeHUsIMH.) AnanornaHo onpefiessieTcsl MPOEKLUs «HA KO-
OpAMHATHLI ¢ HOMepamHu (iy, ..., i) < (1, ..., n)». UHcno m yno6HO Has3bl-
BaThb Kopasmeprocmeio npoekuud. Kanonnueckoe ortoGpaxenne E — F
TaKXKe MPUHSTO Ha3blBaTb MPOEKLHUeEl: 3TO He MOXKeT NPHUBECTH K NYTaHH-
ue.

Ha3soeem BpeMeHHO NPOEKUUH YPOBHell NPUMHTHUBHO pPEKYPCHBHBIX
GOYHKUHA 1puUMUMUBHO NEPEeHLCAUMbLMI MHOMKECTBAMH.

[lepBasi uacTh J0Ka3aTesqbCTBa GYIET COCTOSITb B YCTAHOBJIEHHUH TOrO
daKTa, 4TO NPHUMHTHBHO NEpPEUUCIHMbIE MHOKECTBA MepeyHCIUMBI; BTO-
pasi — B NpoBepKe OGPAaTHOrO BKJIIOYEHUS.

Hrak, nyctb [ (X1, ---» Xny Xn41r ---» Xnsm) — HEKOTOpPAsT  NPUMH-
THBHO peKYpCHBHasi ¢yHKuMs, £ — npoekuus ee l-ypoBHS Ha nepBhie n
KoOpAHHAT. (l-YPOBHSIMM MOXHO OrpaHUYMTbCH B CHJY Y2Ke HCIOJ/b30-
BaHHOTO COOOpaXKeHWsi: k-ypoBeHb [ coBnajaer l-ypoBuem f' =
= (f — k)2 4+ 1). IlocTpoum sIBHO TaKylO0 YaCTHYHO PEKYPCHUBHYIO (YHK-
oo g, uro E = D (g).

Pa36epem oTaenbHO TPU CJayuyasi, B 3aBUCUMOCTH OT KOPa3MepPHOCTH
npoekuuu: m =0, | wiu m > 2.

Cnyuafi a): m = 0. Torna E = l-ypoBeub /<==>E nepeuucjumMo no
npenJsoxenuio 4.2 (g nocTpoeHa TaM SIBHO).

Cayua#t 6): m = 1. Tlonoxum

g (X], ey xn) = min {xn-t-l lf (Xl, ceey X, n+l) }

OueBunHO, g 4acTUYHO pekypcuBHa U D (g) = E (oGpaTuTe BHHMaHHe
Ha TO, KakK 3J1echb Hcrmosb3yeTcsi o6crositenbctBo D (f) = (Z+)n+1).

Cayuait B): m > 2. Mbl cBeseM 3TOT cayuail K NpelblaylueMy ¢ nomo-
ulblo caefpytoulelf JeMMbl, BaXXHOH BO MHOIMX APYTMX BOMpPOCAaX M HMelo-
el NpUHUMNHAJNBHBIA HHTepec (OTCYTCTBHE MOHSITHSI Pa3MEPHOCTH B «pe-
KYPCUBHOH TeOMEeTpHUY).

4.5. Jlemrsa. [las ecex m = 1 cywecmeyem maKoe 63aUMHO 00HOBHAYHOE
omobpaxcenue (™ 7t — (Z+)(”‘), 4mo:

a) Pyukyuu ™ = pri™ ° (M  npuMuMUGHO PpeKypcusHbt OARL 6cex
1<i< m

0) Obpamnan Qyuxyus T™ (ZH)— Z+ npumumusHo pexypcuena.

46. Ucnoanb3oBaHHe JdeMMBb. [IpeinonoxuM, 910 JieM-
ma BepHa. [IpuMenum ee k cutyauuu n. 4.4s). Tak, nonoxum (npu m > 2)

g (X1 oony Xny ) =1 X1y ey Xny P (Y), ..., H ().
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OueBHIHO, g NPUMUTHBHO peKypcHBHA BMecTe ¢ f. Jlerko mpoBepsiercs, uT
E cobnagaet ¢ npoekuueil 1-ypoBHsI GYHKUHMM g Ha mepBbie n KOOPAMHAT.
Tak xak 310 nmpoekuHss Kopa3MepHOCTH 1, Mbl CBe/JIH 3TOT caydail K yxe
pa3o6paHHOMY.

47. lokasaTeabcTBO JeMMbl. Ciyuail m = | TpuBHaJeH.
llpoBenem uHAYKUUIO MO m, HauMHasi ¢ m = 2.

Koncrpykuus £ Crauasa noctpoum sisHo ©® (Z+)? —
— Zt, noJoxiiB

T(Z) (xl, xg) = 0,5 ( ‘X]' + x2)2 - x, - 3x2 "I' 2).

Jlerko npoBepsieTcs, 4r0 ec/qH NPOHYMepPOBaTh Mapbl <Tx, X;=> €
€ (Zt)® B «KaHTOPOBCKOM NOPSIAKE», PacHOJIOXKHB HX [0 BO3PACTAaHHIO
Xy + X5, @ BHYTPU TPYMNH C JaHHBIM X, 4 X, — MO BO3pacCTaHUIO X, TO
T3 (x4, x,) 6YIeT KaK pa3 HOMEPOM Maphl <x;, X;=> B 3TOM cnHcKe. Tem
caMbM, T(®» B3aMMHO OAHO3HAuHA H MPUMUTHBHO PeKYypCUBHa (HUCMNOJb30-
BaTb npensoxkenue 3.5 u pekypcusHoctb ¢f, nm. 3.10 mias yuera 1/2).

BoccraHoBaenue mapel <<x;, X, 0 €€ HOMEPY Y BJsIeTCs 3IeMeHTap-
HOH 3ajauedl W MDHUBOAUT K cjeAyiowuM ¢opmyJsam Ajas o6paTHOH ¢yHK-
uuu (3

0= | w—t 5 |([Va—T -] )
15 (y)=[ I/Qy—-—i- —;—] —#? (y) +2.

3nech [z] o3Hauaer wenywo uyactb 2. [IpoBepKy NPUMUTHBHOA PeKyp-
CHBHOCTH 3THX (YHKUMH C NOMOLLBIO Pe3yabTatoB (M rnpHeMoB) § 3 Mbl
OCTaB/IsieM YHTATeMI0 B KauecTBe YMpaXKHEHHSs.

Koncrpykuusa #m, m> 3. llpernonoxum, yro #m-b, tim=Dh
yXKe NOCTPOeHB! H MpoBepeHbl UX cBoOHCTBa. [losioxkuM mnpexkae Bcero

T (Xg, vony Xpp) = T (B0 (%, .0, Xpt)y Xm)-

SlcHo, 4TO T(™ MPUMHTHBHO PEKYPCHBHA M B3aMMHO OJIHO3HayHa. Peius
ypaBHeHHe

1"(2) (T(m—l) (xlv--v xm—l)’ xm) = y

B JBa NpHeMa, MOJy4yuM AJst o6paTHOH pyHKuHHU ¢™ GopMmy.Jibl
tn” (1) =1 (9),

) =1"""P @) 1<i<m—1.

[To HHAYKTHBHOMY mNpeanoNoXKeHHIo #7 NPUMETUBHO PEKYpPCHUBHBI.

DruM 3aBepluaeTCs J0Ka3aTeNbCTBO JIEMMbL H BMECTE C HUM fnepBasi 4acThb
IOKa3aTeJbCTBA TeopeMbl 4.3.
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Bropasa gacTh 10Ka3aTeabCTBA2 Tenepb Mbl JOJXKHEI
YCTaHOBHTb, YTO BCAKOE MEePEYHCTUMOE MHOKECTBO MPHUMHTHBHO Mepeuuc-
JIMO.

Haunem co cienyiouero cBoficTBa kJacca NpHMITHBHO NePEYHCAHMBIX
MHOXECTB.

4.8. Jlemma. Kaacc npumumuBHO Nepeducaumols MHONCECS 3QMKHYM
OMHOCUMENbHO CACOYIOUUX Onepayuli: KoHeYHoe npamoe npoussederue, KO-
HewHoe nepecederue, KOHewHoe 00BeOUHeHue, NPOeKyUs.

HokaszarteasctBo. Ilyets E, E' = {(Z+)», E, < (Z*)" —
TPH NPUMUTHBHO NepPeYHuCNUMBIX MHOMECTBAa, MPOeKUHH |-ypoBHed npu-
MHTHBHO DEeKYPCHBHBIX QyHKuuii f, f* 4 f, cooTBeTCTBEHHO:

X =<x, .o, x> € E=e=ay=<y, ...y, >, flx,y) =1,
X = <‘Xl' ciey Xn> E E == dz = <Z1’ seey Zq >, f’ (xa 2) = lv
U =<ty ..., Upy> € E; == v =<vy, ..., Uy >, f; (u,v) = 1.

Torna vmeem

E X E, = npoexkuusi l-ypoBus ¢ynukuuu (f f) (x, u: y, o)
E J E' = npoekuus l-yposus ¢yukuun (f — 1) (f — 1) + ;
E N E' = npoekuus l-yposust dyukumu (f - ') (x; y, 2)

¥YCTofiYMBOCTD OTHOCHTEJNBHO MPOEKUHH 3a/l0XKeHa B OMNpeleseHHH.

[Tyctb Teneps E — HEKOTOpOe NepedyHCcaHMOe MHOXKECTBO. Peasuayewm
ero Kak l-ypoBeHb 4acTH4HO peKypcuBHOH dyHKuuu f us (Z+)* B Z+ no
npeajoxennio 4.2 ¥ 3aMeTHM, YTO AJisS JOKA33aTeNbCTBAa MPHMHUTHBHOM
nepeyHcaHMOCTH £ J0CTaTOYHO NPOBEPUTh NPHMUTHBHYIO NEPEYHCAUMOCTD
epagura [, < (Z*+)" X Z+ [eiictBuTeNbHO, scHO, uTto E = l-ypo-
BeHb f=TMpoeKuus Ha nepBble n KoopAuHAT MHOXecTBa [; N | (Z+)" X
X {1}1 Kpome Ttoro, muoxectso {1} < Z*+ npUMHTHBHO NMEepeuncJ/IMMO,
Hanpumep, no n. 3.6. Ecau mbl foKaxem urto [, npUMHTHBHO NepeuncyiuMo,
U3 JeMMbl 4.8 GyneT cnenoBath To ke camoe aasi E. Mtak, okoHuaTesnbHas
penyKUHs HaleHd 3aayd BBITASAHT TaK: 00KQ3ams, 4mo epaduku wacmud-
HO pexypcusHblx  ynxyuil [ npumumusno nepewucaumor. C 3TOH UeNbIO
MBI MPOBEPHM, UTO a) rpaduKH NpocTeHHX QyHKUHH NPUMHTHBHO mepe-
YHCJIHMBI;, 6) eC/I¥ NaHbl GYHKUHH C MPUMHTHBHO MEpEYyUCHHUMBIMH rpadH-
KaMH, TO y (PyHKIHH, KOTOpasl MOJNydYaeTCss M3 HHX NpHUMEHeHHEM OLHOI
U3 3JleMeHTapHbIX onepauui, Tak xKe NPUMHTHBHO NepeurucIHMbIl rpadiiK.

Fpadwkwn onpocTelliwux GyHKUYUH
[suc < (Z+)? = l-ypoeeub (x; + | — x,)* + ;

[ suc < (Z+)m+! = 1-ypoBeHb Xp 41
[ pr? < (Z+)n+! = l-yposenb (x; — x,+1)* + L.

YCTOHUYUBOCTD OTHOCHTEJNbHO COENAHUHEHUHUS
[Tycte f, g — wacTuunnie otobpaxkenus u3 (Z+)m B (Z*)? u (Z+)9 coot-
BercTBenHO. [Ipeanonoxum, uto Iy u [y npumutusHO flepeancaumst  Tor-
ra Ty 4 © (Z4)Ym X (Z+) X (Z+)? coBnajaer ¢ nepeceyeHueM
(Ty X (Z*)) N perm ([, X (Z*)).
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3neck perm: (Z¥)m X (Z¥)0 X (Z+)P — (Z¥Ym X (Z*+)P X (Z*)
onepauusi, KoTopas MeHsieT MeCTaMH IBa MOC/JEJHHX COMHOMHTeJ:

<xtm |yl AP > > Zxlm) AP), (L) >,

N3 snemmnl 4.8 Bummo, 9to [y ,) MPUMHTHBHO IMEPEYHCITHM.

YcTo#iYHBOCTh OTHOCHTEJNbHO KOMHOOS3HIIHH
[lyctb g — wacTHuHOe oToGparkenue u3 (Z+)" B (Z+)m, f — 10 Ke H3
(Z+ym B (Z+)P, h =f.g. Torma T, = npoekuus mHoxecra ([, X
X (Z*P) N ((Z*) X Ty)ua (Z+)" X (Z+).

Kak Builne, ecau ['; 1 I’ IpUMHTHBHO NePeUHCIHMH, TO 3Ke BEPHO AJs
I, mo nemme 4.6.

YcTofiunBoCTh OTHOCHTEJNbBHO PeKYPCHH H
p-onepaTopa siBASETCS 3HauMTesbHO GoJiee TOHKHM (aktoM. Ham nonago-
6uTcs caeayollas KpacuBas M [10Je3Has JeMMma.

4.9. Jlemma. Cywecmsyem npumumusto pexypcusras dynxyus Gd (&, £)
(Pynxyus edeas) co cAeRyOIHM CBOHCTBOM:

0aa awboeo N € Ztu awobod KoHeunold nociedosamenrsHocmu ay, ..., Gy €
€ Z+ Oaunee N cywecmsyem maxoe ¢ € Z*, uto Gd (R, f) = ay npu
6cex 1 << k<N (unbiMn cnoBamu, Gd (k, {) — 3To Takas mocJie10BaTeb-
HOCTb (YHKLHI OT aprymeHTa k, NpOHYMepoBaHHas 3HAUEHHSMU Mapa-
meTpa £, 4To Jobas QYHKUHS OT k Ha CKOJb YroaHOo 6OAbILIOM HHTepBaJe
1, ..., N MoxeT GbiTb HMHTHPOBaHa MOAXONSLIHM YJIEHOM [OC/AeJ0BaTe/b-
HOCTH).

HokasatedabcTso. CHavyana MOJI0KUM

gd (u, k, {) = rem (1 + k¢, u)

¥ nokaxeM, uto gd o6ranaer TeM e cBoficteoM, uto W (Gd, ecau paspe-
WwHTb noabupatb <<u, (> € (Z*+)°. [locie 3TOro MoxHO OYAeT MOJNOMHTb

Gd (&, y) = gd (£D ), &, £ ),

ree {® : Z+ — (Z+)* — usomoppusm u3 Jemmbl 4.5. M3sbanenue ot
auwHero napamerpa u B Gd (R, £) no cpaBHenHio ¢ gd (u, k, f) Hecywect-
BeHHO, HO B JaJlbHellleM YKOPOTHT HeKOoTopbie (GOPMYJIBI.

Htak, nyctb pauel @, ..., an € Z* Cnauana Bbibepem X € Z*+ ¢
yeanousimi X > N, | + kX! > a, ans Bcex 1 << B < N [anée noJo-
XHUM ¢ = X! Jlerko BHIETb, YTO €CJIH B, %= Ry, ky, R, << N, 10 1 + £ X!
¥ | 4 R, X! B3aHMHO NPOCTHI: HX QOUIHH AEJTUTENb A0KEH Obla 6bl AEJIUTh
(R, — ky)X!, T. €. cocTOATb U3 OPOCTHIX qHcesN <X, HO OHH OJHO H3 HHUX
He penaut | + kX!

[To anemeHnTapHOil TeopeMe TeOpHH 4YHCeJ CYLIECTBYeT pelleHHe
u € Zt cHcreMmbl CpaBHeHHH

u=a, mod (1 + kX!l), 1 <LkN.

OueBHAHO, OTCIOA BLITEKAET, YTO

gd (u, b, t) =rem (1 + ke, u) =a,, 1| <k LN,
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Tenepp npomo/RKUM JI0OKa3aTeNbeTBO TeopeMbl 4.3.
4.10. YcTOHYHBOCTD OTHOCHTEJNBHO N-ONepaluH.
ITycts f — wacTvunas ¢ynkuus u3 (Z+)! B Z+ u nycts

g ()C], teey xn) = min {ylf (xl’ cecy xn’y) = l}'

HanomnuM, uTo obsiacTb onpenesieHHst g COCTOMT M3 TeX
< X1, ...y Xp>>, AJSl KOTOPHIX TAaKOH Y CYLIECTBYET, H <Xq, ..., Xp. R >
€ D (f) nns Bcex k, MeHbIIMX min y.

Mbi XOTHM J0Ka3aTh, 4TO ec/u [y NpUMHTHBHO nepeuncaum, To ', Tak
)K€ TNPUMHTHBHO NeEpPEeYHCanM.

IMycts I'; sBasiercs npoekuuelt 1-ypoBHs (Ha nepBbie n + | Koopau-
HaT) NPUMHTHBHO-PEKYPCHBHOH ¢YHKUHH F:

P = f (xl’ ceey xn+1) == g <Yps ++s Ym>>
F (xlv ey Xngn @, Y ooy ym) = 1

(6ykBoH @ Mbl 0603HAa4HM TOT apryMeHT F, KOTOpbIfi CTaHOBUTCS 3Hauye-
HueM f). Kak u B 0. 4.4, 1ocTaTouHo paccMoTpeTh caydail m = 1. ecsH
m = 2, TO BOCMOJIb30BaThCs JieMMOH 4.5 1Jis 3aMeHbl BeKTOpa << Y,
.esy Y>> OJHUM YMCJOM Y, a eciu m = 0, TO BBECTH «pUKTHBHBIH apry-
MeHT» y, OT Kotoporo F Ha caMoM jejie He 3aBHCHT.

Hrax, nycte m = 1. BBexnem ¢yHKuHMi0O G OT apryMeHTOB Xy, ..., Xn,
Y, Y, ¢, 1, TOJIOXKHUB
s(1) =2, sx) =1
npu x > 2,
Fh =F (xly ceey Xny ka Gd (k, t)» Gd (k9 tl) )9 k 2 li

-1
G= F(xl’-'-: Xny ¥ l’ y) vﬂ S(Gd (kr t))'Fh-

kw=|

0
3neck [1 = 1 no onpeaenenuo.
=1

Jlerko y6enutbcsi, 910 G NPUMHTHBHO PEKYPCHBHA; OHa MOJYydYaeTcs
peKypcHell Mo apryMmeHTy Y M3 ABYX APYrHX (YHKUHMH, NPHMHTHBHas
PEKYPCHBHOCTb KOTOPHIX OUYEBHJHA.

Mb nokaxem, yro I, sBasiercss npoekuHedl Ha KOOPAHHATH (Xp, ...
eery Xp, ¥) 1-ypoBHs1 dyHKIMU G.

Bxanwouenue pr(G=1) = I, Iyctb<<xy, ooy X, \ ¥, L, 1> —
¢uKcHpoBaHHast TOYKa Ha l-ypoBHe G. Mbl J10JXKHB NPOBEPUTh, YTO
<Xy ey X >>ED (g) ¥ uTO Y =g (X1, -+, Xn).

HHBIMH cJIOBaMH, HYXKHO YCTaHOBHTb, 4TO

f(xl’ ey xn1 Y) = 1:
f (xy, ..., X, k) onpenenena u Gosabie 1 st Beex k <Ly — 1.

Tak xak G = 1 B nanHO# TOuKe, Bce cOMHOXHTelH G = 1 B 3TOH TouKe.
B uacthocth, F (Xy, ..., X5, ¥, 1, ) = 1, OTKyaa H caenyer, 4To [ (X, ...
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«s %, ¥) = 1, w60 I'; ects npoekuus 1-yposus F. Eciu y = [, 6osb-
€ NpOBepSITh Heuyero.
—1
[Tycte y> 1. O6pamense B 1 B-ro COMHOXKHTENS B h Jaer

s(Gd (ks ) = 1= Gd (k, ) > 2, =
Fo= 1= Gd (k&) = (6, o 0 k) > 2.

310 nocTaBasieT Tpebyemoe.

Bkawugenne [,=pr(G=1). Ilyetb <x;, ...,xp, 7> € ..
Mgl 1o/XHBI 0100paTh 3HAYeHUs OCTaJbHBIX KOOPAUHAT Yy, £, £, TAK, 4TO-
6bl cles1aTh BCE COMHOXKHTENH B COOTBETCTBYIOIUIEH TOYKe PaBHBIMH 1.

[Tpexne Bcero <<xy, ..., X, ¥, I> € I’y cornacHo onpenenenuio g.
[Monnumas sty Touky c [; Ha l-ypoBenb F, HafileM HyXHOe 3HAa4YeHHE .
B cayuyae y = | 3HaueHus ¢, f; MOXHO B3SITh JIIOOLIMH.

ITycts v > 1. Haiinem torma ¢ m3 cuctembl ypaBHeHH#

Gd (k, ) = f (x4, ..., xn, k) s Bcex 1 <<k <Cy— 1. ([IpaBble gacTu
CYILECTBYIOT B CHJY onpelenenust D (g).)

Hakoneu, npu kaxioM k& <C y — | noaHuMem TOYKy
<Xiy +eey Xn, k' Gd (k’ t)> E rf
1o Toykd Ha F = 1 ¢ ponosHUTeNbHO!H KoopAuHAaTo# y¢®), nmocJse yero Haii-
IeM £, M3 CHCTeMbl YpaBHEHHH

Gd kb t)=yb, 1 <k<y—L
y—I1

10 06pAaTHT B EIUMHHIY BCe COMHOXHTENIH B [] B camom pene,
h:l
s (Gd (&, £)) = 1, notomy uTQ

Gd (B, £) = [ (xq, ..vr Xn, B) = 2 npu &k <Cy — 1. uakoHer,
Fro=F(xy, ..., X5, k, Gd (&, £), Gd (%, 1)) = |

[0 onpeleneHHo £, f.
4.11. YCTOHYHUBOCTbL OTHOCHTEJBbHO DEKYPpCHH.
Hawm ocranocs npoBecTH nocjiefHH# 3Tan JoKa3aTelbCTBa TeopeMsl 4.3.
[Mycts f, g — uyacTruHble QYHKUUH OT n, n + 2 nepeMeHHBIX COOT-
BEeTCTBeHHO, a h — ¢yHKuHs oT n + 1 nepeMeHHOH, KoTopas moJydaeT-
CA M3 HHX C MOMOLLbIO PEeKYpCHH:

h (xls eeey Xny l) = f (X1, oory xn);
h (xb weey Xpy k + l) = g (xlv ceey Xp,y k, h (xly veey Xpy k) )'

Mbi  f0/KHBI  YCTaHOBHTB, 4TO ecau [y, [, npuMHTHBHO nepeuwcsi-
MBI, TO H [, NPHMHTHBHO NePEYHC/IHM.

[lycts F, G — npUMUTHBHO peKypcHBHble QYHKUHH, l-ypOBHH KOTO-
pux npoekrdpyworcs Ha [y, [, cooTBeTcTBeHHO:

‘P = f(xb eeey xn) ¢=>H y9 F (xla veey Xy P, y) = 19
Y= (xlv ey Xn42) <=4d2 G (%15 .y Xn+2: YV Z) =1



(xak B m. 4.10, IOCTaTOYHO OrPaHHUUHTLCA C/lIyyaeM, KOria Kopa3Mep-
HOCTh NpPOEKUHH paBHa l).

IMoctpoum siBHO ¢yHKuHMIO H, 1-ypoBeHb KOTOPOH NMpOeKTHpyeTcsl Ha
I', Ee apryMmentamu OyayT Xy, ..., Xp41, My ¥, &, £ (N — aprymenT, Ko-
TOprH cTaneT 3HaueHueM h). Ilosoxum

s(y=1, s(x) =2 npu x >
G, =G (xy, ..., xn; k—1; Gd (k—1,%, Gd(k, ¢, GdC(k,t)),

H":F(xl' ceer Xp Gd(l t) .L/) S[(”I —Gd (xn+1s t))2+1] n (‘h

=2

*n+1
(Mul cunrtaeM, uto [] = 1, ecau x,4, = 1.) Kax B n. 4.10, nerko npo-
k=2
BepsieTcsi, uTo H NPHMHTHBHO pEKYpPCHBHA.
Bxanwuenue pr(H=1)cTl, Ilycts <x4, ..., Xps1, N s
t, t{>> —Touka Ha H = 1. Mb J0J/KHBI NpoBepUTh, UuTO h (x4,

wXpa) =M
TaK KakK BTOpOH COMHOXHTeJb H = l, TO noJiyyaeM Ipexie BCero

n= Gd (xn'f‘lv f)'
Ecan k TOMYy e x,4; = 1, TO paBeHCTBO elMHHIlE EPBOrO COMHOXH-
Tens [ naer ¢ yyeToMm npeibiayLlero

n=Gd(, ) =Ff(xg, .cer Xp) = h (xq, ..., xn, ).

Ilycte Tenepb x,4, > 1. Torna u3 paeencrBa G, = | npn Bcex
2 < k < xp4, HAX0aHM '
Gd (k, &) =g (x1, ..0s Xn, B — 1, Gd (R — 1, 1)),
a u3 paBeHcTBa F = | u onpenenenusi h
Gd (1, &) = (xy, coey X5) = B (xq, ..., X, 1)

IMonnumasick mo kR ot k=1 10 k = x,4; ¥ NONB3VACH PEKYPCHBHHIM
onpenenenveM h, y6exnaeMcss HHAYKUHeH mo k, 4To
Gd (&, &) = h (x4, ..., Xn, k)

H, B Y4CTHOCTH,

N = Gd (Xp41, &) = h (X, ..., Xp41)-
Bkawuenue I'y<= pr(H =1). [ana Touka
<x1, Y xn+1, n = h (xl, ceey xn+1)> E Fh.

Ml no/xHB MOAO6PaTh TakKHe 3HAYeHHs Y, f, f;, aT06b 06paTHTh H
B 1l

Ecnu x,4; = 1, BoiGepeM £ Tak, uto6nl Gd (1, £) = h (xq, ... , xn, 1) =
= f (x4, ..., x5). [loc/ie 3T0rO NOARHMEM TOUKY <Xy, ..., X,, Gd (1, £)> €
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€ Ty notoukn F = I; 3To #aeT HyKHOe 3HAYEHHE y; ¢, MOXKHO BbIOHP aTh
KaK YroJHO.

[lyctb, HakoHen, x,4; > 1. Chauana BbiGepeM / Kak peLIeHHE CHC-
TEMbl YpaBHeHHH

Gd (1, £) = f (g, .oy X0) = h (X1, ooey Xy 1),
Gd (k, t) = h (xlv ceey Xny k) =g (xlo eeey X, k - la Gd (k - l’ t))o
2 < k < Xn+1-

3ateM, NMOAHAB TOUKY << Xy, ..., Xn, Gd (1, £) > € T; na l-yposeup F,
oTbilleM y. JTo o6paTUT B | mepBble aBa comHOXHTENsT H.
[locsie storo nonHMMem TOuKH

<Xyy ey Xny k— 1, Gd (K — 1, ), Gd (k, $)>€ I“, 2< k< %y

Ha l-ypoBeHb G, 106aBUB KOOPAHHATHI 2¥) ¥ peLIUB OTHOCHTE/IbHO £, CH-
cTeMy ypaBHEHHH

Gd (k, 1) = 20, 2 k< xnyy.

Aro obecneunt obpauleHne B | comHoXKHTeNeR Gj.

JokasatenbcTBO Teopembl 4.3 OKOHYEHO

4.12. O6bsAacHeHHe TEPMHHA «NePEeYUCIHUMOE MHO-
K ecTBoy.

Teopema 4.3 noka3sbiBaeT, YTO ecJiH E nepeynuc/iuMo, TO CYUIeCTBYyeT
nporpamma, <nopoxnawowas E» (cp. ¢ n. 4.1) [efictBUTeNbHO, NYCTb
E — npoekuusi Ha neppble 1 KOOPAHHATH |-ypOBHS NPUMHTHBHO PeKYp
cHBHOH GYHKUMH [ (x4, ..., X,, y). [Topoxnalomas E nporpamma JoJIKHa
nepeGHpaTh BeKTOPbl <Xy, ..., Xp, Y=>, CKakeM, B KaHTOPOBCKCM [O-
psidKe, BHIYHUCAATD [ U MOJABaThb HA BLIXOA <sXj, ..., X,=> B TOM H TOJbKO
B TOM ciyuae, koraa f =1 {(cp co caenctBuem 4.18). B oTsinume ¢T «pac-
no3Haloled» nporpaMmbl THNa onvcaHHoi B § 1, KOTopas MoXXeT HaBeyHO
3acTpATb Ha 3JeMeHTe, He MpHHaMIexalleM E, Nopoxaaouwas nporpamMma
PaHO MJH MO3MHO BbINHILET JOGOH 3/emeHT E W HUyero kpoMe Hero. On-
HaKo, ecd E mycTo, Mbl 3TOrO MOXeM HHKOrJa He y3HaTb

B sakaioueHHe naparpacda ob6cyauMm CBOHCTBA TaK Ha3blBaeMblX pa3-
pewiMMbIX MHOXecTB. MutyntuBHo E < (Z*)* pa3pewiuMo, ecjaH ecTb
nporpaMma, Mo KaXIOMY 3JeMeHTY (Z+)" BblsicHsowasi, NPHHALJIEKHT
au oH E uam Her.

4.13. Onpeneaenne. Mnowecmeo E = (Z+)" nasvieaemcs paspeuiu-
MBIM, €CAU OHO U e20 OONOAHEHUE NepequcAUMbL.

B §5 u B caenyiolell riiaBe Mbl 1OKaxeM, YTO CYLLECTBYIOT MepeyHc-
JUMble, HO He pas3pellHMble MHOXKeCTBa. JTOT pe3yJbTaT TECHO CBA3aH C
Teopemoli ['efesis o HemosHOTe, KOTOpO# mocBsiieHa ra. 1V

4.14. Teopema. Caredyrowue mpu KAacca MHOXceCms cosnadarom:

a) MHOXNCECmea, XApPaKmepUucmu4eckan QYHKYUL KOmopux peKypcusHa,

6) mHoONCECMBA YPOBHA 00LEPeRYPCUBHbLX (6C100Y ONPedeeHHbIX HACMUY-
HO pexypcusHblx) Pynkyud,
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B) paspeuiumsle MHONCECMEa.

JlokasaTe abcTso. CooTHOWeHUs a) = 6) < B) OueBHAHL H3
yxe JokasaHHoro. [lo3ToMy ocTaeTcsi NpOBepHTb BKJIIOYEHHE B) C a).

[Myctb E = (Zt)" — paspelunmoe MHOXecTBo, E — ero nomnoJsHe-
nue. [Jo omnpenpenenuio

E=D(),E =D()

IUIsi HEKOTOPHIX YaCTHYHO pPeKypcHBHbIX GyHKuui f, f'. MoxHo naxe
cuuTaTh, uto f= 1, f' = 2 (tam, rae ouu onpegenenn). PaccmoTpum
I'y U Ty = (Z+)» X Z+. OueBupHo, 3To ofbelMHeHHe SIBJAsieTCst Ipa-
¢ukom I, xapakTepucTHueckof ¢yHKUHH g MHOXKecTBa E. M3 Jemmbr 4.8
H jajbrediero obcyxnenus sico, uto I', mepeuncsaum Bmecte ¢ [y u [,
[TosToMy uyacTHyHasi peKYpPCHBHOCTb g OylIeT BbITEKAaTb M3 CJelyIOLlero
pe3yJsbTaTa, KOTOPBLIH MPEACTaBJSIET CAMOCTOSTENbHBIH HHTEpEC.

4.15. Ipennoxenue. [as moeo umobsr wacmuuHas GyHkyus g us (Z+)n
6 Zt bovuia wacmuuHo pexypcusHol, HeobxoOumo u docmamourno, 4mobel
ee epaguk I'y, bvir nepewucaum.

HoxasaTeabcTBo. Heo6XoquMocTh yXKe yCTaHOBJeHa.

[TpoBepum moctaTounocTb. Tak Kak I', mepedyrcsuM, CyLIeCTBYET Ta-
Kas NPHMHTHBHO PeKYPCHBHAasf (GYHKIHS

G (X1 ooy Xy 7, 2)

(cm. 1. 4.10), uTo I‘g = npoekuus Ha (X, ..., X, y) 1l-ypoBus G. Ilono"
KHM

H = (x1, ..., Xp, ) = G (xy, ..., Xp, 9 (w), £ (u)),

rae u — <<t'P (u), #3) (u)>> — NOPUMHTHBHO PEKYPCHUBHHIH H30MODPHH3M
Z% — (Z*)?, onucaunpli B n. 4.5 u 4.7. OueBuano, H NOPUMHTHUBHO pe-
KypcHBHa. HakoHen, nosnoxum

h (xy, ..., xp) = min {u|H (x4, ..., Xp, u) = 1}.

STO YacTHYHO peKypcHBHasi (yHKUHS, 006J1aCTb ONpeflesleHHss KOTOPOH
coBnanaer ¢ D (g) ¥ KoTopasi, Kak JIerko BHJETb, NO3BOJISI€T BBIYHC/IHTH

g.
g %1y cous Xn) = £D (B (xy, ...y X0) ).

TeM caMbIM g yaCTHYHO PEKYPCHBHA, ueM 3aBeplIaeTcss A0Ka3aTeJbCTBO
npensioxenus 4.15 u teopemnl 4.14.

4.16. Caencreue. [Jas 110600 4QCMUMHO PEKYPCUBHOL  ynKyuu g cy-
wiecmsyem onucanue, 8 Komopom onepayus | npuUmeHsemes ooun pas.

4.17. Cnencreue. Ecau wacmu4no pexypcusnas Qynxyus g 6ctody on-
pedeseHa, mo cyujecmeyem ee OnUCaHue gy, ..., N=g, 6 KOMOPOM éce PYHK-
yuu ecrody onpedenetsl.

JlelicTBUTENIbHO, ONMHCaHHe, KOHell KOTOporo (HaudHas ¢ () mocTpoeH
B n. 4.15, o6sagaeT 3THUM CBOHCTBOM.
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4.18. CaencrBue. Kaacc nepequcaumslx MHox¥cecms cosnadaem ¢ Kaaccom
MHOXCECM8 3HAYEHWUI NPUMUMUBHO PEKYDCUBHbLX O0MOobpaXCceHul.

JleficTBHTE/bHO: MHOXKeCTBO 3HayeHHit f ecTb npoekuusi rpaduka f.
HaoGopor, mnepeunciumoe MHoxectBo E < (Z+)7, sBasiolleecsi NpPoeK-
uMed Ha (X, ..., X,)-IPOCTPAHCTBO 1-ypOBHSI MNPHUMHTHBHO PEKYPCHB-
Ho# ¢yHkuuu f (xy, ..., X,, y), COBNALAeT C MHOXKECTBOM 3HAYEHHH NPHMH-
THBHO DPeKYPCHBHOTO OTOOpaXKeHHsi

2(2) ={ A+ (2),..., 170 (2)), ecom F(EPHD (2., (T D () =1,
g(z—1) B nporuBHOM cuyuae,

4.19. Cnencreue. a) Kowueunsvle mnoxcecmsa u ux donoanenus 6 (Z+)n
paapeusumot.

6) Jlwboe uwacmuunoe omobpaxcenue u3 (Zt)ym e (Zt) ¢ xowneunodi 06-
AACMbI0 ONPEOEACHUA PEKYPCUBHO UL BbIYUCAUMO.

B camom pene, onHoToueyHoe MHOxecTBO f{a} € Z* ecTb ypoBeHb
CYMMBl [BYX MOIXONSILIMX CTyNEHeK, B JONOJHeHHe K HeMy — IpYro#
ypoBeHb Takoi cymmbl. KoHeunble oObelHHEHHA M NepeceyeHus coxpa-
HSIOT pas3pelluMocTb M jawoT a) s n = l; usodopusm t® nossossieT
nepeHecTH 3TOT pe3yJbTaT Ha BCe .

Orciona cnenyer u 6), ubo rpaduku paccmMaTpHBaeMblX OTOOpaxeHHH
KOHEUHbl M, 3HAUYHT, MepeyHCIHMBI.

5. DNNEMEHTbI PEKYPCUBHOW FEOMETPUA

5.1. OcHOBHble OOBEKTbl COBPEMEHHBIX TeOMETPHUECKHX JHCUMMIHH
(nnddepeHuanbHas, aHaluTHYecKasi, aJgarebpavyeckas FeOMETPHH) oOf-
penensioTcst Kak napbl < MHOXKeCTBO, COBOKYMHOCTb YACTHUHBLIX (DYHKUHH
Ha HeM™>, YJIOBJIETBOPSIOLIYE TeM UM HHbIM aKCHOMaM. DTO — HOBOE BOI-
JIollleHHe CTapoil Hlen O TOM, 4TO MaTeMaTHKa M3Yy4aeT «4HucJa H GUrYpbI».

MHoXecTBa onpenejeHHst YaCTHYHBIX (GYHKUHH paccMaTpHBAEMOro
THNAa, KaK MpaBHJIO, OTKPLITHI B MOAXOAsAUIEH TONOJIOIHH, a caMi QYHKIHH
06pasyloT Ha 3TOH TOMOJIOTHH MYYOK.

B sTom naparpade Mbl npocsexkHBaeM aHaJOrHH MexXAYy TeopHeH pe-
KYPCHBHBIX (YHKUHH M Ooslee K/aacCMYeCKHMHM reoMeTpHsiMH. Uuraress,
He 3HAaKOMbIH C SI3bIKOM TOINOJIOTHH M TEOPHH MYYKOB, MOXET MPONYyCKaTb
YNOMHHAHUS O HHX U CJIEANTb JIUIb 33 TOYHBIMH YTBEpPXKAEHUSIMH O CBOH-
CTBaX pEKYpPCHBHBIX OOBEKTOB.

Haunem c onpenenenui.

[lycte E = (Z*)™ — nepeuHcIuMOe MHOXKeCTBO. PaccMOTPHUM CTPYK-
Typy Ha E, 006pa30BaHHYIO CJEAYIOUIHMH JaHHbBIMH:

a) &= {E' | E' = E, E' nepeuuciumo},

6) ans kaxmoro E'€&, R(EY={f|D (f)=E', f: E' - Z* pe-
KypCHBHa }.

[Tonoxum £ = muoxectso nap <<E', R (E')>, E' ¢ &.
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IlokaxeM, yto ctpykrypa {&, £} BO MHOrOM CXOAHa COG CTPYKTypOH
«TOMNOJIOrHYeCKoe MPOCTPAHCTBO C MYYKOM». ITO MO3BOJISET €CTECTBEHHO
HCTOJIKOBBIBaTb HEKOTOPLIE H3BECTHbIE Pe3yJ/bTaThl O MEePeYHCAHUMBIX MHO-
JKeCTBaX M CTAaBHUTb HOBBIE 3a]lauH, PYKOBOJCTBYSICh aHaJorueffi ¢ apyru-
MH reoMeTpHUYECKHMH TeOpHSIMH.

Haunem co cienylomux npocTeix 3ameyaHHH.

5.2. & sasasemcs pewiemKkol, m. e. 3AMKHYMO OMHOCUMEAbHO KOHEUHBLY
obvedunenul u nepecedenuli.

IlockosbKy At IPOH3BOJIBHBIX GECKOHEUHbIX OObeNHHEHUE 3TO He TaK,
& Hesb3s paccMaTpHBaThb KaK CHCTEMY OTKPHITHIX NMOAMHOXecTB E B He-
KOTOpOH TonosiorHi. TeM He MeHee YCTOHUMBOCTb OTHOCHTE/IbHO BaXKHOTO
KJacca GecKoneuyHbIX 0ObeAHMHEeHHH Oyler nmokasaHa B 1 5.9. Bynem roso-
pPHTb, 4TO & omnpefessieT kea3umonoaoeuro Ha E (oHa obnanaer cBoHcTBa-
MH, 6IM3KHMH K CBOHCTBaM TaK Ha3blBaeMblX TonoJorui [poTenanka, HO
He YIOBJIETBOPSIET BCEM AaKCHOMam MNOCAENHHX).

5.3. ycme E', E" € &, E' = E’. Toe2da vepanuxenue pynxkyutl onpe-
Oeasem omobpaxcenue

R(E")—> R (E): f—T |g

HedictButenbto, nyctb cg- € R (E'), ce- =1 na E' Torna [ |g- =
= fcg- pekypcuBHa BmecTe ¢ [ H Cg-.
5.4. Tlycme

E’' = {..J Eu; E’,Eheé.
k=

Tlyemo fr, € R (Ey) u fr coznacosanst na nepecewenusnx:
viji<n, [ lEinEj=f’|Ei ne;

Toeda cywecmsyem (04eBUOHO, eOUHCMBEHHAR) PYHKYUA
f€R(E"), maxas, umo yk<n, t|g, =t

Hyxuno nposeputs Tosnbko, uto f € R (E'), u60 cyulecTBoBaHHe
f: E' — Z*, «crneennoii» us fy, oueBuano. Ho rpacduk f nepeuncaum kak
obbelHHEHHe KOHEYHOro YHCJIa NepeyHCc/IHMbIX rpagHKOB

Iy = E' x 2+,

M OCTaeTcsi BOCNOJb30BaTbCS NpenJioxxenueM 4.15.

PeaysabTatsl 0. 5.2 u 5.3 n03BoJISIOT paccMaTpHBaTh J# KaK ny4ok Ha
KBa3HTONOJOTHH &.

5.5. ITycme E,, E, — nepeuucaumvie mrnoxcecmsa u f : Ey — E, pexyp-
cusnoe omobpaxcernue. OHO onpedeasem MOpPUIM COOMBEMCMBYIOUUX K6a-
3Umononoeull ¢ NY4Kamu 8 CAeOYIOUEeM CMbICAE:

a) Ecau E' = E, nepewucaumo, mo f= (E'Y<= E, nepeuucaumo.

6) Komnosuyus c f onpedeasem 0an kamcdoeo E' = E; omobpaxcenue

fe- : R(E")~> R (f7*(E")).
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Ileppast wacTh cjepyeT M3 Toro, 4To GYHKUHS Csj—1(pry = Cgr o |
peKypcHBHa BMeCTe C Cg- H f; BTOpasi oueBH]IHa.

Morsio 661 coszaThcs BheuatsieHHe, yTo nmapa <<&, £>> NOCTATOYHO
NOJIHO XapakTepu3yeT E BHe 3aBUCHMOCTH OT BJoxeHHsl E = (Zt)m, on-
HaKoO 3TO He Tak.

5.6. Mpennoxenne. [lycme E,, E, — 6Geckoneunvie nepequciumvie
mromcecmsa. Toeda cywecmsyem 6uexyus | E, 5 E,, makas, amo f u f~*
pexypcusnot. Ona undyyupyem udomopusm <&,, B> ~ <8&,, B,>.

HdokasaTeabcTBso. YcTaHOBHM cilenylouine Gosiee TouHble (ak-
THI:

a) Ecin E = Z+ GeckoHeuHo W paspeliuMo, TO CYLIECTBYeT oflie-
peKkypcuBHas Ouekuus [ Z* % E ¢ pekypcuBHo#l f~!, kortopas sBJs-
ercst Bo3pacrtaiouwell ¢yHkuded. BepHo M ob6paTHoe.

6) Eciu E = Z* GecKOHEYHO H MNEPEUHCIHMO, TO CYILECTBYeT ofliie-
pekypcuBnasi 6uekuus f:Z* ~ E ¢ pexypcusBHo#i [l

IycTb cHauana E pa3pewmnMo, g (x) = 2 npu x € E, g(x) = 1 npu
x& E, h = cg. Tlonoxum

! 2
f(2) = min :y ( i g(x)—y-—z) +1 =1}=2-ﬂ
x=1
ajeMeHT E. Jlerko y6eauTtbcsi, 4TO
- " HOMep x Kak 3snementa E, ecau x € E;
1x)= —x|h(x)=
e (E, gw) ) ( { He ompejejieHa HHaue.

Tenepb nyctb E nepeuncauMo. Corsacuo cieactsuio 4.18 cymectsy-
€T NPHMHTHBHO peKypcHBHasi ¢yHKuus g1 Z+ — E, o6pa3 KoTopoii cos-
naznaer ¢ E. Mamenum ee Tak, 4To6Ll OHa crasia 6Hekuued. [lo/0KuM

F={keZ+|yi<k, g(i)==g(k).

DTo MHOXKECTBO Pa3pelliiMO: OHO ecTb l-ypoBeHb NPHMHTHBHO PeKypCHB-
HOH (yHKUMH h:

k—1

h(l)=1; h(R)=T1 s((g(®) —gR)*+1) nns k=2,
=1

| mpu x =2,

s(x)=
) {2 mpu x=1.

U3 npenbiaywiero pesysabTaTa CyLIeCTBYeT peKypCHBHas OHEKIHS
g .Z+ = F. TNonoxum f=g-g" Tak, ana g|p - F = E ectb OHek-
uusi, To u f:Z* 5 E ectb Guekuus. O6paTHasi (QyHKUHA YACTHYHO pe-
KypcuBHa, KOO

[ ) =min{y| F@) —x*+1=1).
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[lpenJioxenue AOKa3aHO.

MiMes B BHAY 3TOT pe3yJbTarT, BJAoXeHue E = (Z+)™ o6bluHO paccMaT-
pUMBaIOT KaK CYIIeCTBEHHbIH 3JeMeHT CTPyKTypwl E; B 4acTHoctd, £, #
E, HasbiBalOTCS u30MOPGHLIMU, €CNH CYLLECTBYET GHEKLHS MEXAY HUMH,
MHAYLIHPOBAHHASL DEKYPCHBHOH OHeKlHell OGBEMJIOLIHX NPOCTPAHCTB.

IMoHas kaaccudUKanUsl NMEPeYHCAHMBIX MHOXKECTB C TOYHOCTBIO [0
u3oMop¢du3Ma HEH3BeCTHA, XOTsl MHOTHE TOHKHE pe3yJIbTaThl MOJNYy4YeHbl B
Teopuu cBoaumoctefi. Huxke, nosnb3ysicb Teopemoii, Kotopas GyneT HoKa-
3aHa B cJelylouiel riase, Mpl MOKaXkeM TOJMbKO, YTO He BCE MepeyHciuMbie
MHOXKECTBA pa3peLLHMBL.

57. CemeisictBa. [lyctb m >0, B — HeKoTopoe MHOXKeECTBO.
Hasosem cemeticmeom m-mHoXKecTB (MM m-cemeticmeom) wad 6asoti B nio-
6oe otoGpaxenne B— P ((Z+)m). Ecau E, = (Z+)"'——06pa3 keB
IpH 3TOM OTOGpaXKeHHH, TO Mbl GyneM 0GO3HAYaThb 3TO CEMEHACTBO TaKKe
{Ex}). MuoxectBo E = {<x, k> | x € Ey} = (Zt)" X B Gyznem Ha-
3pIBaTh MOMANbHOLM NPOCIPAHCMBOM CeMeNCTBa.

Aunanornuno orobpaxenue B — {uacTuynbie QYHKIHH H3 (Z+)" B
Z*} HazoBeMm cemeticmeom m-pynxyuti Had 6azoi B. Pynkuuio
f:<<x,k>—fp (x) ana x € D (f;) HasoBeM momanrsbnoli PynKyueli ce-
MelcTBa.

CeMeliCTBO m-MHOXKECTB (COOTBETCTBEHHO m-(pyHKIHI) HasoBeM nepe-
wucaumeoim, ecin B = (Z+)™ 115 HEKOTOPOTO 7 U TOTaJIbHOE MPOCTPAHCTBO
nepeuHcaumMo B (Z+)m X (Z+)* (COOTBETCTBEHHO TOTaJbHasi (YHKUUSA
YaCTHYHO peKYypCHBHa Ha (Z1)m X (Z+)-.

Ecnu {E,} nepeuncanmo, To MHoxecTBo {k € B | Ey He nycTo} nepe-
YHCJHMMO KaK [MPOeKUHS ToTaabHOro npocrpaHcrBa E u Bce E, nepeun-
CIUMBI KaK TMepeceyeHHus
E N (Z+t)= X {k}.

Ananoruuno ecau {fz} nepeunciumo, To MHOXectBO {k € B | fy — He
nycras QyHKIHS} NepeuucauMo KaK MpoeKUHst o6/1acTH onpenesieHus To-
TaJbHOM (YHKUMH f U Bce f, YAaCTHUHO PEKYPCHBHBI KaK orpaHudyeHus f
Ha nepeuncaumble MHOxectBa D (f) N (ZH)m X {k}.

Ecnu {fy} — nepeunciinmoe cemeiictBo m-pyHkuuii, o {D (f3)}—ne-
pPeurciHMoe  CEMEHCTBO  M-MHOMKECTB (c TOTaJbHBIM MPOCTPAHCTBOM
D (f)), a {I';,} — nepeuncinmoe cemeiictBo (m + 1) — MHOMeCTB (0
TOTa/IbHLIM NPOCTPAHCTBOM [';, TOUHEE, Pe3Y/AbTATOM MePECTAHOBKH MHO-
xuteneii B Iy).

[Nepeuyncaumoe cemefictBo {E,} (coorBerctBenHO {f,} ) HasbiBaeTcs
8epCanrbHbiM, €CH JII06oe TMepeYuc/TMMOe M-MHOMXKECTBO (COOTBETCTBEHHO
JMoGasi 4aCTHYHO PeKYpPCHBHas m-pYHKIMSI) COINEPIKHTCS Cpeld YJEHOB
cemeiicTBa. (TepMuH 3aUMCTBOBaH M3 COBpPEMEHHOM reoMeTpHH; CHSITa NpH-
CTaBKa «yHH», YKa3blBaiolllasi B CJIOBE <yHHBEPCaJbHbLI» HAa OXHOKpPaTHO-
CTh BXOXKIEHHUS BCeX UY/IEHOB CeMefiCcTBa).

B § 1 ran. 111 mbl moKaxkeMm, 4TO A5 JIO6GQrO m BepcaJibHblE ceMeHCTBa
cywecmsyrom. 3TO — OJHH U3 LEHTPAJbHEIX Pe3yJbTaTOB TEOPHH; TOTAJb-
Hble NMPOCTPAHCTBa H (PYHKUMH BepcajibHbIX CeMeHCTB SIBISIOTCA HCXOJA-
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HBIMH 1711 HCC/IEAOBAHHE HePa3pelIHMOCTH U MHOTHX APYTHX BaXKHHIX KOH-
CTPYKUHA.

Cefiuac Mbl OrpaHHYMMCSl NPOCTEHIUMM H CaMbiM (DYHZAMEHTaJbHbIM
[IPHJIOKEHHEM.

5.8. Teopema. [Iycme {E,} — sepcasvroe cemeticmso  1-mroxcecms
Hao basoll B = Z+. Toe0a mHoxcecmso

F={k|ke En)

Nepequcaumo, HO Hepaspeliumo.

HNokaszarteabctBo. Ilycte E < Z+ X Z+ — TOTa/bHOE 1pO-
cTpaHCTBO ceMeiictBa. Torza
F = npoexuust Ha 1-8 mMuoxutenn E () (amaroHaab B Z+ X Z+*) W no-
TOMY TEePEeYHCIHMO.

C npyrofi cropoHsl, aas Joboro K€ B, F = Z*(\F = Ey, w6o k
npuHaniexuT aubo F, nmu6o E,, HO He 060MM MHOXKecTBaM BMecTe. Tak
Kak {E;} — BepcaJibHoe ceMeHCTBO, TO F He MOXKeT GbITb MepeyrCAHMbIM.
Teopema nokasana.

ITokaxkem Tenmepb, KaK HCHOJMb30BaThb MEPEUUCIHMBIE ceMeficTBa aJs
ycHJ/leHHs1 pe3yabTaToB 0. 5.2 u 5.4. BepHeMcsi K 06o3HaueHHsAM HavaJa
sToro naparpada.

5.9. & samkHymo omHoCUMENbHO 06BeOUHEHUS 1eMERMO8 2106020 ne-
peducaumozo mroxcecmsa cemevicmsa noomroxcecms E.

JHeificrButenbio, nyctb {Erp} — Takoe cemefictBo, £’ — ero ToTasb-
HOe mnpocTpaHcTBo, E' = (Z+)y® X (Z*+)". Toraa kUBE,; = npoekuus E'

€

Ha (Z*)m
5.10. lycmo {fn} — nepeuucaumoe cemelicmeo wacmuunbix GyrKyuil
wa E,Ei =D (W), E'= U Ei v vi.j € B, hile; gj = lilej o g

Toe0a cywecmsyem eduncmeennas ¢pyuxyus f € R (E'), ckaeennas us f;.
HeficrButenbHo, rpaduk I'; nepeuncinm Kak o6belHHEHHE MepeuHcIid-
MOTO CeMefiCTBa MePeuHCIHMBIX MHOXecTB [,

[lpuBeneM B 3akJ/iOueHHe HECKOJNBKO pe3yJbTaToB O CTPYKType &.
B cuay npemioxkenus 5.6 AOCTATOYHO OTPAHHYHUTBLCH MOAMHOXKECTBAMH

5.11. [penanoxenne. Cywecmsyrom nepeuuciumsie ROOMHOKCeCMea
F < Z* ¢ 6eckoneunnim donoaneruem, maxue, 4mo 041 1106020 OECKOHEURO-
20 E € & umeen F | & 5= @, mak umo F | E beckone4ro.

Takue F Ha3blBAIOTCS npocmeimu; C TOUKH 3peHHs] HALIMX TOMNOJIOTH-
YeCKHX NpeJcTaBJeHHH OHH MOJOOHBI MVIOTHBIM OTKDHITHIM MHOMKECTBaM.

JdokasarteabctBo. Ilyctb {E,} — BepcasbHOe CEMEHCTBO
1-mMHOXecTB Han Z+ ¢ ToTanbHBIM mpocTpanctBoM E < Z+ X Z+. Ho-
aoxkuMm E' = E ) {<k, x> | x >2k}. Takx kak E' nepeunciaumo, CY-
HIECTBYeT NPHMHTHBHO PEKypCHBHOe OToGpakeHHe ¢ oGpasoM.E’:

&€= (g g):Z+—E.
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[Tonoxum h (k) = min {z | g, (2) = k}, f (k) = g, (h (k)) u oGo3Hauum
yepe3 F wmHoxecTBo 3Hauenu#t f. onosnuenne K F GeckoHeuHo, u6o
f (k) > 2k. Ilepeceuenne F c qo6eiM GecKoHeuHbIM £, HenycTto, H60 Bce
3HayeHus g, (2) npu g, (2) = k nexar B E, | E' #+ O&.

ITpensioxkenne nokasaHo.

5.12. Tpepnoxenune. a) B gaxmop-pewemxe & [(KoHeunble MHONCECMEA)
CYLECMBYIOM HEMPUBUANLHBIE MAKCUMAAbHbIE SACMEHITIbL.

6) Jlo6oe wenpocmoe nepequcaumoe MHO#Cecmeo ¢ OGECKONeUHbIM 00noA-
HEHUEeM COOEPHCUMCS 8 MAKOM Inemenme.

B) Cywecmsyom npocmule NepeducaAumMble MHONCECmBa ¢ OeCKOHeUNbIM
donoaneruem, He COOEPHCAUYUECS 8 HEMPUBLIAALHOM MAKCUMALLHOM MHOMNCe-
cmee.

3a 10Ka3aTeNbCTBOM 3TOTO M MHOTHX JDYTHX pe3yJ/bTaTOB Mbl OTChI-
JaeM K KHure Pomxepca [2].

6. KOHCTPYKTUBHbLIE OBBEKTHI U ANMTOPHUTMbI

6.1. B s3ToM naparpade MBl KpaTKO onHuulem Te MOHSITHS TEOPHH BbI-
YUCJIHMOCTH, B KOTODBIX GOJIBLIOH YTOp /JesaeTcs Ha peaJn3aluio mpolec-
ca BbIYHCJIEHHS, 2 CAMO BhIYHCJEHHE MOHUMAETCs KaK neTepMHHUPOBaHHAs
06paboTKa AaHHbIX, NPEACTaBJEHHbIX He 00513aTeNbHO UeJbIMH YHCAAMH.

3TH NOHSATHS BO3HHKAIOT KaK KOHKpeTH3auus (B dopme maTemaTuuec-
KHX ornpejesieHHi ) HeCKOJbKHX HHTYHTHBHBIX MOHSATHIL:

a) YHHMBepCYMa KOHCTPYKTHBHbIX OGBEKTOB,;

6) yHMBepcyMa NpeAnHCaHHUH MO nepepabQTKe KOHCTPYKTHBHLIX OOB-
€KTOB, T €. OMUCAHHH a/JIrOpUTMOB,;

B) YHHBepCcyMa YCTPOHCTB, CHOCOGHBIX peasiu30BaTb pabGoOTy 4JrOpHT-
MOB;

r) YHHBepcyMa npoleccoB paGoTsl 3THX YCTPOMCTB.

Pa3bepeM 3TH NOHSITHA NO OuepenH.

6.2. KoHcTpykTHuBHB Ee 060beKTBh. Kaxinshi KOHCTpYK-
TUBHBLIH YHHBEPCYM IpeACTaBJsieT CcOOOH KOHeuHOoe WJIH CYeTHOe MHOXe-
CTBO OOBEKTOB, HOMYCKaIOWHX (HHUTHOE OMHcaHHe B HEKOTOPOM si3blKe.
Yrto6bl npeBpaTHTb 3TO MpeACTaBJeHHE B MaTeMaTHYECKoe orpeleneHHe,
KOHCTPYKTHBHBIE OOBEKTHl 4AaCTO OTOXKIAECTBJ/ASIOT C 3THMHU ONUCAHHUSIMH.
Bor npumepsi.

a. llenble yHcIa KaK KOHCTPYKTHBHBbIE OOBEKTHI MOXXHO MpPeNCTaBJaATh
ce6e B Buxe HabGopoB mnasouek: I, II, III, IIII ..., koTopble H306paxaioT
cooTBeTcTBeHHO 1, 2, 3, 4... KoHeuHble NOC/aE10BaTEILHOCTH LEJNLIX YHCEN
MOXHO NpeJCTaBJsITh Ha6OpaMH TAKUX NaJIO4YeK, pa3fiesIeHHBIMH HYJISIMH.

6. Ecnu 3agan KoHeuHblll andaBHT A, coBa B 3ToM aJjdaBHTe, T. e.
KOHeuHbie MOCJ/IeOBAaTeNIbHOCTH GYKB H3 A, SIBASIOTCS KOHCTPYKTHBHBIMH
06beKTaMH.

B. MoxHO OOBSIBHTb, YTO B KauecTBe YHHBEPCYMa KOHCTPYKTHBHBIX
00GBEKTOB BpIGHPAIOTCSH KOHEUHble HeOpHEHTHpoBaHHble rpadul. IIpH sTom
noJpa3yMeBaeTcsi, 4To KBaJHGQHIHPOBaHHBIA YHTaTeJb caM BOoOpa3HT ce-

14



6e HecJI0XKHBIH (OpMasibHBIA A3bIK, TAKOM, YTO IBHO OMHCHIBA€MbIE CJIOBA
B 3TOM s3blKe OyIyT OTBeyaTb TakKuM rpadam. Eme oaun npumep: obbeau-
HeHHe MepBbIX 3TaxeH TeOPeTHKO-MHOXKeCTBEHHOro yHHBepcyma V B Ko-
He4yHOM HJIH cyeTHoM uHcJe (cM. JL w JIH, c. 101) sBnsieTcss KOHCTPYKTHB-
‘HbIM YHHBepCYMOM. OH COCTOHT H3 KOHEUYHbIX MHOXECTB, 3JeMEHTaMH KO-
TOPBIX SIBJSIIOTCSI KOHEYHble MHOXECTBa, H 3aMKHYT OTHOCHTEJbHO Olle-
pauuii o6bevHeHHsl, KOHCTPYKLUHH Nap, nepexofa K MHOXECTBY MOIMHO-
JKECTB W T. I

63. Onucanns aaropuTmos. [auHomy B 0. 2.2 onpene-
JeHHI0 QYHKUHH prf: (Zt)" — Z+ MoxeT OTBeyaTb NPHMEPHO TaKoe

onHcaHHe aJropuTMa, KOTOPhIH NepepabaThiBaeT MOCJeJOBATENBHOCTH Na-
JIOUeK, pa3jiefleHHbIX n HYJSMH, B [OCJeNOBATEJIbHOCTH I[aJlOoYekK.

a) B npenbsiBsieHHON nNOCJeOBAaTEJNbHOCTH HaHlaHTE
(i — 1)-f caeBa Hyap W i-H cJieBa HYJb.

6) CoTpute Bce 3HaKH, HaxojasiHecs JeBee (i — 1)-ro Hynas (BKJIO-
yas ero) M npasee [-ro HYJs (BKJIouasl ero). AHaJOrHYHbIE PeLeNnThbl MOX-
HO JaTb MJIS BBIYHCJIEHHsI OCTaJbHBIX NpocTedluHX GYHKUUA H3 § 2. Die-
MeHTapHble ONepallH Hal NPOCTEAHIMMH (YHKUHSIMH CBOAATCH K COElH-
HEHHIO OMHCAHHH aJIrOPUTMOB, BCTABJIEHHIO UMKJA U T. M.

CreneHb noApo6HOCTH, C KOTOPOH AOJ/KHO ObITh COCTABJEHO OMHCAHHE
aJiropHT™Ma, H CcTeneHb (OPMa/H30BAHHOCTH si3blKa ONMHMCaHHs, 0Y4EBHIHO,
3aBHCAT OT CTPYKTYPbl YCTPOHCTBa, KOTOpPOe §YIET BHIMOJHSATb aJropHTM.
UeJIoBEKY MOXET XBaTHTb HECKOJbKHX HedopMasbHBIX yKasaHui, IBM
JIO/DKHA NOJYYHTb He MPoCTe (GOpPMaJbHO MpPAaBHJbHBIA TEKCT, HO Aaxe
(PH3UYECKH MPaBHJIbHO PeasW30BaHHLIH TEKCT (B BHAE KOJIOAbI nephokapT
C XECTKHMH JIONYCKAMH Ha pa3Mepbl H NPOYHOCTb CAMHUX KapT H NPOOHTHIX
B HHX OTBEpCTHH).

OueHb BaxKHO, 4TO (HOPMaJH30BaHHLIE OMHCAHHS aJITOPUTMOB CaMH MO-
TYT pacCMaTpHBaTbC KaK KOHCTPYKTHBHBle OOBEKTbl H, B YacCTHOCTH,
noiaseprathcsi nepepaGoTKe B XoAe BblUMCJeHHs (cM. ra. IV).

64 BoiuHcasioumHe ycTpoicTBa. IDrH ycTpoHCTBa
JIO/KHBI PeaJii30BaTh HEKOTOPLIE 3JleMeHTapHble ONepalHy Hall KOHCTDYK-
THBHBIMH 0GbeKTaMH («106aBJSATh H CTHPATh NMaJOYKH») U JIOTHYECKHE one-
pauHH, npenycMOTPeHHble ONHCAHHEM aJrOPUTMOB, COCTOsiLlMe B BblbOpe
ouepenHoro JedctBHsl. JleTaJbHbIH aHaJH3 OAHOTO U3 HaHOoJiee 3KOHOM-
HbIX HaGOpOB 3JIeMEHTApHBIX WIAroB 6Ll BIepBbie NpoBejeH TbIOPHHIOM
B 3HaMeHHTOH paboTe, cTaBllled NPOBO3BEeCTHHIEH HbIHEUIHeH 3MOXH KOM-
nbioTepoB. Mbl He GyneM BOCNPOH3BOAHTD 3JleCh ONMHUCAHHS «MaIUHHbI Thbio-
PHHIa», KOTOPOE YHTaTeJb CMOXKET HAaHTH BO MHOTHX KHHMrax (CM., HanpH-
mep, [6—9]).

[TonuepkHeM cHOBa, 4TO BhIYUHCJsIIOLIEE YCTPOACTBO (B pa3yMHOH Hzea-
JIN3alMH) MOXKEeT ObITh ONMHCAHO KOHEYHBIM TEKCTOM H MOTOMY CHOBa MO-
KeT paccMaTpHBaTbCS KaK KOHCTPYKTHBHHIH o6vekT. Ho o6biuHO B onu-
CaHHH «yCTPOMACTBa» OTAEJSIIOT NepeMeHHYI0 NPOrpaMMHYIO 4acTb OT HEH3-
MEHSIIOILErocsl «KeJe3a». YHHBEPCYM BHIUHCJSIOIMX YCTPOHCTB MOXKET
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NOSIBUTbCA [IPH HCCJAEAOBAHMH CHCTEMBl B3aHMOJCHCTBYIOHIHX aBTOMA-
TOB.
6.5. CBA3b C pPeKYpPCHBHBMH GYyHKUHUIMHU. Yrobut
CB3aTh 3TH NpEeACTaBJeHHsI C TeopHeH DeKYpPCHBHBIX (QYHKUHHA, HCHOJb-
3YIOT CT@HAAPTHBLIA MpHEM: HyMepaLHMIO BCeX BCTpeualouiuXcsi yHHBepcy-
MOB LeJIBIMH YHCIaMH. DKCIepHUMeHTaJbHBIH (aKT, KOTOPBIH MOXKHO CyH-
TaTb JONOJIHEHHeM K Te3Hcy Uepuya, COCTOUT B TOM, YTO BCerja CyLIeCTBY-
I0T NPOCTbIe M eCTeCTBEHHble HYyMepalluH, [oc/je MNpPHMEeHeHHs] KOTOpbIX
BCe NpeJCTaBJeHUs] O BBLIYUHCIHMOCTH aJeKBATHO MEepeBOASITCS Ha s3blK
pekypcuBHOCTH. B IV ri1. Mbl H3/10:KHM HEKOTOpbIe pe3y/1bTaThl MATEMaTH -
YeCKOH TeOpHH HYMepalHH, KOTOphle ONpaBIbiBAalOT NPHHATHS TOYKH 3pe-
HHSI, YTO TEOPHS aJTOPHTMHUECKOH 8uyucaumocmu 6e3 norepb CBOAUTCS K
TEOpHU peKYPCHBHOH BbluMcauMOcTH. Ho, Kak Mbl y»Ke oTMeyanu, 3TO
He OTHOCHTCS K TEOpHM aJrOPUTMHYECKHX 8biducaeHuti ¢ ee npobJemMamu
MHHHMHU3alHH YHCJIa OeHCTBHH, obbema NaMsaTH, 3alayaMu HccJleloBa-
HHSI TOMNOJIOTHH BHIYHCJIHTEIBHBIX MPOLECCOB (BO3MOXKHOCTH MNapaJJiedb-
HOTO BBLIYHCJIEHHS) U T. M.

Fnasa Il

ANODAHTOBbI MHOXECTBA
N ANTOPUTMHUYECKASA HEPA3PELLMMOCTbL

1. OCHOBHbIE PE3YbTATDHI

1.1. B §4 ra. | 6b110 HOKa3aHO, 4TO MepeuHCIHMBIE MHOXKe-
CTBA CYTb NPOEKIIMH MHOXKECTB YPOBHS OPUMHUTUBHO PeKYpPCHBHbIX QYHK-
nui. Cpeny NOCIEAHHX COJepKAaTCs MHOrouseHbl ¢ KoxpduiHeHTaMH K3
Z*, Ha30BeM INPOEKIIHH UX YPOBHEH Ouoganmossimu MHOXCecmeamu; 3TOT
KJIaCC He pACIUHPHTCH, €CJH pPaspelinTb KoadxpHuHeHTaM JiexaTb B Z.
OcHoBHast ueJb 3TOH IJ1aBbl — JIOKa3aTb CJENYIOUHH TOHKHA pe3yJibTar.

1.2. Teopema. [lepeuucaumoie mHoxcecmsa ouoganmossi, caredoeamens-
HO, 3mu 06a KAQCCQ MHONCECm8 Cosnacarom.

B § 2 onucan nnan JoKasaTesbcTBa. AXYypHble, XOTSI H COBEpIIEHHO
3J7IeMEeHTapHble KOHCTPYKIIHH, COCTAaBJSIOI{HE CaMO J0Ka3aTeslbCTBO, CO-
epxatcs B § 3—7; yHTaTe b MOXKET HX ONYCTUTb Ge3 yulep6a AJsi MOHH-
MaHHUs JdaJbHeHIero.

B § 1 ra. 111 Ha ocHoBe TeopeMbl 1.2 GyJeT yCTaHOBJIEHO CYILECTBOBa-
HHe BepCcaJibHBIX CEeMEHCTB NepeyrcIHMBIX MHOXKeCTB M (YHKuHi; B § 5
ra. | 6b10 MOKa3aHO, KaK H3 3TOTO CJelyeT CyllecTBOBaHHe ‘Hepa3pellH-
MBIX MepeYHCJAUMBIX MHOXECTB.

B ra. IV Gyner cymecTBeHHO HCNOJb30BAaThCH CJIEACTBHE H3 TEOPEMEI
1.2: nepeaucaumvie mroxcecmsa eoipasume 8 aswke Ly Ar (em. 1 v H).
HeiicTBUTENbHO, AHOGAHTOBE MHOXECTBA 10 CAMOMY HX OMNpEAENEHHIO Bbi-
paxalorcsi ¢QopMmysaaMH  gx, ...gXxn (p), TAe p — aTomapHas ¢Qopmyaa.
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OcraBmiasicsi yacTb 3TOro naparpaca rnocBsilleHa ONUCAHHIO CaMbIX 3¢-
(PEKTUBHBIX NPHJIOKeHHH Teopembl 1.2: pelueHue gecsitoél npoGaemsl ['uib-
6epTa, KOHCTPYKIHSI MHOrOYJIEHOB, NPHHHMAIOMKX TOJBLKO (M Bce) MpO-
CThie 3HayeHHs1 H Zt W T. m.

1.3. Hecsastas npo6aema Tuab6epTta. Mnisbept chop-
MyJHpoBaJ ee TaK: «[lycTb 3anaHo aHodaHTOBO ypaBHEHHE C TPOM3BOJIb-
HBbIMH HEM3BECTHBIMHM H LIEJbIMH DalHOHAJIbHBIMH YHCJOBBIMH KO3(MD(HIH-
eHTaMH. ¥YKa3aTb crnocol, NpH NOMOLIM KOTOPOTo BO3MOXKHO MoC/]e KOHed-
HOTO YHCJIa ONepalHil YCTAHOBHTD, DPa3peLIHMO JIH 3TO YpaBHeHHe B LIeJHIX
PalHOHAJbHBIX YHCJAAX?.

INokaxeM, yTp M3 oObeaHHeHHs TeopeMmnl 1.2, BHIBOIHMON H3 Hee Teo-
pembl 5.8 ra. | n Tesuca Uepua BhITeKaeT Hepa3pelIHMOCTb 3TOH mpobJe-
MBl.

[lpexne Bcero Jo6oe HaTypaJbHOE YHC/AO €CTh CyMMa YeThipeX KBal-
paTtoB wueablx yHcea (Jlarpanx). [loaToMy pa3peliMMOCTb ypaBHeHHS
fxy, ooy X)) =0 B (Z*)" paBHOCHJIbHA DAa3PELIMMOCTH YypaBHEHHS

4 4

fA+ Sy, .., 1+ Y yi) =0 B (2)'n. CrenosaTesbno, n0cTaTod-

i=1
HO YCTaHOBHTb aJrOPHTMHYECKYIO Hepa3pellMMOCTb MaccoBoil mnpobJe-
Mbl «pacrno3HaBaHHe HAAHYHs pelleHu# B (Z+)™» (ecMm. n. 2.6 ra. 1).

[lyete E < Zt — nepeuncinmoe, HO He paspeliiMoe MHOXKeCTBO.
[lpencraBum ero B BHie npoekuuu Ha f — KoopauHaty O-ypoBHSI MHO-
routeda f, =[x, ..o, %) =0, [ € ZIt, x4, ..., x,]. YpaBuenue
fi,=0; to € Z+ paspelinMo, ec/u H ToJbKO ecd £, € E. CornacHo obcyxze-
HUo B § 2 ra. V coorBeTcTBylOWlasl MaccoBasi npoGsema IJs ceMeicTBa
{f;} anropHTMHYECKH pa3peliHMa, eC/IH H TOJbKO ec/¥ XapaKTepHCTHuec-
Kasi @yHKuus E Boluncauma. Ho no BeiGopy E oOHa TONBLKO NOJYBBIYHCINMA.

Takum o06pa3oM, paspelidMOCTb B He/blX 4HMCJIaxX Hepacno3HaBaema
yXKe JJIs NOAXOAsIero oJHONapaMeTPHYECKOro ceMeHCTBa YypaBHEHHH.
Yucsio HeM3BeCTHLIX B HeM (M BooGilEe KOpa3MepHOCTb MPOEKUHH, Moapa-
3ymeBaeMoii B Teopeme 1.2) moxeT 6biTh cBesieno 10 9 (1O. B. MarusiceBuu).
TouHBIE MHHUMYM HEH3BECTEH, XOTs OueHb HHTEepeceH.

[TopuepkHeM, HaKOHel, YTO KOHCTPYKUHS AHO(QAaHTOBA NpeiacTaBJeHHs
Mo6oro nepeurciMMOro MHOXKecTBa £ coBepllieHHO 3¢eKTHBHA B TOM CMbIC-
Jie, 4TO MO 3aJaHHOMY PEKYPCHBHOMY onucanHio GpyHkuud f ¢ D (f) = E
an6o byHKuuH gc g (Z%) = E cooTBeTCTBYIOUIHHA MHOTOU/IEH MOXKET ObiTh
BbIIHCAH sIBHO. TO. e OTHOCHTCS K MOCTPOEHHIO BepcasbHOrO cemeHCTBa,
NepeyrCcJIHMOrO Hepa3peLInMOro MHOXKecTBa H T. 1. Bce 310 — KOHCTPYK-
THBHbIE YTBEPKJIEHHS, @ HE NPOCTO TEOPEMBI CYLLECTBOBaHHS.

1.4. MHorouned, npeacTaBASIOUHH NpoOCTH €
4 cJa. [TouckH «sIBHBIX GOPMYJI» IS IPOCTBIX YHCes OblJ¥ TPaaHUHOH-
HbIM [PEeIMETOM 3aHsATHH GEeCKOPBLICTHBIX JiOOHTeJeHl TeOpHH 4Hcesa B Mpo-
JIOJKEHHe NOJITOrO BpeMeHH. Jijiep YKasan MHorowled x? -+ x + 41,
NPUHHUMAIOLHH AJHHHBIA PSil TOJAbKO MPOCThIX 3HaueHuii. Ho naBHO 6wI-
JI0 H3BECTHO, YTO MHOXECTBO 3HaueHWi muorounesa [ us Zlx,, ..., x,] 8
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LeJbIX TOYKaX He MOXEeT COCTOSITh JIHHIb M3 MPOCTbIX YHCeJ, Hanpumep,
[OTOMY, 4TO eCJIH p, ¢ ABa AOCTATOYHO GOJBIIMX NPOCTHIX YHCJa, TO CPaB-
HeHne f= 0 mod pgq paspewnMo (GeckoHeyHo MHorumH crnocobamu). C
JIpYroff CTOpPOHBI, B KJacce NPUMUTHBHO-PEKYPCHBHbIX (QYHKIUHMH 3ajaua
yxe pewaercs: ¢GyHKUMs {i_— [-e MpOCTOE HHCJIO} caMa NPUMHTHBHO
pekypcuBHa (cp. ¢ § 1 ra. IV), HO no TpUBHA/TbHLIM NPHYHHAM.
HerpusuasnbHasi nocTaHoBKa BOMPOCA H €ro pelleHHe CHOBAa CBA3aHBI
¢ TeopeMo#i 1.2: MHOXKeCTBO MPOCTHIX YHCEJ €CThb MHOXKECTBO BCeX MOJIOXKH-
TeJNbHBIX 3HAaueHUH HEKOTOPOro MHOTOYJeHa C UeJhMH Ko3ddHIHeHTaMH
B TOuKaX 3 (Z+)" (WM, ecyid yroaHo, u3 (Z)'": cp. peaykuuio B m. 1.3).
OnMH H3 BO3MOXKHBIX MHOTOYJIEHOB SIBHO BhIMHCaH B § 8 3To# IJIaBHL
Crneunduka NpocTHIX YHCea B 3TOM o0lueM pe3yJbTaTe HHKaK He ydacT-
BYeT:
1.5. Mpepnoxenne. [Tycms E = Z+ — duoghanmoso mroxcecmso. Toe-
Oa cywecmsyem makoid muozouren g € Z [x,, ..., x,1, umo E cosnadaem c
MHOXCECIBOM NOAON UMEAbHOLX 3HAueRUtd g 8 moykax u3 (Z+)'+!
HdJokasareabctBo. [lyctb E — npoekuHsi Ha xy-KOOPAMHATY
0-ypoBHs MHorouneHa f (xg, Xy, ..., Xp). [loJ0KHM

g = xo[1 — f? (x4, x4, ..., xp)].

SlcHO, 4TO nO/MOXKHTENbHbIE 3HAYEHHS g — 3TO B TOUHOCTH 3/emeHTH E.
Ocraercs BOCNOMB30BaTbCS TeM, YTO MHOXECTBO MPOCTHIX YHCesd pas-
peliMo ¥ NMOTOoMY AHMOGMAHTOBO B CHJY Teopemn 1.2.

MHoxecTBaMu HaTypaJibHbIX 3HaYeHHH MHOrOUYJIeHOB SIBJSIIOTCA TaK-
Ke:

1.6. [Tocaedosamensvrocnu {1, 10, 100, ..., 10%, ...} nan {1, 2, 3.

., n" " (n pas), ...}.
Y IHBHTENbHO, KaK 3Ha4eHH COOTBETCTBYIOIUIEr0 MHOroOuYJeHa MpoBa-
JIHBAIOTCA 110 HYJIS H HHUXKe B OKPECTHOCTSX TOYeK, rle OHH TaK OTPOMHHI.
1.7. Mucaxcecmeo Pepma

fnin>2uxn+yrn+2n=0

paspewumo B Z}. Takum o6pa3oM, nepeMeHHYIO 7 MOKHO H3 IKCHOHEHTHI
nepeBecTH B KO3(phHLHEHTH AHODAHTOBA YypaBHEHHS.

1.8. Mnoxecmeo {10 &,, 102 &,, ..., 100 &,, ...}, rme &; — i-a nocne
3anAaTOH UH(Pa NecATHYHOTO PA3JIOXKEHHS e (HJH T, HIH V2. uan moboro
ApYroro «BbIYHCJHMOTO» HPPALHOHAJILHOILO YHCJA).

1.9. Mnoxecmeo 6cex Henoawwix wacmmubix e uau @, uau V' 2 npu pas-
ACHCEHUU 8 Henpepuisryto Opobs.

HanomuumM, 4to 415 /2 10 CHX NMOp HEH3BECTHO 1aKe, KOHEUHO HJIH
6eCKOHEYHO 3TO MHOXKEeCTBO.

OTH NpHMepHI T0OKa3bIBAIOT, YTO K 3ajayaM O Pa3peliuMOCTH AHOGaHTO-
BbIX YpaBHeHHH CBOASITCS MHOTHe TeOPETHKO-YHCJIOBLIe Bonpockl. B ra. 1V
Mbl yOeauMcsi, YTO B HEKOTOPDOM CMBICJIE CJIOBA K HHM CBOJAHTCS BooOLie
«MOYTH BCS MaTeMaTHKa».
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2, NNAH AOKA3ATESfIbCTBA

2.1. B stom naparpade BBeleHH HEKOTOPhIE BCIOMOTaTe/bHbIE MOHS-
THS M ONHCaH MJaH AOKa3aTeJbCTBa TeopeMbl 1.2.

BpemeHHO BBeleH KJacC MHOMXECTB, NMPOMEXYTOUHHIA MEXKAY Nepeyu-
CUMBIMH M IMO(aHTOBbIMH. UTOGH ONpeiesuTh €ro, pacCMOTPHM OTO-
6pa)keHHe, KOTOpOe CTaBUT B COOTBETCTBHE KaXKIOMY I[IOAMHOMKECTBY
E = (Z+)" HoBoe nonmHoxecTBo F = (Z+)" mo cjelywooleMmy npaBuiy:

<Xy ooy X3> € F ==y k C 11, x,],
<x1, oy Xp_1» k> E E.

Mzl 6ynem roBopHTh, 4to F mosiyyusock H3 E npHMeHeHUeM OrpaHHYeH-
HOIO KBAHTOpPA OOLLHOCTH MO n-H KOOpAHHAaTe. AHAJOrHYHO ONpeesasierTcs
NpHMeHeHHe Mo JOGoH KOOpIHHATe.

2,2. Onpeaenenne—aemma. Paccmompum caedyrowe mpu Kaacca nood-
MHOXNCecm8 8 (Z+)" npu 6Ce603MONCHBIX N.

I. [Tpoexyuu mHomcecms yposHs npumumusHo-pekypcusHolx Gynxkyuil.

[1. Haumenvuwui kaacc mroxcecms, cooepiucauyuil MHONCeECmsa yposHa
MHO04AEHO8 € YCABIMU KOIPPHUYUERMAMU U 3AMKHYMbLLE OMHOCUMEALHO One-
payuli KOMEYHO20 npAMoe0 NPOU36e0eHUsl, KOHeH020 00BeOuHenusn, Kowed-
HO20 nepeceqenusl, NPOEKKULL U O02PAKUHEHHOZ0 KBAKMOPA OOWHOCMU.

HI. [1poexyuu mHoXCECM8 YPOBHA MHOSOMNEH08 C YEALMU KOIPPUKLEH-
mamu.

Toeda cnpasedausst caedyrowue ymeepxcOenus:

a) Kaacc 1 cosnadaem ¢ kaaccom nepequcaumox mwoxcecns, a 11 —
¢ Kaaccom OuOPanmosoLx MHONCECHS.

Mrnoxcecmsa kaacca 11 6ydem nasvsame D-muoxcecmsamu.

6) I o Il o Il

Hokasatenbctso. a) CoBnageHue NPUMHTHBHO MepeyHCIHUMBIX
MHOXKECTB C NepeyrCcJUMbIMH Ohl10 ycTaHoBseHO B Teopeme 4.3 ra. I. Oc-
TaJbHOE — Onpeje/eHus.

6) He coscem oueBunno rtosbko BkioueHue Il < [. [lpexne Bcero
MHOXECTBO M- YPOBHS MHOTOUJIeHA [ SIBJISETCS MHOXKeCTBOM l-ypoBHS NpH-
MHTHBHO-peKypcuBHOH ¢yHkunu (f — m)? + 1. Tlostomy n.1s nposepku
BkJoueHHs1 11 > I nocTtaToyHo yCTaHOBHTB, YTO KJjaacc | 3aMKHYT OTHOCH-
TeJbHO OMNepauuil MpsAMOro MPOU3BeleHHs, OObeIHHEHHs, NepeceyeHus
(Bce B KOHEYHOM YHCJ/E€ W OrpaHHYEHHOro KBaHTOpa o6uwHOCTH. Kpome
nocJjeaHero, BCE 3TO YCTaHOBJeHO B JemMme 4.8 ra. .

Hakonen, nyctb NpHMHTHBHO NepeuHCIHMOe MHOXeCTBO [ siBjsieTcs
06pazoM E OTHOCHTeNbHO OrpaHHYEHHOrO KBAaHTOpAa OOLLHOCTH:

(Xpyeuey Xpogy X EF =+ v < xy,
<Xy ooy Xp_y, B> € E.
Mub xotuM nocTpoHTb Mo GYHKUHH f (Xy, ...y Xn_1i Y1y --os Ym)» 1-yPO-

BeHb KOTOpPOH MNpOeKTHPyeTcs: Ha E, HOBYIO NPHMHTHBHO PEKYPCHBHYIO
¢yukumo g, l-yposeHb KOTOpoH OyJleT mnpoeKTHpoBaTbcst Ha F.
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EcTecTBeHHass MbICAL — PacCMOTpeTb B KayecTBe NPHONHKEHHS K
g TNpoH3BelieHHe

5 L
n ,(xl»"-’ xﬁ—la k; y],ho"ﬂ !Imh),

k=1

rie (y;x) — «He3aBHCHMBble mHepeMeHHble». Henpusithoe o6cTOATENBCTBO
COCTOMT B TOM, YTO HYHCJO apryMeHTOB 3Toi «(pYHKIHH» pacTeT BMeCTe
¢ x,. UTo6b cnpaBHThCS C 3THM, npuMenuM ¢yukuuio Fepens Gd (&, £),
ompefiefieHHyio B n. 4.9 ri. V. ®yHkuus g Oyaer 3aBHCETb OT Xp, ..., X
H m JONOJNHHTEJbHBIX apryMEHTOB {4, ..., {n:

'n
F(Xpyeeer Xy tiseees t) = [ F(X1s.-os Xn_y, &5 Gd (R, 8y),..., Gd (R, m)).

=1

OHa NpPHMMTHBHO PEKYPCHBHA, IOTOMY 4TO R-H COMHOXHTENb NoJyyaercs
u3 f u Gd noAcTaHOBKOM H OTOXKIECTBJEHHEM apryMEeHTOB, a 3aTeM g CTpo-
UTCA [0 3TOMY COMHOXHTENIO peKypcHed.

IlpoBepuM, uTO MHOXKeCTBO F siBJsieTcst mpoekuued 1-ypoBHs QyHKUHH
g Ha <Xy, ..., X,.~>-KOOPAHHATHI.

JlefcTBUTENIbHO, €Cian g (X, ..., Iy) = 1, TO 413 Beex 1 k<< x,
HMeeM

FOy, ooy by ooy Gd (R, £,)) = 1,

T. e. mas Beex | << k< x, Touka <xy, ..., Xn_;, K> npHHanAexuT E
STO 3HAYHT, 4YTO <Xy, ..., X,> € F.

HaoGopor, ecan <<xq, ..., ¥;,>> € F, Mb MOXeM TMNOAHATb TOYKY
<Xy, ooy Xqop, B>, 1 <R < x,, Ha l-ypoBensb f. Ilyctb y-koopauHa-
Tbl 3TOH TOYKH OYAYT Yy k» ---» Ym k-

PemnM cucteMy ypaBHeHHH OTHOCHTENBHO .

Gd (&, #;) = y;  nns Beex 1 << k < x,. DTO BO3MOXKHO MO OCHOBHOMY
cofictsy Gd. HafineHnnle 3HayeHHsi aprymeHTOB f; BMECTe C Xi, ..., X,
o6pamaloT g B eIHHHIY. DTO 3aKaHYHMBAeT JOKa3aTesbCTBO JeMMb 2.2,

2.3. HanbHefiuuli nuaH paGoThl CJAENYIOUIHH.

B § 3 nokasano coBnajenue kjaccos | W Il, B § 4—7 — coBnanenue
kaaccoB I1 wu III.

2.4. 3ameuanus. [lo xoly NOKa3aTesNbCTBa JieMMbl 2.2 MbI MOJYYHJIH
crellyIolue npocTeie GakThl, KOTOphle c/lefyeT MOCTOSIHHO HMeTb B BHAY:

a) B onpepenenusx knaccoB I—III Bciony MOXKHO 3aMeHHTb MHOXKe-
CTBa ypoBHell Ha MHOXecTBa l-yposue# (nepefins or ; K (f — m)? + 1).

6) Bce kuaccw [—III 3aMKHYTH OTHOCHTE/NBHO OnepauHii npousBe-
IeHu#, nepeceyeHufi, o6beJHHEHHH (BCe B KOHEYHOM YHCJE) H MPOEKIIHH.
([lokasaTteabcTBO 3TOrO AJs KJaacca I B siemme 4.8 ra. V npuMeHumMo U K
kaaccy III).

OrpannueHHbIA KBaHTOP OOIIHOCTH JOCTaBJSIET 3HAUHTEJNBHO GOJbIIHE
TpyaHoctH. Ha camoM Jesie, 3aMKHYTOCTH KJsacca AHO(aHTOBHIX MHOXKECTB
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OTHOCHTe/IBHO Hero [MOCBslleHa Haubo/ee TeXHHYecKassh 4acTb JOKa3a-
TeabcTBa B § 4—7.

3. MEPEYUCSTIUMBIE MHOXKECTBA ABNAIOTCSA D-MHOYECTBAMU

[Mycte f* (Z*)" > Z+ — npumuTHBHO-peKypcHBHass ¢yukuus. Ee
1-ypoBeHb MOXKHO NMpeACTaBHTh B BHAE NPOEKUHH Ha MEpBbie 7 KOOPAHHAT
muHoxkectBa [y | [ (Z+)" X {1} 1, rae Iy — rpaduk f. [Tostomy moGoe
mepedrc/JHMOe MHOXECTBO MOXKHO MOJYYHTb B BHAE NPOEKIHH mepece-
YeHHs rpadHKOB IBYX NPHUMHTHBHO-peKypcuBHbIX ¢yHkuufi. Tak Kak
KJacc D-MHOXKeCTB 3aMKHYT OTHOCHTENBHO MPOEKUHH ¥ nepeceueHHA Mo
onpefesieHHI0, TO AJs JOKa3aTelbCTBa YTBEPKAEHHs, BhIHECEHHOTO B 3a-
TOJIOBOK, JAOCTaTOYHO YCTAHOBHTb CJeAyIOUHH (aKT.

3.1. Mpennoxenne. I'paduru npumumusro-pexypcusrolx GYuKyul a8+
asomes D-mroocecmsamu.

Hoxasartenbctso. papuku npocrefinx GyHKUHE AHOdaH-
TOBbl. Y CTOHYMBOCTb CBOHCTBAa rpadMKoB «ObiTh D-MHOMXKECTBaMH» OTHO-
CHTE/JbHO KOMIO3HLHH H coelHHeHHs] QYHKIMH npoBepseTcs: TeM Ke pac-
CyXJeHHeM, 4TO M B JOKa3aTeabCTBe Jemmbl 4.8 ra. V.

Ocraetcss pasobpatbcs ¢ pekypcHeil. KoHeuHo, HaM noHanoGATCA
cBellenHsi o rpajuke ¢yHkunn Ielens. 3pech ynoOHee MOJb30BATHCA
gd Bmecro Gd.

3.2. Jlemma. pajur pynxyuu edeas

gd (u, k, t) = rem (1 + k¢, u)

asasemca Juopanmoseim w mem Goaee D-muoxcecmsom.
JdokasaTteabcTBo. MHo)XecTBo
Fea = {<u, k, t,y> |y = octaTok or neneuus u Ha 1 + kt} sB-
nseten mepeceyeHHeM CJAENYIOUIMX NBYX MHOXecTB B (Z+)%:

Epry<<1l+ ke, Eyiu—v>0 u genutca ua | 4 kL.

O6a oun auodanrtosbl. [eficTBHTenbHO, E; ecTb MPOEKLUHs MHOXeCTBa
O-ypoBHsi MHoroustesa 2 + ki — y —y,, E, — npoeKuus MHOXKeCTBa
0-ypoBHsi MHOrouiteda u — y — (1 + kt) (y; — 1).

JleMMa JokasaHa.

3.3. Caencreue. [Tycmo [, g — ynkyuu om n u n + 2 apeymenmor.
epaghuxu komopotx seastomes D-mnoxcecmeamu. Toeda D-mroxcecmsa onpe-
Oensitom caedyroujue YpasHeHuUs:

E ' gd (ur 19 t) = f (xl’ seey xn)o )
F: gd (u» Xn41 + l’ t) =g (xl’ eees Xn 41y gd (u' Xn+1» t))

8 NPOCMPAHCMBAX (Xqy ...y Xp41, U, L...) (20 mHO20moOuUEM OOO3HAYLHHL
21066l QonosruMmenvHble KOOPOURAMbL).
JokasaTeanbcTBO. DBpeieHHe JHIUHHX KOOPAHHAT CBORHUTCS
K NpsAMOMY YMHOXEHHIO Ha (Z+)P, KOTOpOe, KOHEYHO, nepeBoAUT D-MHO-
xKecTBa B D-MHOXecTBa.
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E MOXHO npeicTaBHTh B BHJIE MPOEKIHH NepeceueHusi MHOXKECTB
gd(u, k) =w, f(xq,..., %) =w, k=1 (R, w— BciomoratesibHblE
koopauHaTh). Tak Kak I‘gd u I'; cytb D-MHOXKecTBa, TO Ke BepHO 1sia E,

Ananorugno F MOXHO NpEACTaBHTb B BHAE IPOEKLHH NepeceueHus
MHOXECTB

gd (u’ xn+1 + l) t) = wly
gd (u, Xni1, 1) = W,
g (X1, ooy Xpgy, Wy) = Wy

Onn siBnsotess D-mHoxectBamu Bmecte ¢ [y U [y,

34. loKkasaTeabCcTBO npemomenuﬁ 3. l Hanomuum, u4To
HaM OCTaJoCh MPOBEpPHTb CJefyiollee YTBEPKAEHHeE.

Jlannl pysKumy f, g, kak B caencrsuu 3.3. DyHkuus h onpejeasiercs
110 HHM peKYpcCHeH:

h (X, ooy x5, 1) = F (xq, ..., x3),
h(xXg, ooy Xn, R+ 1) =g (x4, ooey X0, By B (X ..oy Xp, R)).

Toraa rpaguxk [,
<X1, s Xpgu N> € T <==1m = h(x, Xn41)

saBasercs D-MHOXeCTBOM BMecte ¢ rpagukamu [, u [,
NMepewit mar. Tlogoxkum [, =17 (Y I7?, rﬂe Xp41 = | Ha
I, x,41 = 2 na I Taxk kak

<Xjy ey Xpp, N> € V== {xp4y = 1),
{T' = f (xlv ey xn)}i

To I'! ecTb nepeceuenuie I'; 1 D-MHOXeCTBa W NMOTOMY siBasieTcss D-MHOMe -
ctBoM. OcTtaercst npoepHTb, 4To [?2 — TOKE D-MHOKECTBO.

BTtopo# wmar B npoctpancTBe ¢ KOOpAHHAaTaMH
<Xy, +ery Xn41, My U, £=> PACCMOTPHM MHONECTBA

Ey:q=gd u, xp11, 8),
Ey:gd(u, 1,8 =[x, ..., %n),
8: Xpp1 > 1, gd (u, by t) = g (xgy ooy Xn, B — 1, gd(u, 6 — 1, ?)

a8 Beex 2 << k< x,4q.

3
Jlerko nposeputs, uto I'? = pr | E;.

l=]

Kak B § 4 rn. V, BKJIOUEHHe B OJHY CTOPOHY MOJYYaeTCsi CPaBHEHHEM
E,, E3c HHIYKTHBHbIM OlpelesieHHeM h, a B Apyryio — non6opom napa-
MeTpoB u, ! B ¢QyHkuuH lenens.
[osTomy ocraerca npoBepuTb, 4to E; cyTh D-MHOXecCTBa.
Tperuit war. E, ectp rpapuk gd c JHIIHAMH KOOpJAHHATaMH;
E, pasoGpano B caexcTBuu 3.3.

52



Hakonen, Es «nmouTH» noJiyyaercs H3 MHOXKecTBa F, ONHCAHHOMO B
CNEACTBHH 5.3, NpHMEHEHHeM OTrPAHHYEHHONO KBaHTOpPAa OOLIHOCTH MO
KOOpIHHATE X,4i. TOuHee (He obpailasi BAHMaHUS Ha KOOpJAMHATY 1, AJIS
COKpallleHHs 3aMHCH):

<xl,..., xn+], u, t) €E3 h—1 Vk 6[2. x,,,,,l],
<x1,..., Xn, k—l, u, t) E F <= Vk E ll, )C,,ﬂ_—l],
Kpyeers X, Ry u, £ EF,

CnenoBatenbHO, nNpuUMeHsIss K F orpaHu4eHHHIA KBaHTOpP OGLIHOCTH MO
Xn41, MBI NpHXOAHM K D-MHOXeCTBY, KOTOpoe moJsiyyaercsd H3 Es ymeHb-
LIEHHEM X, -KOOpIHHAaTHl BceX ToueK E's Ha l. [Toatomy ocraerca y6e-
IHTbCS, 4TO onepauuss oO6paTHOro caBura Ha 1 coxpaHsieT CBOHCTBO «ObITh
D-mHOXecTBOM», UTO JIerko cJeAyeT M3 onpeaedeHHil. JlokasaTesbCTBO
33KOHYEHO.

4. PEAYKUHA

4.1. Bawxafiive Tpu maparpaga MOCBAUEHH N0KAa3aTelbCTBY TOrG
Y10 KJacc D-MHOXeCTB COBNajgaeT C KJaccoM AHO(GAHTOBHX MHOXECTB*
Kak 6bu10 3aMeueHO B KOHLE § 2, A/ 3TOrO JOCTATOYHO MPOBEPHTH, UTO
KJacc AHO(pAaHTOBbIX MHOMECTB 3aMKHYT OTHOCHTEJNbHO OrpaHHYEHHOIo
KBaHTOpa OOLLIHOCTH.

[ycrs f (xy, ..., Xn, By Yys oevy Ym) — HEKOTOPHIA HEMOCTOSIHHBIA MHO-
roused ¢ uejbiMH Kosdduuxentamu. OH cauTaercss (HKCHPOBAHHBIM IO
KoHua storo naparpada. [lycts d — ero crenedb, C — cymMMa MojayJed
KO3(HHLHEHTOB.

Onpenenum MHOXectBo E u3 ycsoBHSA

<xb---v Xn, .I/) € E «=» Vk gy d (ylt--'» ym>»
Py, oo X, By Y1y ooy yp) = 0.

Mol xoTuM ycTaHoBUTb, 4T0 E duogpanmogo (nns moGoro Buibopa f).
B 3tom naparpade noxasan ciaenywowui peayKUHOHHBIH pe3yJIbTar.

4.2. NMpenaoxenne. E duogarnmoso, ecau ouogarmoset caedyrouyue mpu
MHOXcecmea:

Xy =Xx33

X =X,!;

Xy x3/X4

—_—= Xg == X4 X,
X3 ( x‘_) y N == A4 AR

— ). (n—k1 .
rae (Z)= n—=b.. A—k+D) _ Gunomuansrodt kosddunuenms.

k!

JloKa3aTesIbCTBO 3TOr0 H BCeX MOCJEAYIOUIHX NMPeNJIOXEHHH TaKoro TH-
na cTpositcs no equHoil cxeme. UTo6H ycTaHOBHTH QHodaHTOBOCTh E, BBe-
JleM BcroMoratesbHbie MHOXKeCcTBa E; co cjenyIOu|HMH CBOHCTBaMH:
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N
a) E = npoexiusa inl E;,

6) E; nno¢aHTOBHI.

OG6bIYHO, OAHAKO, HEMOCPEJCTBEHHO YCTaHOBHTb IHO(AHTOBOCTb BCEX
E; He ynaercsi, H K HEKOTOPHIM H3 HHX NPHUMEHSIETCS aHAaJAOTHYHas npome-
aypa. Takum o6pa3oM, cXeMma MOJMHOTO JOKAa3aTelbCTBa $iBJAsieTcs Jepe-
BOM.

JluTepaTypHoe odopM/IeHHe KaXKIOro 1Liara COCTOMT M3 CJeNyIOIHX
STanoB: BBEJCHHE BCIOMOTATEJbHLIX INEPEMEHHBIX, MPONajalolUX MpH
npoemum; KOHCTPYKIJ.HH MHOXKeCTB Ei C IIOMOIbIO SABHBIX COOTHOLHeHHﬁ;

N
JOKa3aTeJbCTBO BKJIIOUEHHS E <= pPr n E,‘ JIOKa3aTeJIbCTBO BKJIIOUEeHHA

i=1

N
E=pr N E,.
i=1
43. loxasaTeabCTBO mNpenioxenus 4.2. BcnoMoraTe/nbHble
nepeMeHHble 0GO3HauuM cHMBosamu Y, N, K, Y,, ..., Y. MuoxecTBa

E; B mpocTpaHcTBe

<Xyy e Xy Yy, Y, N, K, Yy, Y,.>

BBeJIeM CJIENYIONUMH COOTHOLIEHHSIMH:

E, NZ=C (x, ..., xpyY)4,

Y<VY,.,Y<Y,

(colepaTeJbHBIN CMBICJ NPaBOf YyacTH MepBOro HepaBeHCTBAa — rpybas

OlLieHKAa V151 3HaYeHHsI MHOTOU/IeHA [ B TOUKE <Xy, ..., Xn, ¥ Y1 -+or» Ym=>»
e y, y; <Y),

Eyt 1 +KN!'= 1 (1 +ENY)
k=1

(3T0 — «GOJIBIIOA MOAYJ/b»; paBeHCTBO f HYJO GyneT 3aMeHeHO JEJIHMO-
CTbIO Ha Hero.)

E3 : f(xl,..., Xny K, Yl,-.., ym).—=_0 mod 1 "l—KN!’
Eg;e g Y;i —j)=0mod (1 + KNI),
Is
i=1,..,m
, m-3
MHoxectBo E’ ompenensiercsi Kak (| K;.
i=1

INokasateabcTBO BKmouedus E < pr E'.

Jana Touka <<xy, ..., Xp, Y>> € E; Mbl JO/UKHH NOROGpaTh 3Ha-
UeHHSI OCTaJIbHBIX KOOPAMHAT TaK, YTOOLl BHIMOJHSJIHCH COOTHOIUEHHS
E,, ..., Epys

CorsacHo ompegsenenHio E Raxaylo TOUKy <lxy, ..., Xn, k>, k< ¥,
MOXHO NOAHATHL A0 O-ypoBHs f:

f(xlv eeey Xpy kr Yk -y ymk) = 0.
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BosbMeM B kauecTBe Y MaKCHMYM Y, y;x. 3aTeM, Kak H Bbillle, OTbIEM Y,
H N, pewnasi cucremy ypaBHedudl I'egenss gd (Y, k, N!) = y;» 415 Bcex
1<y

JlokasaTenbeTBo JemMbl [efens nokasoiBaer, uto Y;, N MOXHO B3STb
KaK YrofHo GOJIbIIMMH, B YACTHOCTH, ynoBJjerBopuB E;. Uucio K oxHo-
3HauyHO onpegenutcs U3 E,.

Bce BuiGoper yxe mnpousBenensl. CooTHouieHHe E,.; BHINOJHAETCS
noToMy, uTo cpend yucea Y,;—j npu j<{Y nas kaxaoro k < y Hadaercs

Yj—_l/ihaomod(l +kN!)

no onpenenenuio Y, u gd. CienoBatesnbHO, MPOH3BeNeHHE ClleBa B Egyq
nenutcs Ha Bce 1 4 kNI, 1 << & <C y, KoTOpBIE NMOMAPHO B3aHMHO NPOCTHIE,
n6o N >y nmo E,. Takum o6pasoM, 3T0 [OpOH3BeJeHHe [IEJHTCS Ha
1+ KNI

Haxkonen, ana nposepku E, 3ameTum, uto u3 E, BLITeKaeT CpaBHeHHe
K=+kmod (1 4+ kN!), 1<k<y, motomy uro (1 4+ KN!)— (14
+ kN!) = Omod (1 + kN!). Ho Torma, yuuthiBasg, 4YTO Y;p =3
= Y; mod (1 + kN!) no BriGopy Y;, Haxonum

f(xl, ey Xpy, K; yh ceey Ym)Ef(xh Xn» k, Yins ymk) =
= 0 mod (I - kNY).

Orciona creayer E; B culy mnonapHo# B3aUMHOH MPOCTOTHI MOZRY.JIed
1 4 kNI

JNokasateanbcTBO BKmoueHus pr E' = E. JlaHa Touka
<%y .-Xn, 4, Y, N, K, Yy, ..., Y,>, KOOpAHHATH KOTOPO# YIOBJIETBO-
pAOT cooTHOWeHUusAM E,, ..., E, 45. MBI DOMKHB [OAOOPATb MJIA KaXKAO-
ro k <Cy Ttakofi BEKTOP <Yy, ---» Ymr>>, UTOOLI

f(xlr cevy Xy k9 hry -oon ymk) = 0.
C >5to0it uenbio 0603HaYMM uepe3 p, JIOGOH MPOCTOH ReMHTeNb YHC/IA
1 4+ kEN! u nosoxum
Yin = 0cmamok, om Oesenus Y; Ha py.
IlokaxeM, yTto 3TOT BBIGOP HaeT Tpebyemoe.
Hs E, cnenyer, uto
f(xb seey Xy k, Yiry ooy ymk) =0 (ph)'

OcTtaercsi NpoBepHTb, YTO YHUCJO B JIEBOH YACTH CPaBHEHHS MEHbLIE pp.
HNmeem:

pyr demut [1(Y; —j) B cuny Eqy; = py deaut Y; — j A5 HEKOTOPOTO
i<y
] <Y < y;» = ocratok ot nenenusa Y; Ha pp Y = (xy, ..., Xn, &,

Yiky -y ymk) < C (:xly reey xnyy)d < N < Pr

(npeanoc/iefHee HepaBeHCTBO cJjejyeT U3 £, a mocjeqHee H3 TOro, 4TO
Pr Reaut 1 4 kNI).
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OxoHuaHnue aoKasaTeabcTpBa Ocraercs MNPOBEPHTS,
uTO JAHO(AHTOBOCTH MHOXecTB Ej, ..., E, 43 clelyeT H3 JHO(DAaHTOBOCTH
MHOXECTB, ONHCAHHBIX B INpenJoxeHuu 6.1.

JleficTBUTeIbHO, TPHBHAJbHOE BBeJECHHE BCIIOMOraTe/IbHbIX MepeMeH-
HBIX (IJ/I51 NOACTAHOBOK) NO3BOJIsIET CBECTH MPOBEPKY AHODAHTOBOCTH BCEX
E; cHavana x AHoaHTOBOCTH MHOXKECTB

x1=x2!;

xn= IT (1 +kx);
k< x,

X = n (x2_i)’ x2>x3-
J < x.

ITocse sToro ocraercs 3aMEeTHTb, YTO BTOpPOE U3 3THX COOTHOIIIEHHH MOXKHO
npeactaBuTb B BHJE

Xy = X% X! (1/x3+x2) ,
Xg
a TpeTbe — B BHJE
X, = x5! (xﬂ_ l). Xy > Xg.
x3
[Ipenyoxenne 4.2 3THM JOKa3aHO.

5. KOHCTPYKUMA CMELUMNASNIBHOIO
ANODAHTOBA MHOMECTBA

5.1. B 3toM maparpade Mn HayHeM XOKa3aTeJbCTBO IHOGMAHTOBOCTH
MHOXKECTB, BBEIEHHBIX B npensoxeHHd 4.2. UTo6bl Jyyme YSACHHTb XOI
J0Ka3aTeJbCTBa, YKaM{eM, YTO caMoe CYIeCTBeHHOe NpensiTcTBue — Obl-
CTPbIH POCT OJZHOH H3 KOOpPAHHAT NO CPaBHEHHIO C APYTHMH (HanpHMep,
X; = X,1). JIx. PoGHHCOH NpHHAAJIEXKHT Ba)KHAs HIesi: OHAa MOKasaJja,
KaK M3 JHO(AHTOBOCTH JIIOOOTO KOHKPETHOro MHOxecTBa B (Z1)2, onHa
H3 KOOpAMHAT KOTOPOro pacTeT ObicTpee JOGOH CTeneHH APYroH, HO Mel-
JieHHee x* (HanpHMep, KaK 3KCIIOHEHTa), MOXKHO BBECTH JIHO(paHTOBOGTb
BCeX NepeyHcanMbIX MHoxkecTB. [Tocsie atoro MaTusiceBHYY H He3aBHCHMO
YynHOBCKOMY yJaJloch YCTAHOBHTH AHOGMAHTOBOCTb MHOXKECTBAa TaKOro
THIA, CBA3aHHOTO ¢ uHcaamH Pubonauuyu. Mcropuio Bompoca cM. B cTaThe
10. B. Marusicepuua [18].

B stom naparpade npuBeseHa KOHCTPYKIHsS U3 Gosiee MO3JHEH CTaThH
10. MatusiceBuua u JK. PoGHHCOH, SBASIOIWASCSH YCOBEPILEHCTBOBAHHBIM
BapHAaHTOM NepBbIX NOCTPOeHHH. 3aMbiceJl ee OCHOBAaH Ha CJelyloLieM Co-
obpaxenHu. Ilycts x* — dy? = 1 — ypasuenne [leans (d € Z+t — ne-
Joe YHCJI0, He SBJAsIOleeCs TNOJHBIM  KBaiapaToM). Ero peulenus
<x, Y>> € (Z*)* o6pa3ywoT NOJAYrpynny OTHOCHTEJbHO 3aKOHa KOMIO-
3HLUH

+nVd)(xa+y Vd)=xs+y,Vd.
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Srta noayrpynna uuMkiavuHa. MHeiMM clioBamu, nycTh <<x;, y;>> — pelle-
HHe C HauMeHbliell nepBoil KoopauHaTod. Toraa Jio6Goe Apyroe pellleHue
HMeeT BUR <X, Y=, e n € Z+, H

Xn +ynVE=(xl+yl V‘E)n'

Uucsio n HasoBeM HOMepom pelleHMs <X,, Y,>.

Koopannartsl x,, yn PacTyT ¢ n 3KCHOHEHLHAJbHO, TaK YTO MHOXECTBO
pewleHnit ypaBHeHus [leass, a Takxke ero nNpoeKUHH Ha x- U Y-OCH SBJISA-
I0TCS AHOG(AHTOBHIMH MHOXECTBAMH JIOrapH(pMHUYECKOH MJOTHOCTH. D10 —
elile He TO, YTO HYXHO: OCHOBHasl TPYIHOCTb COCTOHT B TOM, —4TOOH! BK.JIIO-
YHTb HOMEp pellieHHs] n B YHCJO KOODAHHAT JHOPaHTOBA MHOMXKeCTBa —
TOJIBKO TOTJia MbI NOJYYHM BO3MOXKHOCTb IIDUMEHHTDb JaJjibHellue ¢oobpa-
XKeHHS. 3TO U 6YyHeT cleJaHO HHXKe.

5.2. O6o3Hauenun. PaccmoTpuM ypaBHeHue [lesnsi ¢ nepemeHHbIM d.
Ero nepBoe pelenne MeHsieTcst B 3aBUCUMOCTH OT d, BOOGILE rOBOpsi, O4eHb
HEKOHTPOJIMpYeMbIM 06pa3oM, MO3ToMY YAOOHO oTo6paTh JHUIb 4acTb d,
IJ1 KOTOPbIX MepBOe pellleHHe HMeTh MPOCTOH CrelHalbHuH BHA <<a, 1>,
a € Z+* OuyeBugHo, torna d = a® — 1.

YpaBHenue x2 —(a® — 1)y = 1 6yneMm HasuwBaTb a-ypasHenuem. On-
pelesiuM 11Be NOoC/e0BaTeNbHOCTH YHCe X, (@), Yn (@) KaK KOODJHHATH €ro
n-peleHus:

2, (@) +yn(@Va —1=(a+Va—1).

®opmasbHOE OnpenesieHHe x, (@) H Yy, (@) KaK MHOTOYJEHOB OT @ JIETKO
JaTb HHAYKUHKeH no n. Toraa Beipa)keHus x, (a), Y, (@) 6yAyT HMETb CMBICA
a1 Bcex n € Z ua € C. B yactHOCTH,

Xn (l) = l, Yn (l) = n,

NpH 3TOM BCe NPHUBOAHMbBIE HUXKeE (GOPMYJbI OCTAHYTCS CNpaBelJHBBIMH.
OCHOBHBIM pe3yJbTaTOM 3TOro naparpaga siBJsieTcs
5.3. MNpenaoxenne. Muoxecmso 6 <y, n, a=>-npocmparncmee

E Yy =y (@), a>1

sa8asiemes Ouopanmosvim.

B nokasaTesbCTBe HCIIOJIL3YIOTCS 3JIEMEHTApPHBIE TEOPeTHKO-UHCJIOBHIE
CBOHCTBa MOCJel0BaTe/bHOCTEH X, (@), Y. ().

Hx npoBepkH B OCHOBHOM OTHECeHH B KOHell naparpadga (cm. m. 5.8).

Hness nuopanToBOro BOCCTAaHOBJEHHS n N0 <Y, A=> COCTOHT B 3aMe-
YaHHUH, YTO

Yn (@) =nmod (@ — 1) (n1emma 5.4).

3T0 0aHO3HAYHO ONpejessieT 1, ecsv ToJbKo n << a — 1. Uto6el nepeiiTH
K oflieMy cJjydaio, BBOIHMTCS BcrioMoraTesbHoe A — ypaBHeHHe ¢ 60Jb-
MM A, H ero n-e pelueHHe, KOTOpoe cJenyeT (C MOMOIBIO ) OnpeleJHThb
TaK, 4TOObl HCIOJNb30BaTb n JIMIIb B AHO(PAHTOBOM KOHTEKCTE.
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®opmanbHo auodaHTOBOCTh E ycTaHaBJHBaeTCs 10 cXeMe, OMHCAHHON
B 1. 4.2. Kpome OCHOBHBIX NEepPEMEHHBIX Y, N, @, BBOAATCS LIECTh BCIOMO-
rateJpHbIX: x; X', y'; A; X1, y;. [loloxXum pasee

Ei:y>=n, a>|;
Ey:x?— (@ — Dy* =1,
Eg:y' =0 mod 2x%?%
Ey: x"* — (@ — Dyt = 1;
Es:A=a+ x?(x'?—a)
Eg:xi—(A*—Dy?2 =1
E;:y, —y=0modx'%
Eg : y, = n mod 2y.

8
[Mycts E' = lﬂ E;. Tlokaxem, uto.pr E' = E.
=1

Bxawuenune Ec<prE [Hausl <y, n, a> € E; uyXHo no-
no6paTh 3HaueHHS OCTa/bHBLIX MEPEeMEeHHBIX TdK, 4TOObl YAOBJETBOPHTH
E,, ..., Eq. Kak u Bbllle, Mbl He GyleM BBOAHTb Al HUX CIIENHAJBHbIX
CMMBOJIOB; AOCJe BbIGOpa, CKaxKeM, 3HaueHHs x OYKBa X JaJjiee CTAHOBUTCS
HMEHeM 3TOrO 3HAYeHHS.

E, ynosnerBopsieTcsi aBTOMaTHUeCKH: y, (@) =n ans Bcex a>= 1, n> 1
(uanykuus no n). Hadinem enuncrBeHHoe x u3 E,: x = x, (a). B ka-

yl

9x2 y?
X?— (@ — 1) 2x2y?)?Y? = L.
1o nacrt E; - A oaHosHauHo HaxoautTcst U3 E;. B kauectBe <<xy,y1>
Bo3bMeM n-e pelleHue A-ypaBHeHHsi. Bce Bbibopbl npousBegeHsl. [ag
npoBepkH E; U E, HaM NOHano0ATCs [Be JIEMMBIL:

5.4. JlemMa. y, (@) = k mod (@ — 1).

5.5. Jlemma. Ecau a= b mod ¢, mo y, (@) = y, (b) mod o.

Jloka3zaTenbcTBa HX cM. B M. 5.8.

Hcnonbaylores ond tak. M3 E; Haxonum

A=a+ 0+ ay® (1 +ay? —a)=1 mod 2y

yecTBe <<x', > Bo3bMeM Ji0o6oe peiledHe ypaBHeHus [leauas

c yuetom Eg. Jlemma 5.4 torza naer
4y = Yn (A) = n mod 2y:

sto E,.
.He:ma 5.5 naet y, (A) == y, (@) mod x'* (c yuetom Ej): 310 E,.
Bxkawuenuwe prE < E. Us coorhomenuii Ey, ..., Eg Mbi 110A-
MHBE TOJTbKO BBIBECTH, 9TO 1 €CTh HOMEpP pelleHHs <<x, y=>. 3aMeTHM, 4TO
n yyacTByeT Juiib B Ejg,
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Bpemenno o6osnauum uyepes N, N’, N, Homepa peweHuii <x, y>,
<x',y'>, <<x;, ;> COOTBETCTBEHHO. MbI JOKa)KeM, 4TO

n=N um n= —N mod 2.

Tak Kak, kpome TorO, y == n (E;) u y > N (ompenenenue N), 3to naer
N = n, uro u TpeGyercsa. Homep N, Gyner «mocpefHHKOM» MEXIY n H N.
Ipexne Bcero u3 E, HaXoauM, KaK Bblllle,

A =1 mod 2y
M 3aTem M3 ompenesienuss N; H Jemmbl 5.4
4, = N; mod 2y.

Ho mo E; y, = n mod 2y; nostomy
N, = n mod 2y.

Hanee, u3 E;, A =amodx'? u 3aTem

Y = yn, (A) = yn, (a) mod x"?
no semme 5.5. B cuay E,
Yy = yn (@) = y, mod x'?,

O3TOMY
yn (@) = yn, (a) mod x'2.

Jlns nanbHefiiero HaM MOHanOGSATCS elle ABE JE€MMbI, KOTOPEIE MBI JO-
Kaxem B m. 5.8.

5.6. Jlemma. Ecau y; (@) = y; (@) mod x, (@), a> 1, mo 1= j uaru
i = —j mod 2n.

5.7. Jlemma. Ecau y; (a)*y; (a), mo y; (a)/].

Jlemma 5.6, npumenennas Kk N, N,, N’ Bmecto i, j, n, C y4eToM NMocaeA-
Hero J0Ka3aHHOTO CpaBHEHHs jJaeT

N = + N, mod 2N'. |

Jlemma 5.7, npumenennas k N, N’ Bmecro i, j, ¢ yuetom Eg naer y/N’.
[Tostomy
N = 4N, mod 2y.

Tak kak Mbl yxe ycTaHOBHJH, yto N, = n mod 2y, 5To JaKaHUUBAeT JO-
Ka3aTeJbCTBO.
658. lokasaTeJqbCTBO JeMMbl. DyAem OMCATL Any, BMECTO

xp (@), Yy, (@). U3 dopMmyasi
Xan +Ynn V(12 —1 =(xn +yn 'l/'az_ l)



HaxXoauM

ynh— 2 (f)xﬁ’7y,7,(a’——1)(l—l)/2‘

j <k
1(2)

Ill“

B u4actHoCTH,
kR—1

Ynk =kRxn  y, mod(a®—1),

yto naer jsemmy 5.4 npu n = 1. Kpome Toro,
Ynn = kxt ™"y, mod y3-.

3ameHuB 3xech nk, k, n ua n, n/k, k, noayuum

n

n k 3
n=— X yxr mod yi.

Tak kak (xx, yx) = |, Haxonum oTciona

,,—=-0mody§:>%5umoayh$n:—:Umodyk.

41O naer Jjemmy 5.7.

BoipaxeHue y, (@) B BHIe yHWBepCaJIbHOrO MHOTOYNEHAa OT a, Ko3d-
(UIHEHTH KOTOPOTO UeJibl H 34BHCAT (BMECTe CO CTelleHbtO) JHLb OT 11,
HeMeJIEHHO aeT Jemmy 5.5.

Ocraercst 10Ka3athb JeMmMmy 5.6.

[Ipexxne Bcero H3 paBeHCTBA
Xn+tm +Va2—l Yn + m= Xp _|_Va2 —1 yn)(xm:t ]/ar— 1 ym)
HAXO0IUM
Xn + m =Xn Xy (a®*— n.’/n Ym»

Yn + m ==X Ym T Xm yn-
Orcioaa
— — 2
Yon tm =Yn+(n t m)==Xn £ m Yo Mmod x, =+ (a®*—1) yn Yy mod x, =
=T y,, mod x,
¥ aHaJOTHYHO
Yan + m =Yan+2n £ m) =—Yan + m Mod X, =y, , mod x,,

310 03HayaeT, uTo Kak (QYHKUHs1 OT R KJacc yx mod x, uMeeT nepuon 4n;
BHYTpH XKe nepuosa (1, 4nl| nosenenne onpenensieTcss ero nepsoi yeTBep-
toio [1, nl:

Yntm="TFTYm» Y+ m === Ym NPH I<m<n.
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Teneps npu a >> 3 n1emma 5.6 ciexyer H3 3THX GaKTOPOB H M3 TOrO, YTO
Ym << 0,5x, mpu 1 << m < n. IelicTBuTeNbHO,

dyn<(@—1)ya+1=xa
[lpu a = 2 umeem y,, << 0,5x, Toabko aast m < n — 1, HO H 3TOrO
JIOCTaTOYHO /sl JOKa3aTeJbCTBAa JIeMMH.

6. TPAOUK DKCNOHEHTbI ANODAHTOB

6.1. Mpennoxenne. Mrnoxcecmeo
E y=a

6 <y, a, n> — npocmpancmee Ouogarmoso.
JokasarteabcTBo. J[locTaTouHo npoBepHTb JAHODAHTOBOCTD

E,=EN {fala> 1}

IIpy a > 1 uHayKuHel MO n JerkKO noJayyaem

(2a — 1) < Yo (@) < (20

B 0603nauenusx §5. Orciona aas moGoro N > 1 umeem

2Na — 1" 2Na)" -
a"(l— 1 )n= (2Na ) éy,.+‘(Na)g (2Na) =a"(l~—'—) n
2Na (2NY" Yn4 (N) (SN — 1) 2N

3HauuT, ecau BhI6paTh N CTOJb 0O/bIIMM, YTOOB OXHOBPEMEHHO

To nodayuuMm a* = ly, 4+, (Na)ly,4, (N)] (kBajpaTHoie CKOGKH 31€Ch
M HM)Ke O03HAyYaloT LeNylo yacTb yucaa). Takum obpa3om, E, ecTb mpoek-
UHs1 MHOXecTBa Ej:

a>1;
0 < Ynt1 (N)Y — Ynyy (Na) < Yy (),
N >7?,

FIe BMECTO P HYXKHO NOCTaBUTb MOAXOJSLLYIO HHXKHIOW OLeHKY N, B TO Xe
BpeMsi 1103a6OTHBIUHCH O NHO(GAHTOBOCTH 3TOrO I[OCJAEIHEr0 COOTHOLe-
HHsl. DJleMeHTapHble OLEHKH I0Ka3blBaloT, YTO NOCTATOYHO HOJIOKHTb
N>4n @y + 1)

JnodantoBocth E; MOXHO MOJYYHTH TOTIa H3 Pe3yJbTaToB § 5 ¢ moMo-
IIbIO BBENlEHHS] TPHBHAJbHBLIX BCIOMOraTeJbHBIX COOTHOLUEHHH

Y =Yan(N) 8 ¥ =y, (Na).
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7. TPAOUKU DAKTOPUATIA U BUHOMUATIbHDIX
KO3 ®®ULIMEHTOB ANODAHTOBbI

B stoM naparpage npoeneHa mocjefHAs CePHS paccyXKACHHI.
7.1. Npepnoxenne. Mrnosxcecmso

E:r=(g), n>=Rk,

8 <r, k, n>-npocmpancmse duoparmoso.

3pech no onpeneseHHio (%) = =1 ';l("_k"‘l), Jlns nokasa-

TeJNbCTBa HYXKHa cJeayrouias Jemma.

7.2. Jlemma. Ecau u > nk, mo (n) = ocmamoKk om Oefenus
(e + D*/uk] na u. k
Joka3sarteabcTBo. Umeem

(u+l)”/u”=’ Zn (:,’)u‘—"-l-( ) Z( )u’—"

=k+41 i=(

[lepBast cymma nesHTCS Ha U, a NOC/]EQHAS MEHbLIE eMHHLLI PH u > nk,
73. JokasaTteabcTBO npemioxenus 7.1. Beeaem scmo-
MoraTeJibHble NepeMeHHble &, U H COOTHOLIEHHS

E, u>n*

E,:v =1 (u—+ 1)yl
Es:r=vmod g
E,:r<u
Eg:n=>k.

U3 nemmbl HemennenHo caenyer, uto E = pr. ﬂ E;. IuodpanrtoBocTh Ey

cenyer M3 IHOGAHTOBOCTH 3KCIIOHEHTH; ﬂHO(baHTOBOCTb E,, E4 u Eg oue-
BHAHa. JluodanTtoBocth E, CTaHOBHTCA SICHOH, ecid mpeacTaBuTh E, B
BHJE

@+ rLuvv<(u+ 1r 4 ub
M BOCMOJb30BaTbCS CHOBa JHOGAHTOBOCTHIO 3KCIOHEHTHI.

Ipensoxenne aoKasaHo.
7.4. NMpepnoxenne. Mnuoxcecmeo E 1 m = ki 0uo¢annwe<k).

n
7.5. Jlemma. Ecau k>0 u n> (2R)*+, mo kl = [ (u) ]-
k

(doxa3aTenboTBO MoJyyaeTcss JIETKMMH OUEHKaMH.)
IlokasaTeabCcTBO mOpeasoxeHus. BcroMoratenbHas mnepes

MEeHHas n; COOTHOLUECHH:
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E :n> 2k+Y,

nk

n
k
Hanbuefiiiee oueBHAHO (HCTMONB3YIOTCH NOKAa3aHHbIE paHee AHodaHTO-

BOCTb 3KCIIOHEHTH H OHHOMHAJBHHIX KO3(pHIHEHTOB).
7.6. Mpeanoxenne. Mruoxcecneo

E: f = (PI@), p> gk,

E2:m=

6 npocmpancmee <<x, Yy, p, g, k> — Ouogparmoso.

Jloka3atenbcTBO sB/IsieTcsl HEKOTOPBHIM YCJIOMHEHHEM NACCVIKIEHUH
H3 n. 7.2, 7.3.

7.7. Jlemma, Ilycme a > 0 — maroe yeaoe uucav, wnv u = VU (g°RI)
ua> 271 pktl,

Toeda

(Pléq): a-1{a?+1 (1 +a-%)0/9) —a[a2t—1 (1 4-a-?)/9].

JlokasaTenbeTBO nosydaercss pasnoxendeM (1 4+ a~?)#/¢ B GuHOMH-
anbHeiit psan Tefsiopa. HepaBeHCTBO mo3BoJisieT NpH Nepexoje K LeJod
YacTH OTGPOCHTb B NIEPBOM CJiaraeMOM Bce 4W/ieHbl, HauHHas ¢ (k+ 1)-ro,
a BO BTOpOM — HauWHas ¢ k-ro. CpaBHeHue a = 0 (¢*kl) oGecrneunBaer

[eJIOCTb HEINOJIHBIX CYMM.
78. lokasaTeJ bCTBO NpelloKeHHd. BcrnomoratenbHble me-

peMeHHble a, 4, Uy, U. COOTHOLIEHHS

E, : a = 0 mod g*k!;

E, :a > 2r-1 pktl;

E; : uy/u, = a™t [a®*! (1 4 a~?)r/e];
E, :v =ala®*1 (1 4 a?)r/a],

4
Ycnosue E = pr | E; cnenyer u3 nemmbl. IHodantoBocth E; u E, He-
=1

HIOCPEACTBEHHO cJlelyeT H3 AHO(DAHTOBOCTH 3KCMOHEHTH M (haKTopHasa.
JuodanroBocTs Es u E, ycraHaBiHBaeTcs, KaK B KOHUe N. 7.3; HYXKHO
He TOJIbKO M306aBHTbCS OT 3HaMeHaTellsl, HO €llle H BO3BECTH HepaBeHCTBa
B ¢-l0 CTelleHb.

ATo 3aBepilaeT NOKa3aTeJbCTBO TeopeMbl 1.2 0 COBMaJEHHH KJAacCOB
NEPeYHC]HMBIX H JHO(PAHTOBBIX MHOMKECTB.
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8. AONONHEHNA

[Tocsie Toro Kak GBI JOKa3aH NPHHUHMMUAABLHBIR pe3ysnbrar o Auoda-
HTOBOCTH NEPEUHCJHMBIX MHOMECTB, IOSIBUJIOCH MHOTO paboT, yCOBEpLUEH-
CTBYIOLIMX J[OKa3aTeNbCTBA H JAIOWMX GoJlee 3KOHOMHbIe JHOGDAHTOBHI
npexactabJenHs. B s3ToM naparpadge Mbl NpHBefeM HECKOJbKO Pe3yJ/bTaToB
TaKOro poja, OTChlJasi 32 N0Ka3aTelbCTBAMH K OPHTHHAJBHBIM CTAThSIM.

8.1. YuuBepcaabuwmit MHorousen. Corsacso teopeme 1.2 Bcsikoe mepe-
YHCJMMOE MOAMHOXKeCTBO Z+ MOXKHO MpelCTaBHTb B BHJAE NPOEKUHH MOMI-
MHOXkecTBa BHAa P = 0 B (Z+)*t!, rge P-— MHOrou/jeH C UeJBIMH KO-
s¢pduurentamu. B § 1 caenyiomesi riaBpl Mbl HECKOJIBKO YCHJIHM 3TOT pe-
3yJbTaT, NOCTPOHMB BepCaJbHOE CEMEHCTBO MEePEYHCAHMBbIX MOAMHOXKECTB
B Z* W npeacTaBuB €ro B Bule NPOEKUHH nopMHoxkecTBa Buaa U = 0 B
(Z+)t? ma Z+ X Z*, rae U — MHorousieH ¢ uesbIMH Ko3(pHLIHEHTaMH.

Ha3soBem Tako#t MHorousen U ynuBepcaibHbIM. B ero sanucH sakJoue-
Ha nporpamMma AJisi TOPOXKAEHHS BCEX MNEePEeuHCJIHMbIX IMOAMHOMKecTB Zt;
Ba)HO 3HaTb, HAaCKOJBKO CJOXHO ycTpoeH U. 3Ty CJAOXKHOCTb MOMKHO
H3MepATb pas3HbIMH crocobamu. CyliecTBeHHO OblJO Obl Y3HaTb, KaKOBO
HaHMeHbUIee BO3MOXKHOE 3HAayeHWe YHCJa 7, T. €. KOPa3MepHOCTH MPOeK-
uun. 0. B. MaTusiceBHY noKa3saJl, YTO MOKHO MOCTPOHTbL yHHBEPCATbHBI
mHorouseH U ¢ n = 9, HO y Hero oueHb 6oJbluasi cTeneHb — N0 OHEHKeE
Hx. I>koyH3a, ona umeer nopsaok 1,6 - 10%. C zpyroit CTOpOHHI,
MOMHO NOCTPOHTb YHHBEpPCaJIbHLIH MHOTOUJIEH CTeMeHH Bcero 4, HO C n =
= b8. Jlpyrse BO3MOXHbIE€ 3HAYEHHs CTENEHH H KOPa3MEepHOCTH CYThb:
(38,8); (32,12); (24,36); (19,2668). Ewe onna ecTecTBeHHast Mepa CJI0XKHO-
cTH U — Ko/MuecTBO Q CJIOKEHHH W YMHOMEHHMH, Heo6X0nuMoe, UTOOH
BBIYUHCJIHTL Jio6oe ero 3HauyeHHe. JIk. JIaOyH3 [0Ka3a.jl, YTO MOXHO MO-
ctpouts U, pas xoroporo Q = 100.

[TpuBeneM Tenepb [Ba KOHKPETHBIX AHO(AHTOBBIX MPEACTaBIEHHS.

8.2. MpocThie yncaa. MHOMXKeCTBO NPOCTHIX YHCes COBMajaeT C MHOXe-
CTBOM TIOJIOXKHTE/NbHBIX 3HaueHHH, KOTOpble NMDPHHMMAeT B UEJbIX TOYKaX
MHOTOWIeH cTeneHH 25 oT 26 nepemeHHbiX (Bce OYKBbI aHIVIHHCKOTO aJsda-
BuTal):

(k+2) {1 —lwz+h+j—qlP—Ilgh+2+k+1)(h+j)+h—
—2P—n+p+g+z—eP—T6(k+ 13 (k+20n+ 12+
+1—PP—[EEe+ 2@+ 12+1—0—[(a— )y + 1—

— P =162 @®— 1)+ 1 — P —1[ ((@ 4+ u?® (u® —a) )? —
—Dn+4dy)?+1—(x+cu)P—In+1+4+v—yP?—1I(@—

— D+ 1—mP—lai+k+1—1—iP—Ip+ll@a—n—1)+
+b@an+2a—n—2n—2)—mlP—lg+yla—p—1)+
+s(2ap+2a—p*—2p—2) —xP—1lz+ pl(a—p) + ¢t (2ap —
— p* — 1) — pml*}.

3roT MHOroused 6w mpemdoxken B pabote JIx. xkoyusa, . Caro,
X. Bana u [. Baiisnca [22].
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8.3. Yucna ®udonauyuyu. Ouu o6pasyioT mochenosatesabHocts 1, 1, 2,
3) 51 8' cesy Upy2 = Uppy + Un
JIx. I)xoyH3 Hauieql, 4To B OTJHYHe OT NMPOCTBHIX 4HCe] 3Ta MOcCJefoBa-
TEJIbHOCTh COBMAJaeT C MHOXKECTBOM [MOJIOXKHTE/NbHLIX 3HAYEHHH COBCEM
NPOCTOr0 MHOTOYJIeHa MATON CTeneHW OT ABYX (epeMEHHBIX:

2040 + a®b® — 22?0 — a® — ab® + 2a.

Fnasa Il

CNOXHOCTb U CNYHYANHOCTb

1. BEPCAJIbHBLIE CEMEWCTBA

BepcasbHbie ceMeficTBa GbLIH omnpejie/ieHsl H BHepBele HCMOJb-
30BauBl B N. 5.7 . I; uesnb 3Toro maparpada — A0Ka3aTb UX CYHIECTBO-
BaHHe ¢ nomouibio TeopeMmsl 1.2 ri1. 11 o aModaHTOBOCTH NepedHCITUMBIX

MHOKeCTB.
1.1. Teopema. Has awbozo0 m = 0 sepcarerbie nepequcaumote cemesicm-

6a m-mHoxcecms u m-Qyuxyuli ¢ 6a30u Z* cywecmsyrom u Moeym b6bims -

eKmuBHO NOCMpPOeHsL.
CaenctBue. Cyujecmsyiom nepequcaumole, HO He pa3peuilumvle MHONCe-

cmea.

(Beeneno B n. 5.8 ra. I; Hcnoas3oBano B . 1.3 ra. I1.)

HokasaTeabcTBoO. Mbl pa3o6beM ero Ha HECKOJBbKO 3TamoB.
Hanomuum, 4to t® : (Z+)? - Z+ — NpUMHTHBHO-PEKYPCHUBHBIA  H30-
Mop¢uam, nocrpoeHnblt B § 4 r1. I, <#}), £2)> — obpaTHbifi eMy. By-
fieM nucatbh 4y, I, A KPaTKOCTH.

a) Bepcanvroe cemeticmgo mroeounenos8 ud Z* |x,, x,, xs, ...]J. Onpe-
nenuM  Mmuorounenl [ [l] € Zt lxy, x4, X3, ...] pekypcueii mo [ ¢ Z+,
=4

Flll = fl2l = f13] =

f [4k] = k;

flak + 11 = xy;

Flak + 21 = F 1ty (B)] + [ty (B)];
f 4k + 3] = flt; (R)If (2, (R)).

Onpenesienre KoppekTHo, H60 f (k), ?, (k) << 4k 4 2. O6pa3 oto6pa -
xeHusi k — [ [k] coBnanaer co Bcem KoJ/bLOM, HGO OH coaepKHT Z+ (Ha
Mecrax 4k), Bce xj, (Ha mecTax 4k -+ 1) u BMecre ¢ AByMs MHOrouJeHamu
f k)] u flk,) ux cymmy (ua mecte 4t (k,, k,) + 2) u nmpousBeieHHe (Ha
MecTe 41 (ky, ky) + 3).
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6) Koncmpyryus eepcarorozo 1-cemelicmea nad Z+. Tlonoxum
E, = npoekuns Ha x,-KoopauHaTy O-ypoBHsSI MHOro4JeHa

F Lty (R — [ 14, (R)).

Tak kak Bce syeMenTH Z [xy, X5, X3, ...] MpencTaBUMEI B BHJe TaKHX pas-
HOCTeH, sICHO, 4To ceMeiicTBO {Ej} comep»KHT Bce MepeuHCHMbIE MHOXKE-
cTBa.

B) {Ex} nepeuucaumo. Msl JOJKHBI YCTaHOBHTH [1€PEYHCIHMOCTD
TOTaJbHOTO [pPOCTPaHCTBA
E={ij>|i€ Ej}cZ+ X Z+.
3anumeM ycnoBHe <<i, j> € E B BHJIe JIOrHYeckoll ¢opMyJibl THNA o,
(cm. U u HI), rae Bce KBaHTOPBHI OTHOCATCS K MepeMEHHbIM, MPUHHMAl0-
WHM 3HaueHust B Z+. Yutem, uTtO

Flty ) —Fflte (D) € Zlxy, ...y x5).

Hmeem

iy 5 € E = (€ Ey <= gy A (=1 A flh ()] =
= F(ta (D) =t (@x1--. B VR <J (F 1R =Gd (k, ) A Gd (1. N =
=Gd(2 )=Gd(3, =0 A Gd(5, ) =i A Gd (4 (j), ) =Gd (ta (1), D),

rie Gd (k, ) — ¢oyukuusa Tenens (§4 rn. I).
Hasnee, no onpenenenuto f (k]

X AX VR TR1=Gd (R, )=y k(R Z3 N\ Gd (k) =0) V
Val((k=4 \Gd(k, t)y=1) V(k=41+2 \ Gd (k, t) =

=Gd (t; (I), ) +Gd (t (1), 1) \/ (k=41 +3 \ Gd (k, 1) =

=Gd (4, (1), ) Gd (¢ (1), 0))).

3nech ¢opmyaa, chaenywomas 3a gl, onpenenser paspeliuMoe MHOKe-
CTBO B <k, ¢, I>>-npocTpaHcTBe. KBaHTOp 7/ npeBpaluaeT ero B NepeuHc-
JIMIMO€e, NpPOEKTHPYs! Ha <k, {=>-KOOpAMHATHl, a OrPaHHYEHHBIH KBaHTOP
vk < j He HapymaeT nepeuucaumoctd (cM. §2 ra. II). [lepexoms Kk
¢opmy.ae, onpefensioulel £, Mbl o6Hapy)HBaeM, YTO HYXXHO [epeceub
NOCTPOEHHOE MHOXKECTBO €llle C TPeMsi pa3peiliiMbiMbl H CIPOEKTHPOBATh
BAOJIb {-OCH, TaK YTO pe3yJbTaT CHOBA MEepPeuHCJIHM.

r) Koucmpyxyus eepcasvrozo m-cemefictBa Hag Zt Cayuvait m = 0
TEUBHaJeH; m = | yxKe pa3o6paH; m == 2 CBOAHTCSI K m = 1 ¢ nomouibio
n3oMopdu3ma

Tim) s (Z+)m = Z+.

[ycts E, = E(}) — BepcaibHoe 1-ceMeliCTBO; MOJIONKHUM E(m =
= @) (EY).
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[Nepeancaumocts {EUM} caexyer u3 Toro, 4ro

B = (<x B> |5 € B = (S @, £l € B) =
= m ) prl - .

n) Koncmpyxyus eepcarsrozo cemeticmsa 1-dynxyud. PaccMoTpum
ﬁgcanbﬂoe cemeHcTBO 2-MHOxecTB {E(}) } ¢ oCTa/bHbIM [POCTPAHCTBOM
):
E® = {<x, y, k> | <x,y> € E®R} < (Z+).

Iycte g (x, y, k, 2) — NPUMHTHBHO peKypcHBHAst (YHKUHSA, MNPOEKUHA
1-ypoBHs KoTOpoOfi Ha <, y, k=>-npocTpaHcTBO coBnaaaer ¢ E?). [loJo-
KHM

fx, k) = £2 (min {u | g (x, £D (u), k, &2 (u)) = 1.

YtBepknaercs uto {f, (x) = f (x, k)} ecTb BepcasnbHOe cemeficTBO 1-pyHK-
uuii. ToranbHas ¢yHKuMs, oueBHAHO, peKypcHBHA. HykHO npoBepHTsb
JAHb, YTO BCAKAS YACTHYHO PeKYpPCHBHAs 1-pynkuus f scrpevaercs s
cemeiicTBe.

[Mycte T'; — ee rpaduk u [y = EG), k, € Z*. [lokaxeM, 4To TOrza
f = fn,, HelcTBHTENBHO,

X, FX)D ET =ER <= <x, [ (%), k> € ED «= q2€Z%,

g x, f (x), ko, 2) = L.

BuibepeM cpeau MOAXOASMX 2 € Z% Takoe, YTOGH YMCJIO u, HafAJeHHOe
H3 YCJIOBHS

<f (x), 2> = <A (u), 1D (u)>,
OblJIO HAaHMEHBILHM. llJlﬂ 3TOro u HMeeM
Tey (¥) = £ (u) = [ (x),

4yTO JOKa3blBaeT Tpebyemoe.

e) Koncmpykyus eepcarsnozo cemeticmsa m-gpyuxyud. Cayvadi m = 0
tpusnasen; eciu {f¥} — BepcasibHoe cemeficTBO 1-pyHKuui, TO mo.sa-
ras npu m =2

Fm (xy, ooy Xm) = fit) (T (xy, ...y Xm)),

no/yyaeM BepcajibHOe CeMedCTBO m-QyHKUH.

Teopema JoKa3aHa.
1.2. Bui6op Bepca/bHBIX ceMefiCTB BecbMa He OJHO3HaueH. YHHBep-

caJIbHBIX CeMeHCTB, COAEpPIKALIMX KaxKAylo (QYHKUHIO (COOTBETCTBEHHO
Ka)Jl0e MHOXeCTBO) TOYHO [0 OJHOMY pa3sy, NpH m >l He cyunecTyer.
TeMm He MeHee ecTh BaxKHblE CMOCOOB H3BJeKaTb WHBapHaHTHYIO HHQOP-
MaLui0 H3 CBeJeHHH O MOJIOXKeHHH (YHKIHH (MHOXKeCTBa) B BepCaJbHOM
cemeiicTBe. DTOMY MNOCBSILEH CJ/EAYIOUMA naparpag.
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2. CAOXHOCTb MO KOAMOTrorPOBY

2.1. Ilyetb u = {uy} — nepeunciuMoe cemelcTBO m-QYHKUHH HajA
Z*, [ — HeKkoTOpasi YaCTHYHO peKypPCHBHas m-GYyHKLHS.
Caoxcrocms | omuocumeavHo cemeticmea u onpedeasemca maks

C (f)—{ min {&| uy =[}, ecin Takoe k cyllecTBYyeT;
’ 00 B IDOTHBHOM cJIyuae,

[TepeunciiuMoe ceMmeficTBO u Ha3biBaeTcs (aCHMNTOTHYECKH) ONTHMalb-
HBIM, €c/1d /151 JIIO6Oro NPYroro nepeuncJHMOro cemefcTBa v cyliecTByeT
TaKasi KoHCTaHnTa ¢, > 0, 4To A/1 BCSAKOH 4aCTHYHO PeKypCHBHOH m-
¢ynkunu f uMeem

C,(Hh<ey,,,Co ()

B3siB 31ech B KauecTBe v J060e BepcasjbHOEe CeMEHCTBO, HaXOMHM, 4TO
ONTHMaJbHOE CEMEHCTBO MOJKHO ObITh BepCaJbHLIM (6ECKOHEYHBIX 3Ha-
uenuit C, (f) He mpunuMaer).

2.2. Teopema Koamoropoea. a) [aa arwbozo m = 0 onmumaivteie ce-
meticmea cywecmayom u Mozym OGbime pexmusHo nocmpoerot.

6) Ecau u, v — onmumanvHote cemeticmea m-pynkyuti, mo 048 41060t

m-ynxyuu f
-1 < Cu (,)

cvu ~

Co ()

2.3. 3ameuanusn. a) C mepoii caoxsoctu C, (f) cBsi3aHH c/IepylolLHe
MHTYUTHBHblE npeicTaBieHdsi. UToGbl onpenesuth J060oe MepeurcauMoe
ceMeHCTBO u, JOCTaTOYHO 3aflaTh HEKOTOPYIO KOHEYHYI0 HH(POpMalHIO:
CKa)keM, OpOrpaMMy, MOJYBBIUHCASIOULYIO TOTAJbHYI0 (YHKUHIO wu.

Yro6bl onmpenesuTh KOHKPETHYIO (yHKuMi0 f, BCTpewaiomymocs B ce-
MeicTBe 4, NOCTaTOYHO NO3TOMY 3ajaTh He GoJiblue
log, C, (f) + const 6uT uHpoOpMalMHu: K mporpamme IJs « CJaelyeT NpPH-
nucath Homep f.

6) OnTHMaJbHOCTh CeMeHACTBa O3HAuaeT, YTO OHO TOAUTCS AJS BBIYHC-
JIeHHs J1000H m-pYHKUHH H 4TO MPOHMIPBHI B AJHHAX BBIYHCJASIOULNX
nporpamMm O CPaBHEHHIO ¢ JIIOOBIM ADYTHM CeMeHCTBOM OrpaHHueH KOH-
CTaHTOH, He 3aBUcsLIeHd OT QYHKIHH.

B) Hakoneln, HepaBeHCTBO 6), TPHBHMAJIbHO CJefylolllee H3 onpejene-
HHMsSI ONTHMAJbHOCTH, IOKa3blBaeT, YTO Jorapu(pMHuyecKas Mepa CJIOXKHO-
ctu Kousmoroposa:

Ku, (f) = [ logg Cu (f)] + 1

C TOYHOCTBIO JO OTPAHHMYEHHOTO I10 MOAYJIO C/laraeMoro He 3aBHCHT OT
BHIGOpa ONTHMAJIbHOIO CeMeHCTBAa # M, 3HAYUT , SIBJISETCA aCHMNTOTHYeC-
KH HHBAPUAHTHOH XapaKTEePHCTHKOH [.
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24. lokasateabcTBO TeopeMsl 2.2. a) BriGepem peKypcHB-
Hoe BJIOXKeHHe 0: Z+ X Z+ — Z+ c peKypcHBHO#H 06paTHOIl DyHKIHel;
YAOB/IETBOPSIOMIeH YCJIOBHIO JHHEHHOCTH POCTa MO OAHOMY apryMeHTy:
0 (k j)<<ko () ana Bcex k, j € Zt uw nmoaxomsmed ¢ Z+ — Z+
Hanpumep, wmoxHo nosnoxute 6, (k, j) = 2k — 1)20 ¢ ¢, (j) = 2/+!
uwa, no KoJsMoroposy,

62 (kl k2 kr» jl-‘-js)=j1jl-“ jaj301k1-< k,,
rae kq, jg € {0, 1}, a uepta moapasymesaer 1BOH4HOe pas/ioxeHHe. 3lech
@ (j) << const j,, Tak uTo 3Ta QyHKUHSA SKOHOMHee MO pocTy. Cp. TaKxe C

n. 2.8 Huxe.
6) Ilycrs U — mo6oe BepcasibHOE cemeHCTBO (m + 1)-pyHkumit. On-
pelaesuM ceMeHCTBO m-(pYHKUHH u, NOJNOXHB

U (Xyy eeny Xppy B) = Ulxy, ..., X, 671 (R)).
[NokakeM, 4TO OHO ONTHMAJbHO, CO CJaeAYIOUleld OUEeHKOH KOHCTAHT:

o <<¢ (Cy ().

B camom gmene, nmyctb f — pekypcuBHas m-¢yHKuus. [JoctatoyHo paso
OpaTth cayudaff, Korja oHa BcTpeyaeTcs B ceMeiictBe v. Toraa

fxg, ooy Xm) =0 (Xqy coey Xy Co () = U (x4, ooy X, C, (f); C, (v) ) =
= U (Xyy euey Xm,0 (C, (f), C, (v)), OTKYnA

C, h<o(, (N C, NKC, (Hho (C, (v). Teopema nokasaua.

2.5. Mpumep. O-OYHKUHIO f MOXKHO OTOXIECTBHTH C €€ €IHHCTBEHHBIM
3HaueHHeM, T. €. C MOJNIOXKHTENbHbIM UelbIM uyucaoM n. Takum o6pasom,
Teopema 2.2 onpelensieT MOYTH HHBADHAHTHYIO CJOXKHOCTb LEJBIX YHCEJ
C, (n). Vwmeem

a) C, (n) < const n nnsa Bcex n, W60 B MpOCTeillleM BepcajbHOM ce-
MeficTBe U, (+) = n GYHKUHS «n» MOSBJSETCS HA n-M MeCTe.

6) C (n) ~ min {2/"' (2k — 1) | n ecTb k-e 3HaueHHe j-d GYHKUHH B
KaKoM-HUGY/b BepcaibHOM ceMeilcTse l-pyHKUHH].

(3mech M HHXKe Mbl OyleM nucaTh f ~ g, ecs f, g UMeloT 06mYyio 06-
Jacth onpenenenusi, f < const; g u g < const, f 119 moxxoasmUX KOH-
craut. B coorHowenusx tuna C, (fn) ~ g (k) MOXHO onyckaTb ynmomu-
HaHHe ONTHMAJbHOIO CeMelCcTBa i, CYHTasl, YTO 4 NPOH3BOJIbHO, HO (HUK-

CHPOBAHO.)
W3 6) BHAHO, UTO IPU 1 — 00 CJOKHOCTb YHCEJ P, (n1-€ IPOCTOe YHCIIO),

.n
n? win n"’ (n pas) aCUMITOTHYecKH He GoJblle const n, HOO Bce 3TO—
n-e 3HaueHHs! GHKCUPOBAHHON peKypcHBHOH ¢yHKuuH. Huxe B m. 2.76 312
oueHka Oyfer yMenblieHa no const C (n).

Kosnmoropos paccMaTpuBaJ BMeCTO LeJIbIX 4HCeJl KOHEYHbie ABOMUHBIC
NOC/IeI0BaTeJbHOCTH M MOCTPOHJ BMeCTe C COTPYAHHKAMH TEOPHIO, [OKa-
3bIBAIOLLYI0, YTO MAaKCHMAaJIbHO CJIOXKHbie JBOMYHblE [OC/1€40BATebHOCTH
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BenyT ceGst noloGHO cayuaiineiM. CM. ee 0630op B crathe A. K. 3BoHKHHA
u JI. A. Jlesuna B YMH, 1970 1. XXV, Buin. 6, ¢. 85—127, conepxameii
Gosbiyto Gubnuorpaduio. B § 3 H3noKeHBI HeKoTophle pe3yJbTaThl H3
3TOH CTaThH.

2.6. MNpennoxenue. a) Ilycmeo

F = fO (fl (xl» (AR xm)’ ceny fn (xlv ceey xm)u xn+1; ceny xp),

20e f; — pexypcusnbte pynxyuu. Toeda
n n n—1
C (F)< const [] C(f) (log I1 ¢ )

i=1

i=1

ecau fo Guxcuposana, a f; npobesaem ece soamoxcrole m-gpynxyuu. 3decy
const 3asucum om f, u cemeticmea, OMHOCUMEALHO KOMOPLIX BLIAUCAALCS
CAONHCHOCTL, HO He om fy, ..., [n.

n
6) Ecau nosgoaums mensams maxxce fo, cnpasa caedyem samenume [ Ha
=1

n
IT u logn~! na logn.
i=0
2.7. Yacrupie cayuad. a) Ilonaras f, = sum, uau prod, noayuaewm,
HanpHumep

C (f, + f2), C (fr, F2) << const C (f)C (f») log (C (f)C (f5) ).

6) Ilosaras n=1, m=0, nonryyaem AJs JOG0ro nepeyucJHMOro ce-
meiictBa {fx}

C (f (k, xy, ..., xp)) < const C (k).
28. lokasaTeabcTBO npemjoxkenns 2.6. [lpexae Bcero

JUIsl Kaxkaoro n = 1 onpenesuM C/eRYIOUIYI0 PEeKYPCHBHYIO GHeKUMIO C
peKypcHBHOH o6paTHOH:

HOMep n-KH <Ry,..., k,) NpH yNOPSAOYEHHH HX B mo
n n

0™ (ky, ..., ky)={ psinke Bospacrauus [] &;, a npu nanuom [] &; —
t=1 i=1

— B CJIOBAPHOM MNoOpsijKe.

Herpyano yGeautbcsi (MHAYKUHA 10 #7), YTO

n n el
(1] (kl,..., kn)gconstn ki (logn kl)

i=1 =1
Onpeneanm ¢ykuuio B (Z+)rtl — Z+:
E (llv"-' ln+1)= 6(6(")(11,,,,, la), ln)s
rae © BoiGpaHa, Kak B 0. 2.4.
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Ilasee paccMOTpHM 1Ba ONTHMa/JbHEIX ceMefcTBAa:  p-QyHKUH &
v (%4, ..., Xp, ) 1 m-GyHKUMA U (xy, ..., Xp, k). Hakoneu, nocrpoum mo
HHM ceMeHCTBa

W (X1, coey Xpi Ryy vy Bny 1) = 0 (1 (X1, oooy Xy By ooy U (Xpy oosy X, Rn),
Xnt1 Xp» l)y _

W (X, ooy Xp, R)) = W (xy, ..., xp, E71(R)).

®dyukuus F BcTpeyaercss B ceMeiicTBe @ Ha MecTe

6 (e(n) (Cu (fl), LEXE) Cu (fn) )r Cp (f()) )’

u oueHka O (R, j) < k @ (j) BMecre ¢ oueHkofl a5 ©W pajor yTBepKIACHUE
a) TeopeMsl.

YTBepxaeHue 6) MOJYUHTCS aHAJIOTHUHO, €CJH B ONpelel]eHHH w 3a-
MeHHTh E Ha Ofn+D)

2.9. 3amevanne. OyHkuus 0™ NpUBOAHT K camoll 3KOHOMHOH OLeH-
ke C (F), cummeTpuuHoii oTHocHTebHO.C (fy), ..., C (f,). B KoHKpeTHBHIX
3a/lauaX MOMKeT OKa3aThCsl M0JIe3HbIM YJYUIIUTb OUEHKY, CKa)keM, [0 He-
KoTopbiM U3 C (f;) 3a cueT ee yXyIlleHHs MO OCTaJbHBIM: /s 3TOTO HYX-
HO COOTBETCTBYIOUIUM 06pa3oM u3MeHUTb O™, Hanpumep, © Koumoro-

poBa Inaer
C (f, + F,) < const C (F)C (),

yTo npH oueHb caabo pacryweil C (f,) (no cpasHenuio ¢ C (f,) ) Buirognee,
yem const C (f)C (f,) log (C; (})C (F2) )-

2.10. Teopema. Pyukuus C (f) HeBblUHCIHMA.

Tounee, nycmo g (k) — 210048 HEO2ZPAHUUCHHAA YACMUYHO PEKYPCUBHAS
pynkyus, {fr} — ao60e nepeuucaumoe cemeiicmeo. Toeda Hesepro, 4mo
C (fk) I D(g) ~~ g (k)

Takum o6pasoM, C (fr) MoxkeT GbITb BBHIYHCIHMOMN, Jaxe ¢ TOUHOCTBIO
N0 ~, TOJbKO Ha TAKOM MHOXECTBe MHIEKCOB R, rae cpend GpyHKuui fp
ecTb JIMIIb KOHEYHOoe YHC/IO pasHbix — uHaue C (fp) Ha 3ToM MHOXecTBe
He orpaHH4eHa.

HokasaTteabcTso. [lpernonoxum, uto C (fz) | pegy ~ & (R).

[Toka)keM, 4TO cYIecTBYeT obliepeKypcuBHas ¢yHkuus h : Z+ —
— 7+, o6pa3 Kortopoii npHHamIexHuT D (g) 4 Takas, 4To g - I MOHOTOH-
Ho BoapacTaer. [IpoTHBOpeune noJsyuyaercs oTClofia Tak: AJs Bcex R HMe-
eM B cuay 2.76)

C (Feny) < const C (&),
B CHJIy NpENroJIOKeHHsT H BO3pacTaHHsA g - h
C (fy(ry) = const g (h (R)) = const k.

. C(k)
OTH 1Ba HePABEHCTBA HECOBMECTHMbI, MoTomy 4ro lim — = 0, Ha-
C (k?) consf
npumep — = < e
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Ocraercs noctpoutb h. BriGepem o6uiepexypcHBHYI0O GHEKIHIO
h, Z*— D (g) (npeanoxenue 5.6 ra. I), monoxum
E={k|yi<k, gh ())<gh )}

DTO MHOMKeCTBO paspelNmo, GeckKoHeuHO, U QyHKUHS g « K, Ha HeM BO3-
pacraer.

IMyets h, Z+ — E — Bo3pacraioiasi oOuepeKypcHBHas GHeKuUUs
(cM. To Ke mpexpsoxeHue 5. 6. .

Torpa ¢dyHkuuss h = h; - h, oG1anaer Tpe6yeMbiMH cBoHcTBaMmu. Teo-
peMa JoKasaHa.

2.11. 3ameuanusn. a) Teopema 2.10 nokasbiBaeT, YTO BHIUHC/IEHHE
CJIOKHOCTH SIBJISIETCS. TBODYECKOH 3ajauedi: haxKe eC/M Mbl HAIIH KaKoH-
ro HoMep GpyHKUHMK f B ONTHMaJbHOM ceMeHcTBe {1y}, OHa MorJia Gbl BCTpe-
[HThCS €llle paHblIe.

6) Tak kak C (k) 5= C (I)=-k=£l, T0 n/151 Bcex x, B uncao {y | y < «x,

X X
Cly < 5 << = T. €. 60JBLIMHCTBO YHCEJI MMeeT GOJIBIIYI0O CJOXHOCTD.

TeM He Menee 3peKTHBHO YKa3aTb MOCJAENOBAaTEJbHOCTb YHCEJ acHMII-
TOTHYECKH MaKCHMaJ/IbHOH CJIOXKHOCTH HeBo3MOXKHO. TouHee, nycTs {k;} —

k; o
Jmo6asi Bo3pacTalollasi nocJjenoBaresbHocTb ¢ C (R;) = ?’ 1J151 HEKOTOPOi#i

koHcTaHTl B. Torna HeT HH OZHOro NepPeYHCIHMOro GeCKOHEYHOro MHO-
xkectBa E, cogepxatnerocs B {k;}. Mnaue mMb1 Morsiu 6wl HaliTH BO3pacraio-
mylo ofbuepeKypcuBHYylo ¢yHKiHI0O h: Z+ — E ¥ nosyunTb npoTHBope-
uyne, Kak B Teopeme 2.10.

B) [lycts u = {u,} — mobGoe onTHMaJbHOE ceMeHACTBO m-pyHKUUI.

o
«MOMEHTH! MeDBHIX NOSRIEHUN»

{klvi<k,u,~q&uk}

06pa3yloT KaK pa3 noc/eloBaTeJbHOCTb aCHMOTOTHUECKH MaKCHMaJbHOH
CJIOXKHOCTH, HOO MO onpele/eHHIo W n. 2.76 s HHX

k = C, (uy) = const C (k).

TakuM o6pa3oM, MCKHO CKasaTh, YTO B ONTHMAJbHOM ceMefcTBe YHKLHH
BrIepBble MOSIBJSIOTCS «B CJAY4aiHble MOMEHTEI.

3anaua Boluncaenus C (4y) OCNOXKHSETCS TeM, YTO B BepPCaJbHBIX Ce-
meficTBax Jo6Gasi GYHKIHA MOsIBJAseTCsl GECKOHEUHO 4acTo, TaK YTo, CJH
He T0OBE3eT, OHa MOXeT ObiThb BNepBble OOGHapyXeHa KaK YTofHO AaJjieKo
OT MeCTa CBOEro MepBOro NOsiBJEHHS.

r) YkaxeM, HaKOHell, YTO MO KpaliHell Mepe OIMH CYyLIeCTBEHHEHIH ac-
MeKT CJIOXKHOCTH BblUHC/IEHHH Teopuedl nousaTus C, He 3aTparuBaercs:
log, C (k) u3aMepsieT IJIMHY NPOrpamMbl, HEOGXOANMOH IJISi BBIYHCJIEHHSA
k, HO He KacaeTcs BPeMeHH, B TeyeHHe KOTOpPOro 3Ta MporpaMma A0JKHa
paGoTaTb, He TOBOPS y»Ke O BO3MOXXHOCTSX COKpallleHHs BDeMEeHH 3a cyeT
napaJsJjeju3audi  BbIYHCJAEHHH WM YIJHHEHHS mporpamMmel H T. n. Cw,
no 3Tomy noBoAy cGopHMK [6] W HUTHPOBAaHHYIO TaM JIHTEpPAaTypy.
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[loHsiTHE CNOXKHOCTH JIEKHT HAa TOPHU30HTE NpaKTHUecKoHd Mosib3n. On-
HAKO OHO KaXXeTCsl CToJb ()yHIaMEeHTaJbHbIM, YTO €r0 poJb B TeOpeTHYec-
KOH MaTeMaTHKe, BO3MOXHO, eule OyHeT BO3pacTaThb.

3. CJIOXHOCTbL M CNYYAMHOCTb

3.1. Mnl HecKOJIBKO pa3 YNOMHHAJH O TOM, YTO CJIOXKHBIE TOCJeN0Ba-
TE/IbHOCTH «BelyT cebsl, KaK cayyaiiHbles. C MaTeMaTHUeCKOH TOUKH 2pe-.
HHS KOPPEKTHOH (popMy/IHPOBKe pe3y./bTaTa JOMKHO MpeIIecTBOBaTh
onpejesneHne CJAyd4adHOH MOCJelI0OBaTeJbHOCTH B TeDMHHAX TEOPHH pe-
KYPCHBHOCTH; pa3yMeeTcsi, 3TO ONpejeseHHe JO/MKHO YIOBJETBOPSITH ec-
TeCTBEHHbIM MHTYHTHBHBIM YCJOBHAM. [/laBHas ueap sToro naparpaga —
copMyJInpoBaTh Takoe ompeleJeHHe H HeKOTOpble TOYHble Pe3YJbTaThl
O CBSI3H CJIOXKHOCTH H C/JIY4aHHOCTH, KOTOpble MOXXHO NOKa3aTb, MOJIb3y-
SCb HM.

3.2. Yrobbl npuB/leKaTb KaK MOXHO MeHblle MOHATHH TeOpHH Bepo-
SITHOCTH, Mbl 6YZieM pacCMaTpHBaTb B KayecTBe NMPOCTPAHCTBA JeMeHTap-
HBIX COGBITHH £ MHOXKeCTBO 6eCKOHEYHBIX MOCJeN0oBaTeJbHOCTEH H3 HYJel
M eIMHULl C KaKoH-HHOYIAb BeposTHOCTHOH MepoH P, Hanmpumep wmepoii
JleGera L.

Ecan HabGmozarenio Mo ouepeny NpeXbSBASIOTCS YieHBI MOC/enoBa-
TeJIbHOCTH, OH MOXKET KaK-TO OTpabGaThiBaTh Haya/bHble OTPE3KH, CTapa-
SICb HAHTH B HUX «3aKOHOMEPHOCTH»: CKaXKeM, OH MOXKeT IPOBepsTh fnocJe-
JOBaTeJbHOCTb Ha HaJM4YHe NEePHOAMYHOCTH, BBIYHC/ASATH YACTOTHL MOSIB-
JeHUs] HYJs, €IMHHUbl WM TpPynn 3HakoB M T. n. Mpeanusauuein stux
npeicTaBleHHi CJYKHT MOHATHE 06 YHHBEPCYMe «TeCTOB Ha CJY4ailHOCTb»
F, ketopblii onpelnensieTcsi CJAeLYyIOUMM 00pa3oMm

P — TecT Ha cayudaliHOCTb ecThb ofllepeKypcuBHas ¢yHKuus F Ha
MHOJK€CTBE KOHEUHBIX MOCJeNoBaTeJbHOCTeH HYyJe#d M eIWHHUIl cO 3Haue-
HHSIMH B Z*, KOTopasi YIOBJIETBOpSieT YCJOBHIO: AJAs Kaxiaoro m > 0
P-mepa mHoxcecmea nocae0oeameabrocmell o, y Komopeilx cyuwecmsyem
HawarbHoul ompesok (@), ¢ F((w),) = m, He npesocxodum 2—™

[py6o roops, GyHKuMs F cunTaeT, Ha CKOJbKO GHT 3aKOHOMepHocTel
onpenesieHHOro THNa MOXXHO HAaHTH B JaHHOH NOC/JAEI0BAaTENbHOCTH; KaxK-
IBI GMT 3aKOHOMEpHOCTEH AO0JIXKeH Mo KpaiHeH mepe BABOe ype3aTb MHO-
JKEeCTBO JOMYCTHMBIX NocsenoBaTesabHocTed. TpeGoBaHHe 06LIepPEKYPCHB-
HocTH F obecrneunBaeT BO3MOXKHOCTb Nepefayy NPOBEePKH Ha CJAy4alHOCTb
Komnbiotepy. [losoxum

F (w) = sup F ( (0),)

n GyleM TOBOPHTb, YTO MOC/EIOBaTeJbHOCTb  BELIEPXKHBaeT TecT F, ec-
an F (0) << oo.

P — Caymatinoti nocaedo8amensHOCmbl0  HA3b6IBALMCS NOCA006aMeNbHO-
cmo, evi0eprcusarowas éce P-mecmo.

Sro onpenesenue Gblio naxo Il. Maprtunom-Jlepom Ha ocHose une
A. H. Koamoroposa (cM. [21]). TlpuusaB ero, MoxHO JoKasaTh, 4TO BCe
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cayuafiHple TMOCJEN0BATENBHOCTH YIOBJIETBOPSIOT BceM 3G QEKTHBHO mpo-
BepsieMBbIM 3aKOHaM TeOPHH BeposATHOCTeH, Bpofle 3aKOHA 6OJbIMHX YHCes,
noBTOpHOrO Jorapudma H T. 0. JleJo B TOM, YTO YCJOBHE HEBRINOJIHEHHS
3aKOHa MOXHO NepepaloTaTh B TeCT, KOTOPOro He BbIAEPIKHBAIOT COOTBET-
CTBYIOLIHE NMOC/efoBaTeNbHOCTH. Ecsin Mepa P B HEKOTOpPOM (JIerKo yTou-
HSIEMOM) CMEICJIE CJIOBa BBIYHCJIHMA, TO MOXKHO MOCTPOHTb OAMH YHHBeEp-
calbHbI P-TecT, 3aMeHSIOLUE Bce TeCThl (M60 YHHUBepPCYM P-TeeToB TOrza
NePeUHCIHM).

3.3. Ilyctb ! (x) — nnuHa ABOMUHOro c/ioBa x. OGO3HAUYHM Yepe3 p (x)
yHucsIo GUT 3aKOHOMEpPHOCTeH, KOTopoe HalleT B HEM YHHBepCa/bHBIH L-
tect U. lns onpeeienus p (x) Hy»HO npuMeHsTb U Ko BceM mocJiefoBa-
TeJbHOCTSIM IJIHHB 7, HAUHHAIOWHKMCS C X, BHIYUC/IHTH HaHMeHblllee 3Ha-
yenre U Ha TaKUX MOCJEIOBaTeNbHOCTSX H 3aTeM €ro MaKCHMYM Mpd
n — oo. (B camom nene, yHHBepcaJbHOCTb TecTa €CTb «NIpelesibHOE» IOo-
HSITHE U [I/IS1 OTBICKAHH S 3aKOHOMEPHOCTeH B X MOXeT NoTpeGoBaThCs aHa-
JIU3 TPONOJIKEHHH X.)

PesyabnTat MapTusa-Jleda, cBsisbiBaloulil NOHATHS CJOXKHOCTH H CJY-
4afiHOCTH, NAeTCsl CJENYIOIIUM HEPaBEHCTBOM:

[H(x) —(p (x) + K (x)) | < 4 (I(x)) + const.

['py6o roBopsi, CJOXKHOCTb YHCJA MJIOC YHC/IO GHT 3aKOHOMEPHOCTeH B ero
IBOHYHOM pa3JIoXKeHHH N0 MOPSAKY MOUTH COBNajaeT G AJHHOH NBOHMY-
HOTO PAa3JIOXKEHHSs.

B yacTHOCTH, ec/H MOCJEeNOBAaTENLHOCTh ® CJAY4YaiiHa, TO CJIOXKHOCTh
(0), He MeHble, YeM
n — 4l (n) + const

st BCEX n.

Fnasa IV
MOPMAIJIbHBIE A3bIKU U BbIYMCIIMUMOCTb

dTa ryaBa CIYXHT HOArOTOBKOH K H3JIOXKeHHIO Teopemnl [e-

nens B ra. V. 3pxech M HHXKe MBI NOJIb3YeMCSi ONpejeseHHAMH H 060-
sHaueHussMu w3 I u HII.

1. APUDMETUKA CHUHTAKCUCA

1.1. B stoM naparpade nokasaHo, KaK CHHTaKCHC (hOPMasIbHBIX SI3bl-
KOB B MPHHIHINE CBOAUTCS K apHpMeTuKe. C 3TOH Le/IbI0O CHMBOJbI, BbIpa-
XKeHHUs, TEeKCTBl B KOHEUHOM HJIH CYETHOM aJsipaBHTe A OTOXKIAECTBJISAIOTCS
C HaTypaJ/IbHBIMH YHCJIaMH (HYMepYIOTCS) TAKHM 06pa3oM, 4YTO CHHTaKCH-
yecKHe onepainuH (COeIHHEHHs, MOACTAHOBKH H Jp.) NMPEeACTaBJSIOTCS pe-
KYPCHUBHbIMH (YHKLUHMSIMH, a CHHTaKCHYeCKHe OTHOILUEHHS (BXOXJIeHHe,
74



«GBITb (hOpMYJIOi» U AP.) NPaACTABJSIOTCS Pa3PelIMMHM HJH NEePeTHCIIH-
MBbIMH MHOXEeCTBaMH.

Hama nepsas 3aGora — nokasaTb, 4TO Ha MHOXeCTBAaX BHIparKeHHH
M TEKCTOB BBIYHCJIHUMOCTb CHHTAKCHYECKHX ONepanuii M paspeliuMocTb
(NepeyncaMMOCTb) CHHTAKCHYECKHX OTHOIUEHHH He 3aBHCAT OT CnocoGa
HYMepalHH, eC/IH TOJbKO OH MOJYMHEH C/aGblM eCTeCTBEHHBLIM OrpaHHye-
HHSIM.

OTa He3aBHCHMOCTb M03BOJsIET PacCMaTPHBATb METOJ HyMepalHH He
NpOCTO KaK TeXHWYECKHMH NpHeM, HO KaK OTpaxeHHe TJYGHHHOH SKBH-
BaJIEHTHOCTH apH(pMeTHKH H KOMOMHATODHKH ¢opMaJsbHHX TeKCTOB. B
NpaKTHKe coBpeMeHHbIX DBM, rae conep:kumoe siueHKH MOxKeT OBITh He-
pasbeIHHEHHBIM CIVIaBOM YHCJa, UMEHH (KoZa) H KOMaHJbl, SKBHBAaJIEHT-
HOCTb CHMHTaKCHCAa M apU(MeTHKH pea/M30BaHa B «xKeje3e» H BOCIPHHH-
MaeTcsl Kak asbl. 1o 6bl10 He Tak B 1931 rogy, Koraa mosisujach pabora
lenensi, BBemuasi HyMepauHio B MaTeMaTHYeCKHH OGHXOX.

YKaxkeM, HaKOHell, YTO C TOYKH 3PEHHs MCHXOJIora HyMepallHs MHO-
xectBa A ecTb nmpocrefiluil cnoco6 noMeyaTh €ro 3/JAeMEHTH Pa3JaHYHEIMMU
metkamu |, ||, ||, HT. I

1.2. Hymepauus. ITycte S — KoHeuHoe /iy cueTHOe MHOXecTBo. Hy-
mepayued S Mbl Ha3oBeM JMo6oe HHBEKTHBHOe oToGpaxceHue N S — Z+,
o6pa3 Kortoporo paspewun. Uncno N (s) Ha3biBaeTcs N-Homepom 3J1eMeH-
Ta s € S.

Hymepaunn N, N’ : S — Z+ Has3LIBAOTCA SKBUBANCHMHbLIMU, €CIAH
yactTHyHble ¢yukumn N o (N')™, N° N-' Z+ — Z+ wacmuuno pe-
Kypcuswol. DT QYHKUMH aBTOMAaTHUECKH Goucaums: (2 He TONBKO MOJY-
BBIUMC/IHMEI), 60 UX 00JIaCTH onpenesieHHs paspewiumbl (cMm. § 1, 2 ra. I).

3TH ¥ nocaenyole onpeaeaeHHsi UIMEIOT ICHbIH HHTYUTHBHBIH CMBICA:
paspelMMOCTb MHOXKECTBA HOMepoB ofecleyHBaeT paclo3HaBaeMOCTb
CBOMCTBa «GbITb HOMEPOM 3J1eMeHTa S», 5KBUBaJEHTHOCTb HYMepaumuf —
3(xheKTHBHOE BOCCTaHOBJIeHHe OfHOro Homepa mo apyromy. B § 11 ra. 1I
kuurd [ v HJI onucana KoHKpeTHasi HyMepalHsi MHOXECTBA BbIpaXKeHHI
B si3biKe apugmetuku [lIMynabana S Ar. 3ameTnM, uTo Haile onpejenieHHe
HyMepauuH npHcnocoGieHo CnellaJbHO K CPaBHEHHIO apU(MeTHKH U CHH-
TaKCHCa W OTJIMYAETCS OT onpeleieHus, NpHHATOro B Kuure [5], rae Hyme-
pauuell Ha3biBaeTcs oToGpaxeHue Z+t — S. Mbl oTchllaeM uyHuTaTenss K
3TOH KHHIe 3a H3JI0KeHHeM GOJIbILOro KOJHYecTBAa TOHKHX pe3y./bTaToB
ofbLiueil TeoOpuH HyMmepauuH.

1.3. Jlemma. a) xeusarenmrocmb HYMePAYUL ABAACMCA PePhAeKCUBHBIM,
CUMMEMPUYHOIM U MPAH3UMUBHbIM OMHOWEHUEM.

6) Jlroboe unwvekmueHoe 0mobpajceHue KOHEUHo20 MHoxcecméa 6 Z+
sa8asemes Hymepayueli, U 21006le 086 HYMEPAYUL KOHEUHbLX MHONCECME IKBU-

€QNCHIMNDL.
B) Jloban Hymepayus BGECKOHEUHO20 MHONCECMEA IKBUBANEHMHA HYMe-

payuu ¢ obpasom Z*
Bce 3T0 oyeBHAHO HH yiKe GbLJIO JOKA3aHO; B 4aCTHOCTH, B) CJIEAYeT H3

npeasnoxenus 5.2. ra. L.
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1.4. Tlycts Sy, S; — ABa MHOXeCTBa,
Ni Si_’ Z+, i.= l, 2,
X Hymepauuu. YacTuusoe ortobGpaxenue f: S, — S, Ha3wiBaeTcs wac-
MU4HO  peKypcusHoim  omuocumesvno <<N;, N>, eciu oToOpaxkeHue
gof< N7V Z+¥ — Z* vactHyno pekypcuBHO. TaBToJIOrMYecKHH mpH -
mep: otobpaxeHHe Hymepauuu N S — Z+ yacTHYHO PeKYPCHBHO OTHO-
CHUTeNbHO <N, TOXKIeCTBO™>.

INoamuoxkecTBo T = S HasbiBaeTcsl pa3pelliUMBIM, [E€PEUHCTHMBIM,
apudMeTHueCKHMM OTHOCHTeNbHO HyMepauuu N,, eciau MHoxectBo N, (T)
00/1aJ]Ja€T COOTBETCTBYIOUIUM CBOHCTBOM.

1.5. Jlemma. Ecau 6 ycaosusax n. 1.4. samenumo <<N,, N,> na napy
oKsusarenmuolx Hymepayuli <<Ni, Ns>>, mo karaccet pexypcusubix omoo-
paxcenuti S, — S, U paspewiumoix, nepeHUCAUMbLX, apupmemuseckux nod-
MHOXCECMB 8 S, He U3MEHAMCA.

JdokxasaTedbcTBoO. KoMNOSHUHMST BBYHCAHMBIX PEKYPCHBHBIX
GbyHKuMH peKypcHBHa H BbluHcauMa. [Ipoobpa3 paspewinmoro (coot-
BETCTBEHHO MEPEYHCIHMOr0) MHOJKECTBA OTHOCHTE/IbHO BLIYHCJIUMOMH (YHK-
uMu paspeinum (mepeuncaum). Hakoweu, nyctb f 4+ — Z+ — gactuy-
HO pekypcuBHasi ¢yHkuus, E = Z+ — apudmeTHueCKoe MHOXKeCTBO.
Torna f~* (E) = pr, (Z* X E) N Iy) (B Z+ X Z+). Tak kak Z+ X E
apupmeTnuyHo u I, apudmernuno (naxe auodpantoBo), To H f~! (E)
apu(pMeTHYHO.

1.6. Ilyctb S; — mMHOxecTBa ¢ Hymepauusmu N;, i=1, ..., r.
Hymepauns N §; X X S, — Z+ HasblBaeTCs  C02AACO6AHHOU C

<NMN4 ..., N,>, ecau ans Bcex { = 1, ..., r npoekuHn pr, §; X
X S, = S; peKypcHBHBI OTHOCHTeNbHO < N,N;>> ¥ uacTuuHas pyHK-
N
uusa (Zty (N7Y, ..., N7Y) S, X X S, — Z* pekypcuBHa. Hibimu

cnpoBaMi, N;-HOMepa KOOpAMHAT BBIYHCASAIOTCS MO0 N-HOMepY BeKTopa H
HaobopoT.

1.7. Jlemma. a) B o6osnauenusx n. 1.5 0asn awboix <N, ..., N,> coera-
COBAKKAA C HUMU Hymepauuﬂ N cywecmeyem. Hanpumep, moxHo noroxcumeo
orss; € S, i=1,...

N (s1y 20v 8) = Ik (Nl (sl) y N: (s,)
(onpede/leuue W cm. g n. 4.5 en. V).

6) Ecau N coenacosana ¢ <<N,, ..., N.>, N sxeuearenmua N'. N; k-
susarenmuor Ni{ (i = 1, ..., r), mo N’ coeaacosana ¢ <Ni, ...., N,>.

B) Ecau N coeaacosana ¢ <N,,..., N,.> u N’ cozracosana ¢ <<N,,
ooy N;>, mo N u N’ sksusarenmmuor. Ecau N coesacosana ¢ <N,, ...,
N,>uc <Ni, .... N>, mo N; u N; sxsusarenmnot 0asn 6cex i = |,
veey T

Bce 310 BMecTe 03HayaeT, 4TO CefiMeCTBa H3 r KJIAacCOB HYyMepauuii
MHOXeCTB Sy, ..., S, (C TOYHOCTBIO A0 3KBHBAJEHTHOCTH) B3aUMHO OJHO-
3HaYHO COOTBETCTBYIOT HEKOTOpbIM KJaccam Hymepaumii §;X.. XS,
(mocpencTBOM OTHOLLEHHS! corJiacoBaHHOCTH). Jl0Ka3aTe/bCTBO NeMMBI CBO-
OUTCSi K MEXaHHYECKOH MpoBepKe onpeieeHui.
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1.8. Ilyctb A' = AX...X A (I pas) u S (A) = A°yA'y ... U AlY
] Ecin A — andaBut, 10 S (A) — MHOKECTBO BLIPaXKEHHE B HeM;
A° = {A} coctont “3 mnyctroro Bbipaxenus. Pynkuus S (4) - Z+,
NpHHHMAawIasi 3HaueHHe p Ha AP, ecTb Oauna sbipaxeHns. YacTuunas
QyHKUHS «i-n KoopavnaTay Z* XS (A) —» Al <<i, <ay,..., ap>» —a; on-

oo
penenena Ha noamuHoxectse U {i} X (A' U A'*' U ...) PyHkuns «coe-

i=|
nunenne» S (A)XS (A)— S (A) nepesomnt Kay,...,a,>, < by, ..., b,> s
<Qy,...y Qpy by, ooy bq>.

Hymepanns N mHoxectBa S (A) Ha3biBaercs donycmumodl, ecan QyHK-
IMH «LJAYHA», «i- KOOpPAMHATa» H <¢eOeNMHEHHE» YACTUYHO PeKYPCHBHBI
oTHocHTesibHO <N, id>, «id, N>, N>, K N,N>, N> cooTBeTCTBEHHO.

Hymepauusa N mHoxectBa S (A) Ha3blBaeTesl C02AACOBAHHOL 6 HYyMepa-
yueti N, MHOXecTBa A, ec/lH OHa gomycTHMa ¥ orpanvyeHue N Ha A! 3K-
BHBaJieHTHO N, Ha A (mpu otoxkaecrsaenud A ¢ AY).

Bot ocHoBHO# pesysbTaT 3TOrO naparpada:

1.9. Mpennoxenue. a) Ecau N donycmuma, mo aobas SKBUBAACHMHAR
eli Hymepayus donycmuma.

6) Ecau N u N, coenacosann, N' skeusasrenmua N, N skeusarenmna
Ny, mo N' u N’ coeaacosanm

B) Ecau N w N, cpenacosanst, N° u N, coeracosarot, mo N v N’ sxsu-
BANCHMIHbL.

r) aa awboii nymepayuu No muroxcecmsa A cywecmsyem co2aacosan-
Haa ¢ Hell Hymepayus N muosxcecmsa S (A), Knacc KOTOPOH ONHO3HAYHO
onpeneseH Kaaccom N, 8 cury B).

dJokasaTtedabcTBo. a)H 6)hopMabHO M0JY4aloTCH ¢ NOMOLIbIO
nemmbl 1.6. YTsepxkienue B) cienyeT u3 Toro, 4To nepexoi ot N’-Homepa
K N-HOMepY BuIpa)KeHHsS] NPOHCXOAMT Tak.

[Myctb m#n = N (N7 (miN~! (n)) (noa ssakom N CTOHT coelluHEHHE).
YacruuHasi omepauus
Z* X Lt — 7% :<<m, n>>—> m * n. peKypcHBHa U accolHaTHBHa B CH-
Jy HOoNnycTHMOCTH N.

MMycts najee (k); = N (i-1 koopanHata N~Y(k)). YUactuunas onepa-
ausa Z+ XZ+ — 7+ : <k, i>—>(k);; peKypcHBHA MO TOH Ke mMpHyuHe. AHa-
Jloruuso omnpeensiercs (k)/ no N’

Hakonen, nycts I': Z+ — Z* — yacTHYHas QyHKIMA «inHa N~ (R)».
OHa TaKXe peKypcHBHA.

Torna umeem

NoN'=t(R)=N o N'=1((h)]) #...xs N o« N' 7 ((R)i" cw)-

Ho N'-HoMepa onHOOYKBeHHBIX BhipaxeHuit {(R)/} coctaBisior paspe-
luHmoe moaMHOXKecTBo B Z+ (1-ypoBeHb Bbiuncaumod gpynkuuu I'). Orpa-
Huuenue N-N’~1 Ha 3TO NQAMHOXECTBO SIBASETCS PeKYPCUBHON QYHKIIMEH,
n6o orpanuuerns N u N' Ha A' sxuBanedTHbl. OTCIO4a H U3 PeKypCHB-
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HocTH #, (R)/ u I’ monyuaerca B) (pekypcusa mo x aas x N N’ ((k))
*
fal
# nmoAactaHoBKa x = I’ (k).
YTBepxK/eHHe I) Mbl YCTAHOBHM @ MOMOLIbIO SIBHON KOHGTPYKuMH [e-
Iens (MZes ee, BOpoueM, BOCXOXHT K JlediGuuuy).
1) Kowcmpyxyus N, coeaacosarnoti ¢ N

Ny (a
N (ay,..., ay)=pNea.. py ‘™,
rae p, = 2, ps =3, — nocJefoBaTeNbHbEle npocTeie uneaa; N (A)=1,

[IpoBepum, ymoBnaeTBopsieT u N Bcem TpeGoBaHHsIM.

r,) N siBasercs uymepauueii. To, uto N:S (A) — Z+ Baoxkenwue, cJie-
AyeT u3 Toro, uto N,:A — Z* BnoxkeHHe U U3 TeopeMbl 06 OJHO3HAYHOM
pa3sioxxeHuH B Z+

YcranosuM paspewiumocTb o6pasa N. [lpexje Bcero MHOXeCTBO (po-
CTHIX yHcea B Z+ pa3peiliiMO Kak 2-ypoBeHb BCIOAY ONpejle/IeHHOR peKyp-

n

CHBHOA (GYHKUMH n — 4HCJO JeqHTesedl n = kzl d (R, n) — n, rae (cm.
§3ra I

d (k, n)=s ((rem (k, n)—k) + 1)_—.{
sh=2,5(=2) =

[Nostomy QyHKUMsA i —> p; PeKYPCHBHA (CM. I0Ka3aTebCTBO NpeAJIoIKe-
uua 5.2 ra. I).
[TosoxuM Tenepb

Fn, i, y) = s ((rem (pf, n) — p#)? + 1).

dra QpyHKUMS PEKYPCHBHA, MOSTOMY PEKYPCHBHA Mo (1, i) Takke v;(n)=
=min {y | f (n, {, y) = 1} = (crenenp, B KoTopo#l p; meaut n) + L.
Orciofa c1eayeT, YTo pPeKypCHBHA «1JiuHay: [ (1) = YHCJIO IPOCTLIX AE/UTE-

2, ecau k/n,
1 B mpotuBHOM cayuae,

n
Jedd n = 25 (v; (n)) = n (3aBegoOMO p,, 5= n npu m > n, W60 pp, > m).

=1
[Tyctp Tenepp E — o6pa3z N, 8 Z+. Torza obpas N = {n | yvi <
Ll@n), vy(n) € E+ 1}
[TpuMeHeHye OrpaHHYEHHOrO KBaHTOpPa OGIIHOCTH He MOPTHT paspellumo-
ctd. [HeiictButeabno, nycrs F = {<i, n> |v; (n) € E + 1}. F paspe-
[LIMMO KaK v-mpoobpa3s E. [Tyctb xp(t n)=1npu <i, n> € F, yr (i, n)=2

npu <i, n> ¢ F. ®ynxkuus s ( [] ¥r(i, n)) OT n UMEET CBOUM 2-ypOBHEM

{=1
o6pa3 N.
rs) N donycmuma. PeKypCcHBHOCTb <IJHHBI® MBI YXKe [POBEpPHJIH.
«i-1 KOOPAHHATa» NpeAcCTaBaseTcss QyHKUHeH
0; (n)
[p,‘ IpiJ (uesnas 4acThb).
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Hakonen, coenunenue npencrasisercs ¢ymKnueit

(n
0. ()=—1
mrn=m][] Plm+r

=1

PEKYPCHBHOCTb KOTOPO# C/IeNVeT H3 yiKe NOKa3aHHLIX (GaKTOB.

3ameTuM, 4TO HAIIKM apHMeTHYECKHE PYHKUUK onpejeNeHkl He TOJbKO
Ha MHOXKECTBaxX releeBbiX HOMEPOB JII0GOH KOHKPETHOH HyMepalHH, HO
Ha Bcem Z*. B pasbHeiiiem Takoe paciunperne objacTeil onpee/eHus M
He OyleM oTMeuaTb 6e3 0co60fi HEOGXOAMMOCTH.

ry) N coenacosana ¢ N,. Ha onHOGYKBEHHHIX BHIpaXKEHHSX Mepexol
OT OJIHO# HYMepauuH K APYro# saiaercs QyHKUMAMH x — 2%, y — log,-
«(y) (y € 2%7), peKYPCHBHOCTb KOTOPBIX OYEBHIHA.

Ha sToM 3akaHuuBaeTcsi NOKas3aTesbCTBO NpelJioXkenus 1.9.

1.10. 3akmounrenbnbie 3ameuanusn. [Ipennoxenne 1.9 noxkasmBaer,
qTO ec/IM 3aJaH K/acG SKBHBAJEHTHBIX HyMepauufi aidasuta A ¢opmab-
HOro f3blKa; TO OJHO3HAYHO ONpejeeH KAacC SKBHBAaJEHTHbIX HyMepauHi
MHOXecTBa BbipaxkeHuidl S (A), MHOXecTBo TekctoB S (S (A)) u T. n., cor-
JlacoBaHHBIX ¢ Hymepauusmu A u3 storo Kiacca. [losToMy mHOXKecTBa
PEKYPCHBHBIX Omepauuii U pa3spelirMbIX HJIH MEPEeUYHCAHMBIX OTHOIUEHHI
Ha BblpaKeHHSiX U TeKCTaX oMpefeseHbl HHBapHAHTHO.

EnuncTBeHHas ocTaBLIasics HEOLHO3HAYHOCTh — BbIGOP KJjacca 3KBH-
BaJIEHTHLIX Hymepauuii A

Bo BceXx HM3BECTHBIX aBTOPY CJydasiX 3TOT BLIGOP TaKkKe KaHOHMYECKH

onpejensieTcs caefnywolulim obpasom: A pearusyemcs Kak paspeuiumoe nod-
MHONCECMBO BbIPANCEHUL  HEKOMOPO20 KOHedro2o «npomoaapasuma» A,;
TNpH 3TOM Pa3peLluMOCTb MOHUMAETCsi B cMplc/e 1060l HyMepauun S (4 ),
corjiacoBaHHOM ¢ /o6oil Hymepauueit A,. B cuny aemm 1.3, 1.5 u npepo-
xenus 1.9, npuMeHeHHBIX K Ao, MOJYyueHHBIH KJaacc Hymepauuil A yxe
He OyjeT 3aBuceTb HH OT BaoXKeHHss A B S (A,), HU OT Hymepauuu A,,
HH Jaxe oT BriGopa A, (yuecTb, uto ecniu Ay < A, KoHeuHHl, TO S (Ay) <
< S (A,) pa3speiunmo).
Omucannpit 8 § 10 ra. 1 kuuru [ u H] nepaTuGykBeHHblN aJipaBHT
A3blKa S Ar ¢ HblHelIHell TOUKH 3pEHHUsl ecTeCcTBeHHee CUMTaTh MpoToanda-
BHTOM: BhIpaxeHus x, x’, x”, x"’, ... CyTb 3/IeMEHTbl «HACTOSIIETO aAdaBH-
ta». Hymepauus [IMyabsHa oueHb ynoGHA AJsi JOKa3aTeNbCTBa TEOPEMB
Tapckoro, HO «HEBBIPa3HMOCTb HCTHHHOCTH» B S Ar oT ee KOHKPETHOro
BHJIa HE 3aBHCHT: TENEPb 3TO NOJKHO GbITh COBEPIIEHHO ICHO.

Bonee o610, Mt060e MOJNHOE MeyaTHoe onucaHue JioGoro andasuta A
peanusyer A B nporoajdaBuTe HaJMYHBIX THOOTPadCKHX 3HAKOB, KOTO-
PHIfi, pa3ymeercs, KOHEUeH, U TeM onpefesisieT KaHOHHYECKHH Kuacc 3K-

BHBa/NEHTHBHIX HyMepauuii 4.
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2. CUHTAKCUYECKMA AHANU3

2.1. B stom naparpade co6paH MNOATOTOBHTENbHbIA TeXHHUECKHH MaTepHan
aas § 3, B KOTOPOM yCTaHaBJIHBAeTC MEPEeuHCHMOCTb BBOAUMHEIX GOpMyJ B S3BIKAX
£, (em. O n HI).

Myctb L — ¢uKcHpoBaHHBIA A3bIK Kilacca &) ¢ KOHEYHBIM HJIH CYETHHIM anda-
suToM A. Il HEKOTOPOro COKpalleHHs TeXHHUeCKOH paGoTH OTpaHHUHUMCS AHaleK-
TOM CO CBSI3KAMH —, - H KBaHTOPOM Y DTO HH B KaAKHX OTHOIIEHHUAX He CYIIECTBEH-
wo. [peanonaraercs, uto Ha A 3a1aH KaHOHMUECKHUA KJacC S5KBHBaJeHTHHX HyMepa-
unit, kak B § 1, KoTopelii onpenensier Hymepauun S (A), S (S (4)) n 1. n. Pekyp-
CHBHOCTb, Pa3peIlHMOCTb U T. A. MOHHMAIOTCA OTHOCHTENBHO 3TOro Kaacca. B popmy-
AHPOBKaX OCHOBHBIX pe3yJbTaTOB MO3TOMY Mbl BNpaBe He YNOMHHaTb HYMepalHIO
aBHO. B mokasateancTBax, ofHako, ygobHee pab6oraTb npsiMo ¢ HoMepaMHu. [ToaTomy
Mbl QHKCHpYeM OfHY u3 HyMepaumii N S (A) —» Z+ ¢ dyHKuusME coenunenns *,
WHHB [ B i-d KoopamHaTth (k);, KaK B JoOKa3saTeabcTBe mpeinoxenns 1.9. Bynem
CYHTaTh, YTO M * n > max (m, n): HoMep /N1060H YAaCTH BbHIPAXKEHHS CTPOTO MEHbIUE
woMepa uenoro. Hymepauns Tegens umenHo takosa.

JononHATeNbHO K ycaoBHAM § 1 Mul noTpeGyeM, uto6n N yjgoBaeTBopsijia Cie-
AYIOUWHM YCJOBHAIM pPacno3HaBaeMOCTH CHHTAaKCHYeCKHX XapaKTepHCTHK CHMBOJOB
asndaBHTa:

a) Mroocecmea nepemernsix, KOHCMAKm, onepayuil u omuoweHud 6 A paspe-
wumet.

6) DPyHKYUA «PAHS» HA MHOXCeCmEe Onepayuli U OMHOWEHUL PeKYypCcusHa.

Teneps MBl MOXeM NpPHCTYNHTb K Hesty. [lepen uTenneMm pajbpHefero peko-
menayercss npocMorperb § 1 ra. II.

2.2. Yacmuunoe omobpasxenue S (A) X Z+ — Z+: <ewpasxcenue P, (> |—
Homep mecma ckobku), naprod k ckobke (, cmosaweld Ha i(-m mecme 8 soipasicenuu P
BOIMUCAUMO, M. €. PEKYPCUBHO C PA3PeliumMoti 064acmbl0 onpedesenus.

OJokasarteabctBo. Ham 6yrer yno6no nonb3oBaThbCs. ClAedy IOUHM
0603HaueHneM: eciH Q — HeKOTOpoe BBICKa3blBaHHe O UeJabiX yHcaax A3 Z+, To

1, eciu Q HCTHHHO,
Q=
2, ecau Q J0XKHO.

370 GYHKUHA HCTHHHOCTH, MPHCNOCOG/NEHHAsA K OTCYTCTBHIO Hyas B Zt,
[ToctpouM ¢yukumto Par (k, i) Z+ X Z+ — Z+:

1, ecau (k); He onpeneneno, uau (k); = N(q);
HJn (k)l = N(«)’
HO y; € [i, L (k)]
/ i
Par (. )| S 1@ =N 1% 3 [0 =N 0l

m==i

min (jIj<IB) 1 3 1Bn=N@)]=

= 2 | (R)m = N ()| B npoTHBHOM cJyuae.

m=lt

OueBuano, nocie orpannuenns va N—! (S (4)) X Z+ ¢ynkuns Par (k, i) nact Ho-
Mep MecTa mapHOH CKOGKH k, cTosillefi Ha {-M Mecte B BhpaxeHnu N-—!(k), koraa
3TO BO3MOXKHO, H 1, KOra 370 HeBO3MOXHO (cM. seMMy 1.2 § 1 ra. II kuurn I u HIO),
[MoaToMy AOCTaTOYHO YCTaHOBHTb peKypcHBHOCTb Par (&, i).
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Ho nanucannoe onpenenenne dyukuuu Par (%, §) npexcrasasier ee B Bule CKiIefi-
KH KOHEYHOro uHucjaa (YeThipex) pexyﬁcunnmx Gyukuuii c paspemwnMbiMd (B CHJIY
cBo#CTB N) oGnacisimu onpefenenusi. [105ToMy oHa peKypcHBHa.

2.3. Yacmuunoe omobpaxcenue S (A) — Z+: (swpasxenue P) — (wucro mep-
Mmo6 L, coedunenuem komopwx neasemca P) evwuucaumo.

Hanomuum, gto 310 uHCaI0 Onpeneneno ognosnauno (§ 1 ra. 1),

HDokasaTteabcTBo. Mb nocTpouM cuasana gopmysy, KOTOpasi peKyp-
CHBHO onpefensieT ¢pyHkuHio Z+ — Z+
LT (k) = {l (k) + 1, ecnu N—!' (R) He ecTb cOeqMHEHHE TEPMOB; GHCJIO TepMOB, Coe-
nnHeHWe KOTOPHX ecTh N—! (k) B NPOTHBHOM Ciayuyae—uepe3 ee 3HaY€HHs I/ MeHb-
wHX 3Hasednil aprymeHTa. CiloBecHbii pelentT AJA7 CHHTAKCHYECKOTo aHaJH3a
N-! (k) TakOB: HYXHO NMOCMOTPETb, sBJaAeTcA JH (k); nepeMeHHOM HJIH KOHCTaHTON
v eCJIH 13, TO ABAseTCs JH (k)g * ... = (R))(p), COETHHEHHEM TEPMOB; €CJIH HET, ABJIAETCA
nu (k)y onepauueil, CTOHT JH 3a HelA CKOOKa «(», ecTb JH K Hell mapHas CKOGKa »)»,
CTOHT JIK TOCJe »)» CoelHHeHHe TepMoB. (B mpegbinyweit ppase Ha3BaHb HOMepa

BMECTO BLIpaKeHHH.)
s cycTeMaTHUyeCKOro OFHCaHHS NOJIOXHM

L () ={ (R)y * ... % (R), (), ecan L(k)=2;
! | —B NPOTUBHOM cJyuae;
fz (k)={ (R)g * ... * (R)par (n, 211, €Cir 4 < Par (&, 2);
1 —B npoTHBHOM CJyuae;
£ (0 ___{ (R)par (k. 2141 *.-- * (R)y (n), €can 1 < Par (k, 2) < I (k);
2 1 —B NpOTHBHOM CJy4ae.

Bce 3TH QyHKUHH PEeKyDCHBHBHI. .
Tenepb MOXKHO HaMHCaTb ClelyIOWHA pelenT A4S PEKYPCHBHOTO BHIYHC/IEHHS

LT (k):
N-1(k) nepemeHHas = LT k)=1,
I(k)=1 u{ N-'(k) koHCTaHTa = LT (k)=1,
N-Y(k) uu TO, HU Apyroe = LT (k)=2;

N=1((k);) nepemennas =»> LT (k)=1-LT (f,(k)),
N=1((k);) koHcTaHTa =» LT (R)=14LT (f, (k)),
((kf)>1 n N-1((ky)) onepanusi, (k)g=N ((),4 < Par(k, 2)=1[(k),
paur N=1((k))=LT (15 (k)) <! (f2 (k) )=>
=» LT (k)=1;

l(k)y>1mn (N-1 (k),) — onepauns, (k) = N (), 4 < Par (k, 2) < I (),

paur N=! ((ky) = LT (fo () < 1 (f5 (R)),

LT (fs (&) < [ (f3 (R)) = LT (k) =1 + LT (f5 (k)); -

{ (k) > | 1 HY OAHO U3 NPEAbIAYIIHX (cnoXHBX) ycioBuf He BunosHeno => LT(k) =

C['?l‘oﬁl(:l )ycraﬂonn'rb pekypcuBHocTb LT, samMeTHM CHadaja, 9TO AJIf KaXIOH HS

BHIHCAHHBIX BOCEMH a/bTEDHATHB JIerKo NOCTDOHTb DEKVDCHBHYIO PyHK uHI0
h; (k, %, y, 2) cO clelyloWHM cnoﬁcm"cm:
k ypoBaerBopsieT i-# ajabTepHaTHBeE [ =
L LT Gr G, LT (s @), LT G5 @), )



a TakXe peKypcHBHYIO ¢pyHKknuw v; (k, x, y, 2) co cBoiicTBoM (k yaosaerBopsaer i-i
anvrepnatupe) = LT (k) = v; (k, LT (1 (%), LT (f3, (R)), L7 (ta (k).
[MosTroMy cnpaBenIHBO PaBeHCTBO

8
LT (k)y=2 ) v;(k, LT (J1(R), LT (fa (k)),

=1

8
LT (s (k) =— ) (hi v3)(k, LT (f1(k)),

1=

LT (fa(k)), LT (f3(k)))

Bmecre ¢ LT (1) sta dopMysa no3Bo/isieT peaNibHO BHIYHCAATL MOCJAEAOBaTENbEO
suagenus LT (k), u6o f; (k) < k npm k > 1. Ho pekypcus nps SToM npoHcXOAHT
He K NpelblAylleMy 3Ha4eHHIO R, a K HECKOJbKHM H3 PaCCMOTPEHHBIX panee.dTO
€CTh OCHOBHAfl TPYIHOCTb YCTaHOBJIEHHS PEKYPCHBHOCTH CHHTaKCHUYECKHX QYHKilHM.
Mb nokaxem cefiuac, KaK OHa :IDPE€OJI0JIEBAETCH B STOM W BO BCEX MOCJeAYIOLUIAX
caydasnx.

[ycte soobuwie @, (k), ..., Ps (k) — peKypcHBHble PyHKLHH CO CBOACTBOM: AJA
Bcex i < suk > 2 ¢; (k) < k. llycts nanee h (xy, ..., xp, k, Y1, ..., Ys) — pe
KypcuBHas ¢QyHKUUs H nycte g (xq, Xp, k) onpeneseHa COOTHOLIEHHSMH

g (%1, Xn, k) = n3BecTHas peKypCHBHas QyHKIHS;
g (xy, .o, Xn, R+ 1)=h (x4, Xn; Ry 8(X1, oey Xn, P1(R))y voiy 8 (X1, oouy Xp,
Gs (k).

[Moab3ysick pyHKuMed CoelvHeHHs #, MOJOKHM

G(Xy,euur Xn, R)= » . g(X1,.euq Xp, 0).
(=
1ax xak
g (xl- Xn., n == (G (xh iisy Xp, k))i
s Brex i < U (G (xq, ..., xp, k)) = k, B 9acTHOCTH, AN9 HaHGOJBIIETO TAKOTO i,

TO IJs NPOBEPKH PEKYPCHBHOCTH g NOCTAaTOYHO YCTaHOBHTb pPE€KYpCHBHOCTb G.
Ho nas G umeem npu & > 2

G (xl, Xn, k ‘|“ l) = G (xl, “iiy Xn, k) *
g (xl? Xn, k + l) =G (xlt.h'- Xny k) *
h (xlv ceey Xn, k- (G (xl- eivy Xny k))w‘(k)'

(G (xll weas Xno k))wn(k])v

9TO ABJSETCH CTaHLaPTHHIM PRKYPCHBHLIM YDaBHEHHEM,

[Tpumensin 3T0oT Tpiok K LT, monyuyaeM ee peKypCHBHOCTb: 8feCb n = 0, s == 3
ne; (k)= f;(k+1).

Cnencteue. MHoowecmso mepmos paspeuwsumo.

IefictBuTeabro, 310 1-ypoBenb BhiuncJAHMOH GyHkuan LT,

2.4. Mwuooecrmeo amomapreix Gopmyas paspewsumo.

IeiicTBuTeNbHO,
N-1(k) aromapnas tpogmyna <==> (k); ortHowenue, (k)y = N ((), Par (k, 2) =
= [ (k) > 4, paur N-! ((k))) = LT (f, (k) < ! (fy (R)), tme [, (k) ompenerena s
npeabIAyLleM MYHKTe.

2.5. Mrnooecmeo ¢opmya paspewuno.

IleficTBHTEIbHO, B HalleM yNpolUleHHOM AHajdeKTe gMeem: N-! (k) dopmyua
<==> N-! (k) ecTb aToMaphas ¢opmyaa, unu = (P), nau (P) — Q yau v x(P),
rae P, Q — dopMyJanl; x — nepeMeHHas,
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[To o6pasuy n. 2.3 onpenensiem pekypcusaHe bynkunn

fc(k)={ (R)g #e o ox (k) (ny—1, eCHH 1 (k) > 4,
| —B mpornBlOM caydgae.

Ry oo (R)par (o, 1y—10 ecaB Par(k, 1) > 3,
fo (k)={ | —B IPOTHBHOM CJy4ae;

(k)Par (k, )43 $..0% (k)l (h)=1s €CJH 3 Par (k I) l(k)-—4.

fc(k)={ |
—B MPOTHBHOM CJy4ae;
f'(k)-:-{ (R)a#eee (k) (n)y—ys ecam (k) > 5,
| —B nporuBHOM ciyuae;
. ecin N=1(k)—aromapuas ¢opmyaa,
2—B MPOTHBHOM c/ydae.

At(k)={

PyHkuua

1 ecam N-1(k)—dopmyaa,

2—B NpPOTHBHOM CJydae

BHYHCASETCA G NMOMOWILIO PEeKYPCHBHOroO COOTHOIIEeHHAsT

Cs)=1, s(k)=210pn £ >2)

Fm (k)=s5°min {At (k); || (k);=N("1)].

Mk =N(C)IX L (kY > 41 Fm (f (k)

(k)y=N((C)le|Par (k, 1) > 3 ° Fm (fs (&) X [ (R)par (a. 1y41=

= N(=>)1 1 (R)par (k, 1)42=N () °Par(k, Par(k, 1)+2)=1(k)] X Fm (fs(k))

(B =N (y)l°l (k=N (mepemennas)| *[(k)y=N (C)ll X I Par (&, 8)=
=1 (k) > il o Fm (7 (R))}.

PexypcuBHocTb Fp, (k) Teneps yCTaHaBAHBALTCA C MOMOWILIO MPHEMA. OMHCAHHOTO

B n. 3.3.
Caeacrene. Muoxecmea ¢gopmyas euda — (P), (P) = (Q), ¥ x (p) paspewunsr,
): ;

2.6. Omobpaxcerue S (A) X Z+ X S(A) = S(A): <P, i, Q> |— pesyaso-
mam nodcmanosku P emecmo i-20 cumeoaa 8 ssipazcenuu Q suuucaumo,
[Mosnoxum

My coox (M) ske(Mmye.ccs (M) (my, ecan 1 1 (m),

Sub (k, i, m)={
| — B NMPOTHBHOM cJayudae.

Slcro, 910 3Ta QYHKUHS PeKYPCHBHA A Ha MHOXKecTBe <R, I, m> ck, m € N-1(S(A))

coBnafiaetr ¢ Tpe6yeMbIM OTOOpaKeHHeM.
2.7. Oraowenne B Z+ X S (A) X S (A): ¢na i-m mecme 68 gopmyse P cmoum

c80600Han nepemennas (0OHOOYKBEHHOE SLIPAJCERUE) X3 PASPEULUMO,
JleficTBUTENBHO, MOJNOXHM
1, ecnn ycnosue 2.7 BumodseHo i P=N=1(k), <xp=N-1(]),

F k, l)= qae
r(i, t) { 2—p NpOTHBHOM Caydae,
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Torpa uMeeM

N-1(k) ne ¢popmyna, uau N-1(l) He nepemennas,

i > L (k) }"'—" Fr(i, k, D=2,

Iyctb Tenepe onnoBpeMenno N—! qopmyna, N=' (/) nepemennas, + < { (k)
Hanbuefiluue ajJbTepHaTHBLL

l==(k); => Fr(i, k, ))=2;

l=(k);, At (RY=1=> Fr(i, k, N=1;

l=(k);, N=1(k) umeer Bun — I (P)=> Fr (i, k, )=Fr(, f; (R), I}

{=(k);, N—1(k) ameer Bug (P)—>(Q', t <Par(k, h=> Fr(i, k, {)=

= Fr (i, }g (k), 1);

I(k);, N=1(k) umeer Bua (P)—»>(Q), + > Par(k, )4+2= Fr(i, k, )=
=Fr @i, fe(k), IV

L (k);, N=1(k) umeer Bun yx(P), (k)g—>I=> Fr (i, k, )=2;

L(k);, N=1(k) umeer BuR yx(P), (R)a#1=> Fr(i, k, h=Fr (i, f(k), I).

®yukuun fs, ..., f; onpenenenn B n. 2.5. Jaabwe g8 Z0KasaTeabCTBa PeKYDCHB®
HocTH Fr MOXHO NPHMEHHTb TOT Xe NMpHeM, yTo B N. 2.4 u 2.5,

2.8. Muroocecmeo {<x, P, t> | x nepemennan, P ¢opiyara, ¢ mepm, x ne ces-
sweaem | 6 P} paspewno.

ATO 3HAUYHT AN HOMepoB <i, R, m>

aubo (k)j=i; 6o (k);=i A Fr(j, k, iy=2;
6o (k)j=i A Fr(j,k, =1 Ayn&[l,(m)]X
X IFr(j4+n) =1, Sub(m, j, k),

Sub(m, j, k)j+n — 1) =I(m), nepemenias [),

vi<l(k)

T. €. MOCJe MOACTaHOBKH ! BMeCTO JI060ro CBOGOLHOTO BXOXTewus ¥ 7 P pee nepe-
MeHHble B { OCTaloTCs CBOGOAHBLIMH,

2.9. Yacmuunoe omobpasxcenue <x, P, t> — pesynomam noocmanoexu t
emecmo 6cex cB0O00HbIX 6a0xcerul x 8 P ewuucaumo.

Mycers <i, k, m> — nomepa x, P, t. Tlonoxum

(i ki my—= (k)j, ecmn Fr(j, k, =2,
I, kot )—{ m, ecan Fr(j, k, )=1.
10 pekypcHBHas GYHKUHS; H ajee

(k)
Subt(i, k: m)= * : f(fr kv L, m)
j=

10 — HOMep pe3yJbTaTa [OACTAHOBKH ! BMeCTO BCeX CBOGOAHBIX BXOXEHHR x
B P .
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3. NEPEHUCIIMMOCTDL BbIBOAUMBIX ®DOPMYN

3.1. O6was cxema. [lyctb L — npousBosbHEI SI3BIK C HYMEpPOBAH-
HbIM CYETHbIM afipaBHTOM A. [lpeanonokuM, 4TO0 UKCHPOBAHLI CJEAYIO-
e JaHHbe:

a) Iepeuncaumoe MHOXKecTBO «akcHom» Ax < S (A).

6) UactnyHo pekypcuBHoe oToGpaxkenue Inf:Z+ xS (S (4)) - S (4) —
NepedHC/IIMoe CeMEeHCTBO «MpaBUJI BLIBOLA.

Bynem rosopuTh, uTo BhIpaxkeHHe P € S (A)  HenocpedcmsenHo cae-
Oyem u3 soipaxcenull Py, ..., P, cozaacno i-my npasury svisoda, ecau
<L <Py ..wP.>» € D(nf) ulnf (i, <Py ..., P,>) = P.

HasoseMm BhipaxeHue P 8oi600umoim (M3 «aKCHOM»), €C/H CYIIECTByeT
TaKasi KOHe4YHasl [OC/JelOBaTeJIbHOCTb BolpaxeHu#l Py, ..., P, = P, u4rto
s Kaxporo j << nau6o P; € Ax, aubo cywectsywoT i € Z+ u {P,,
vy Py = {Py, ..., Pj_1} U Ax T1akue, uto P, HenocpeICTBEHHO cJie-
ayer u3 Py, ..., P, cornacHo i-My npaBuJly BBIBOAA.

O603HaunM uepes D MHOXKECTBO BCEX BbIBOAMMBIX BhIpaMEHHH.

3.2. Mpepnoxenne. D nepeuucaumo.

JokasateabcTBo Ilyctb a Z+ — S (A) — peKkypcuBHas
dyukuusi, o6pas Kotopoli cosmapaer ¢ Ax; inf: Z+ — S (A) — vacTvuHO
peKypcuBHasi (QYHKUHA
ini tny=lnf (¢{2) (n), Nyt (3 (ny)),
rie N, S (S (A)) >Z+ — kakasg-HUGYyIb HVMeDarus TeKCTOB, COrJaco-
BaHHas C HyMepaiuHeH BbIpaXKeHHH

MNocTpouM peKypcHBHYIO QYHKIHIO d : LT — O \A):
d(2n — 1) =a (n);

d (2n) = inf (n), n = L.
YTBepxaaercs, uTo ee o6pa3 paseH D. [eficTBuTesbHO, IOCTaTOYHO MPO-
BEPUTD, UTO:

a) Ax — obpas d; 6) eciu Py, ..., P, € o6pa3 d u P HemocpeacTBeHHO
caenyet u3 P ..., P, no i-My npaBuay BbiBona, To P € oGpas d.

Ho a) oueBMIHO: BCE aKCHOMBI BBIMHCLIBAKOTCA HA HEYeTHbIX (LArax.
Ilns npoBepkH 6) BhibepeM n Tak, 4TO

12 (n) = i, 1D (n) = N, (<Py..., P>).

Toraa d (2n) = P. [lpennoxenune AokasaHo.
[TpcBepuM Temepb, 4To 3Ta obiuas CUTYalHs peaansyercs B fA3bIKax

kaacca Z,.
3.3. Mpasuaa soisoja Gen u MP. Onpepesum oTOOpaxeHHe Inf:

Z+ X S (S (A)) = S (A) rak:

D (Inf) = {<1, <P, (P) > (Q > P, Q, dopmynnt} U {<i, <P > | P
dopmyaa, i > 2}, Inf <1, <P (P)—> Q) > =Q,

Inf <, <P»> =V *i-1iQ)»



rie x; — j-1 mepeMeHHasi si3blka L B KaKOH-HHOYAb QUKCHPOBaHHOA HyMe-
pauuH nepeMeHHbIX ¢ o6pa3om Z+, cornacoBaHHOH ¢ Hymepauued A. flco,
yto Inf pekypcuBHO M ucyepnbiBaeT mpaBuja BeiBoda MP u Gen.

3.4. Akcuomnl. [TpoBepum, uTo B J1060M s13bIKe Kjacca &; nepeyncHMBl
CJefyIOlHe MHOXKECTBA:

a) TaBTOJIOTHH;

6) JorHuecKHe aKCHOMBI ¢ KBaHTOpaMH;
B) aKCHOMBI paBEHCTBA.
Kpome Toro, nepeuncaumel

r) creunansHeie akcHomsl Ly Ar;

I) creuuaJjbHble akcuomel L; Set. Ha camoMm nene Bce 3TH MHOXKecTBa
JaxKe paspellnMbl, YTO HETPYJHO YCTaHOBHUTb MeTolaMH § 2, HO nepedncJiu-
MOCTb JIOKa3bIBa€TCSi HEMHOT'O KOpoue, H HaM ee NOCTAaTOYHO.

3.5. Tastoaoruu. B §5 ra. I1 kuuru J1 v HJI nocTpoeH koHeuwnift cnu-
COK cXeM 6asHCHBIX TaBTOJIOIHH U MOKa3aHO, YTO BCE OCTaJlbHLIE BLIBOAATCS
u3 Hux nocpeacrsom MP. IToatomy cornacHo npeasoxenuio 3.1 nocrarou-
HO NPOBEPHTh MEPEYHCIUMOCTh Ga3hCHBLIX TaBToAOrHH. Jliobas cxema Ga-
3MCHOH TaBTOJIOTMU Ompefe/sieT MHOXKeCTBO GopMyJ BHJA

Q@ Pi, Qe Py, Pi. Qr+1s

rie Q; — GUKCHpOBaHHBIE HENYyCThie BbIpaXKeHWs (KpoMe, BO3MOXHO,
Qi Qr41); iyy ooy i € {1, ..., m} 1 <P,, P,,> npoGeraer ynopsoueH-
Hble m-ku ¢opmyn L. Tak kak corsacHo n. 2.5 MHOXKECTBO TaKMX m-K
paspeIurMo U onepauus CoeUHEHHsT peKypCHBHA, SICHO, YTO MBI M0JIy4aeM
nepeurcaUMOe MHOXKECTBO (POPMYJI.

3.6. Akcnomul ¢ KBaHTopamH. B nunasnexte £, rie g HCKJ/IOYEH, OHH
YKJaJbIBAlOTCA B JBE CXE€Mbl aKCHOM:

a) (yx (P (x))) > (P (¢)), rme x He cBsisbiBaeT TepM ¢ B dopfiyae P.

6) (yx (P) = (Q))) = ((P) = (yx (Q))), ecin x He BXOLHT CBOGOAHO

B .
CornacHo n.2.8 mHoxecTBo TpoeK {<lx, P, {> | x He cBsA3bIBaeT ¢ B
P} paspewnmo. CorsacHo n. 2.9 orobpamenue <<x, P, {> — P (f) pe-
KypcuBHO. Tak Kak coejuHeHHe TOXe PeKYPCHBHO, MHOMKECTBO aKCHOM a)
NepeyncakMo Kak o6pa3 paspelluMOro MHOXKECTBAa OTHOCHTENbHO PEKyp-
CHBHOH (YHKUHUH.

AHanoruyHo MOJYYHTCS NEPeYHUCHHMOCTb 6), €CcIH Mbl MPOBEPHM, YTO
yCJIOBHe «x He BXOAMT cBoGoiHO B Q» paspemnmo. Ho oHO paBHOCHJIbHO,
HanpuMep, TaKOMY: «pe3yJibTaThl MOACTAHOBKH B Q BMECTO CBOGONHEIX
BXOXIEHHH X MepeMeHHBIX X;, X, COBMAajalT c Q», rme x,, x, — Jiobas
¢uKcHpOoBaHHasi Mapa NepeMeHHHIX. PaspelMMoCTb 3TOro YcJ/oBHS cJe-
ayer u3 n. 2.9.

3.7. Akcuombl pasencra. CorsacHo npensioxennio 4,6 rn. Il guuru
J v HII nocraTouno npoBepHTh nepeyucauMocTb GopMyst Buia

(x=y)—> (P (x, x) = P (x, y)),
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rae P npoGeraetr aToMapHsie GOpPMYJIH si3biKa, a P (x, y) mosyyaercs H3
P samenoii /060H 4yacTH BXOXIeHHH x HAa y; X, y — nepemeHHrle. Mx
MHCXKECTBO MOXHO [OJ1y4HTb, HapuMep, Kak o6pa3 4aCTHYHO PeKypPCHUB-
HOH PyHKumu S (A) X A! X A! X S (Z+) - S (A):
<P, <>, <y>, <iyy ...y b, > — pe3yJbTaT MNOACTAHOBKH Y HA MecTa
i1y ...y [, B aTOMapHOH dopMyJsie P, ec/lH Ha 3THX MECTax CTOHT X.
PexypcuBHocTb ee ciepyetr u3 pesysbraToB 1.2.4. H 2.6

3.8. AkcHomb L,Ar u L, Set. YacTb 43 HUX He COLEpPKHUT «MeTasi3bl-
KOBHIX INepeMeHHbIX» AJs GOpMYJ, a TONbKO MepeMeHHble si3blKa: 3TO Bce
3KCHOMKl apH(PMETHKH, KpOMe HHAYKIHH, U Bce aKCHOMbI TEOPHH MHOXKECTB,
KpoMme MOACTaHOBKH. Pa3pelnMoCcTb KaXIOro U3 MHOXKECTB TaKHX aKCHOM
CJ/lefyeT H3 TOro, YTO ero MOXKHO ONHCATb YCJIOBHEM THIIA «MHOXKECTBO (op-
MyJ JUIHHEL 39, Y KOTOPBIX Ha 1-M MecTe CTOHT (, Ha 2-M Y, Ha 3-M NMepeMeH-
Has, Ha 4-M (, ..., Ha 39-M), Ha 40-Mm); Ha 3-M, 8-M H 16-M MecTax nepemeH-
Hble OAWHAKOBBI, Ha 9-M W 36-M MecTaX nepeMeHHbLIe OAMHAKOBHI, HA 17-M
H 37-M MecTax MepeMeHHhIe OJMHAKOBLI; 3TH TPH NepeMeHHbIe NonapHo pas-
HBle» (akciomMa oObeMHOCTH L,Set B HOopmaJiusoBanHo# 3amucH). Brpo-
yeM, JOCTATOYHO GblIO Gbl HAMKCATD [0 OJHOMY 3K3eMIIAPY KaxXKIOHd TaKoH
aKCHOMHI: OCTaJsibHbIe nopoxjaloTes Gen, akCHOMOH criennanusauuu 1 MP.

[Tepeunc/iMMOCTE AKCHOM HHIAYKUHH H MOACTAHOBKH MOJY4aercsl ¢ MO-
MOLIBIO TEX Ke MPUEMOB, 9TO H MEPeuHcoHUMOCTb Ga3HCHBIX TaBTOJIOTUH H
JIOTHYECKHX aKCHOM G KBaHTopaMH. Mbl oCTaB/isieM JeTajd 4HTaTeJio.

lnasa V

TEOPEMA TEAENA
1. NPUHUMN HEMNOJHOTLI

1.1. Teopema [enenst o HemosHOTe GOpMabHBIX TEOPHH MO-
®KeT ObTb TOYHO cHOpPMYJUPOBAaHA BO MHOTHMX KOHKPeTHbIX BapuaHTax,
HM OJMH H3 KOTOpbIX He HCueprbiBaeT ee COJepiKaHHs (eJHKOM. B aTom
naparpade Mbl MOMLITAEMCSI OTAENUTb MPHHIMNHAIBHYIO CTOPOHY TEOpeMbl
OT TeXHHYECKHX JleTaJlefl ee N0Ka3aTesbCTB IJIsi PA3HBLIX SI3BLIKOB, ONUPAsiCh
Ha pesyJsbTaTsl . [V,

1.2. Ilyctb A — KOHEUHBIH HJIHM CUYETHHIA a/ndaBHT G KAHOHHYECKHM
kaaccoM Hymepauud; S (A) — MHOKecTBO BrlpaxkeHH#H Hang A. [lpeano-
JI0XHM, 4TO B S (A) Kak-To onpepesieHbl IBa MOAMHOXKECTBA:

a) T < S (A) — MHOXKeCTBO «MCTHHHbIX» BbipaxkeHuii. Hanpumep,
Haa A MoxeT ObITh 3aJaH 513blK, Ta HJIH HHASl €ro CeMaHTHKAa H (QYHKIIHSA
HCTHHHOCTH OTHOCHTEJILHO Hee.

6) D < S (A) — MHOXeCTBO «J0Ka3yeMblX» HJIH «BbIBOJHMBIX» BbIpa-

XKeHHH,
87



OHO MOXeT GBITb ONHCAHO «aKCHOMAaMU» WJIH «PAaBHaMH BLIBOLA® HJIH
KaK-HHOYJb eiie. Mbl 6yneM cunTaTh, uTo D = T B COOTBETCTBHHU € CeMaH-
THKOH TepMHHOB (HOKa3yema JMIUb HGTHHA).

EcTb Bce ocHOBaHusi BepHTb, UTO ecyid D, T NocTpoeHB! «eCTeCTBEHHO»
B Xojie JioGo#i opMaJjiH3anuy J060oro ¢pparMeHTa COBpeMEHHOH MaTeMaTH-
KM, TO BHIIOJIHSIIOTCS CJIEAYIOULHE [P HHIHMBL.

1.3. Mnoxcecmso D nepeuucaumo.

VHTYyUTHBHbIE apTyYMEeHTHl B M0JIb3Y STOTO TaKOBHI. [IpelanooxkuM, 4to
«[lOKa3yeMble» BbIpaXKeHHs — 3TO Te, AJs KOTOPHIX CYILECTBYIOT «JlOKa-
3aTesibcTBa». «JloKasaTesbCTBa» — 3TO TEKCThI, KOTOpPble MNHINYTCs, BO3-
MOXHO, B IpyroM ajadasute B, T. e. anementst S (S (B)). (Hanpumep, Teo-
pembl L;Ar MoryT nokaseiBaTbesl B si3bike L, Set.) MunumasbHoe TpeGoga-
HHe K GopMasibHBIM MaTeMaTHYeCKUM HOKAa3aTeJbCTBAaM COCTOHUT B TOM, UTO
6bl OHH MOIVIH OLITb MEXaHHYeCKH pacro3HaBaeMbl KaK TaKoBble, T. €.
o6pa3oBbiBa/iy pasperinMoe noaMHoxkecTso S (S (B)). (Bapouem, 31ech Gui-
JI0 OBl JOCTATOYHO NOTPe6OBATh NEPEYNCTAUMOCTH H CAMUX «I0Ka3aTeNbCTB».)
BTopoe HensGexHoe TpeGoBaHHE COCTOHT B TOM, YTOObl MO KaM{IOMY «JIO-
Ka3aTeJIbCTBY» MOXKHO GLIJIO MEXaHWUECKH MOJIYUHTh «I0Ka3aHHOe Bblpaike-
Hue» B S (A). MupiMu cioBamu, uactHuHas ¢yHkuusa S (S (B)) — S (A)
«7I0Ka3aTeJIbCTBO» —  «IOKa3aHHOe» JA0JKHA ObiTb (MOJy) BbIYHCJ/HMA.
Ho Ttorna ee o6pa3 nepeuncaumM.

B § 3 rn. IV MBI ycTaHOBHJIH NEpeuHCIMMOCTb BHIBOIXMMBEIX GOpMYJ B
A3bIKaX Q) B COTVIACHH ¢ 3THMH HeOpPMaJlbHBIMH PACCYKIAECHUSIMH.

3ameTHM, 4TO BO BCeM OGCYXKIEHHH HesiBHO NPHCYTCTBOBaJ BPEMEHHOM
aCreKT: «I0Ka3aTelIbCcTBO» MOHHMaeTCsi KakK «I0KasaTeJbCTRO € [OMOLIbIG
CPEACTB, MPHHATHIX K HACTOSIEMY MOMEHTY H (MOJY) pacnosHaBaeMbiX
KaK Takosble». [locne BBerenusi, cKax<eM, HOBOH aKCHCMbI TEOPHH MHO-
XKEeCTB M ee JOCTATOYHO LIHPOKOTO TMPU3HAHHS MOHSTHE [OKA3aTeJbCTBA
paciIMpPHTCsi, KaK 9TO MPOHM3CIJIO C aKCHOMOH Bhi6Opa (MJIH, CKOpee, NPHH-
uun<5)M TpaHCPUHUTHOH HHAYKUWH, JemMo# Llopua...). Cp. ¢ 06cyxaenuem
B § 5.

1.4. Muoxcecmso T Henepeduucaumo, ecau CEMAHMUKA UCTILHHOCMU HA-
CmoabKo 602ama, 4mo 6KAI0HAem 6 CebA SAEMEHMAPHYID  apupmemuKy.

$IcHO, uTO MBI HMeeM B BHIY Te HJIY HHble BapHaHTHl Teopemsl Tapckoro,
JocTaBJsoNHe Aaxe HeapudmeTHuHocTs T. B coenyromtem naparpade Mbi
yKaXkeM HEeCKOJIbKO TOYHBIX KOHKpeTH3auu#l 3Toro npunuuna. CMm. Takxe
n. 5.3, 5.4 uuxe.

1.5. Teopembl 'enens o Henoanore (o6was gopma). DPopuarvroe meo-
puu mamemamuru yoosremseopsom npunyunam 1.8 u 1.4. Iesmomy & do-
cmamouno 602amolx meopusax 6ce2da Cyuecmsyrom HedoXKasyemole UCHUHHbLE
BOLPANCEHUS.

2, HEMEPEYMCIIMMOCTb UCTHHHbBIX DOPMYN

Crenywoiive KpHTepUH Bce SIBJSIOTCS BapHALHsSMU HA ONHYV TeMY, XOTs
3TO He ObiJIO OYEBHAHBIM CPa3y: «ayTopedePeHTHOCTb, MJH AUArOHAJbHbIH
npouece» (em. JL u HI).
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2.1. A3pik S Ar. Mul oteniniaeM K § 10 ra. M 1 u HJI 3a onucanuem sto-
ro s3biKa W €ro cranjapTHoil unTepnperaunu. B § 11 ra. Il nokasano, uto
MHOX€CTBO HOMEPOB HCTHHHBIX (opmyJ B HyMepauuH LMynbsina neapud-
meTHuHo. Tem Goslee OHO HemepeuUCIMMO, NOCKOJIbKY MEPeUHCAHMbIE MHO-
JKECTBa JlaXke AHO(AHTOBHI.

2.2. flapik L,Ar. 3pech Mbl pHBejieM [Ba BApHAHTa apryMEHTOB: OLHB
HaeT GoJiee CHJIbHBIA pe3yJabTaT, a Apyrofi — GoJiee KOHKpeTHbIA. TpeTui
BapHaHT, Haubosee GIH3KHI K NepBOHAuYaJbLHOMY paccyxkaenuio [enens,
onuca B § 5.

a) Teopema Tapckozo 0as L,Ar. Mbl MoXKeM CBeCTH JOKa3aTeJbCTBO He-
apUpMEeTHYHOCTH HCTHHHBIX GopMya B L, Ar K Teopeme Tapckoro.B S Ar
crenyomum crnocoboMm. Bo-nepBeix, MHOxeetBa ¢opmya L, Ar u S Ar
pa3pelUHMbl BO MHOXKECTBe BCeX BhlpaxKeHHH (3To nokasaHo B§ 2 ra. IV nas

12

L, Ar). Bo-Bropnix, oro6paxeHue nepesoja: {¢opmyasl S Ar} — {dop-
myabl L, Ar}, onucanuoe B § 10 ra. II kuuru L u H], pekypcusHo (310
JIETKO YCTaHOBHTb No o6pasuy paccyxneuuil raaem [V). Tak kak oHo
coxpaHsieT (GYHKIHM HCTHHHOCTH, T0 T, = ¢r~!(T.) B oueBUIHBIX 06oO-
3Hauenustx. Ho Torma us apudmernusoctu T, chenorana Gbl apupMeTHd-
HOCTb (CM. ICKa3aTeNbcTno JeMMbl 1.5 rai. [V), uTo npoTHBOpeuHT TeopeMe
Tapckoro ansa SAr.

[IpoBecTH 3TO I0OKa3aTeJIbCTBO BO BCeX AeTaJsiX Obl10 Obl MOJNE3HbIM YII-
pa)KHeHUeM JJ15 UHTaTelsi.

Cnenyiolee paccyxieHHe npoile, TOYHee, HO OHO MOKa3sbiBaeT JIHIIDb
~HenepeyucauMocTb T, BMECTO HeapH(PMEeTHYHOCTH.

6) Ilyctb E — Z* — nepeuncinmoe, HO HepaspellleMOe MHOXKeCTBO
(ero cywecrBoBanue ycraHosaeHo B § 5 ra. I). [lycrb popmyna P (x) s3bl-
ka L, Ar ¢ onHo#t cBOGoAHO# mnepemeHHOH x BbipaxcaeT E. [lonoxum nas
n>2:n=(..+ (I + 1,1)...), rae cnpasa CTOMT TepM — HMs LEJOrO YHC-
Jla n B OUeBHAHOM KaHOHHYeCKOH 3andcH Tuna £,. PaccMoTpuM cemeficTBO

3aMKHYThIX opmya { — (P (n)) | n€ Z*+} B L, Ar.
2.3. Mpenaoxenue. a) Omobpancenue Z — {opmyasr L, Ar} n—
- — P (n) pexypcusro.

6) Mmnoxcecnso {n | — (P (n)) ucmunna} Henepeuucaumo.
Caencteue. Ty, Henepeducaumo; 6osee MOUHO, MHONCECMBO UCIMUHHbLY

gopmya  cemeiicmea { — (P (n))} nenepeuucaumo. (Huave npoodpas T,

B Z+ Obla1 Obl M€Peync/InM.)

HNokasaTeabcTso. a)llyctb gopmyna — (P (x)) umeer BHI
coelnHeHHs! Ry x:RyX...xRs4;, TI€ X He BXOLMT B BhlpaxkeHns R;. B o6o-
3HaueHHAX NOKasaTenbcTBa mpeianoxenus 1.9 ra. IV umeeM ans ¢uk-
CHpOBaHHOH HyMepauun N MHOXecTBa BbIPaK€HHH € (yHKUHeHd COeaH -

HeHUs*:
N(—(P(ANW=N(R)*N(n)*N(Rg)%...+ N(Roy,).

[TostomMy JOCTaTOYHO AOKa3aTh peKyPCUBHOCTb (QyHKundu n 1—> N (n).
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Ho Tak kak n + 1 = + (1n), 10 npu n > 1
Nt D=N(+)sN ()+NT)sN@m)+ N (),

4TO HaeT pekypcuBHOe Bhipaxkenne N (n + 1) gepes N (n).
6) {n1—1(P n) €T }=L+\E

no onpelejenuio ¢dopmyanl P (x), sbipaxatomert E. Ho nonosnenne k E
HenepeuncauMo, Tak Kak E Hepaspeliumo.

[lpennoxenue H caeACTBHE AOKa3aHbI

2.4. Sl3bikH, He meHee GoratTbie, yeM L, Ar. [Tyctb L — npou3BoabHBIR
3HK C aA$aBHTOM A (KOHEUHBIM HJIH CUETHHIM), B KOTOPOM 3alaHO MHO-
*EeCTBO ¢HCTHHHHIX» BuipaxeHu#t T [lpenanosioxum, 4To oH He GelHee A3bi-
Ka apUPMETHKH B CJeAyiolleM CMbIC/e:

Cywecmsyem omobpaxcerue nepesooa

tr {gopmyare L, Ar} — {eupaxcenus 6 A}, komopoe nepesodum T,
8 T, donosnenue T, 8 donoanenue k T, u pexypcusHo.

’l‘oeda T Henepeuucaumo.

Takoe oToOpaXkeHHe MOMKHO MOCTPOHTD, cKaxem, ans Ly Set. [lpen-
JNoxeHHe 2.3 nokasbiBaeT, YTO JOCTATOYHO yMeTb MepeBOAUTH Ha A3blKe L

naxe TosibKo opMyJibl W3 cemefictBa — (P (n)), uTo no3BoJseT oGOATHCH
OYeHb CKPOMHBIM $3bIKOM apU(METHKH.

2.5. 3ameuanusn. a) Cepus nuodaHTOBBIX 3aJay CHCTHHHA JH P (n)»,
T. €. «CylleCTBYeT Ju peuienue B Z*+ auodantoBa ypaBHeHus F (n; x,,...,
x,) = 0? (F — nolXoasillHA MHOTrOu/NeH ¢ ueabiMH KoadduuHeHTaMH)
TAaKOBa, UTO [J1s51 €e [IOJHOrO pellleHHsl He MOKeT XBaTHTb HHKaKOro GUHHTHO
OMKChiBaeEMOTO Hafopa AoKa3aTe/bHbIX CPeACTB.

MoXHO CKa3aTb, YTO TEOPHSA AUO(PAHTOBBLIX ypaBHeHHH yKe 6eCKOHEYHO
CJIOXHA.

6) B HekoTOpoM cmbiciie /106asi 3aa4a MaTeMaTHKH CBOAMTCS K AuodaH-
ToBO#. [leficTRUTeNbHO, MepeBOAsl ee Ha MOAXOAfLIHH (OpMabHBIHA fA3BIK,
pa3yMHO CMPOCHTb. sfoKa3dyeMa au ¢opmyna P unu — R?» Ho 310 ecth B
TOYHOCTH BONPOC O TOM, Monajgaet ju HoMep P (Homep — P) B nepeunc/u-
Moe MHOxKecTBO D acka3dyemblx ¢opmyd, T. €. 0 TOM, PaspellinMo JiH AHO-
$aHTOBO ypaBHeHHe H3 1aHHOH cepHH, oTBevaioweli D.

ATo — HECKOJbKO HEOXKHAAHHOe MNOATBepxkaeHHe MHeHusi [aycca o
KOpOJIeBCKOM cTaTyce apudmeTukd. CyliecTByeT naxe «KOPOJIEBCKOE AHO-
¢$aHTOBO ypaBHEHUe» — NpoeKuus rpadgHka ero ecTb MHOXECTBO HOMEpOB
¢opmys B L, Set, BoiBonuMbIX H3 akcHoMm Llepmeno — ®penkesns.

KoneuHo, Mbl NPHBBLIKJAH CNpalliiBaTh «HCTHHHA JU P?, a He «loKasye-
Ma aH P?»

C »3Tofi TOYKM 3peHHs BbICLIHE TBOpPUECKHE aKThl B MaTeMaTHKe
CYTb M300peTeHHsl HOBbIX MPHHUHUIOB A0Ka3aTelbCTB, KOTOPble He PepyIlH-
PYIOTCSl K «HACJIENMIO OTUOB» U JOJIKHBI ObITh 32aHOBO NMPHHHMaeMbl Ha Be-
py. Teopusi MHOXeCTB B leJioM Oblia MOC/NEHHM TaKHM NPHHUHKOOM B Ma-
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TeMaTHKe HOBOTO BpeMeHH. [lpaMaTuueckas MCTOpUs ee TOp)KecTBa H He-
NpHUSATHA JOCTOMHA BeNMUMHBI 3TOTO OTKPLITHS.

Y nuBHTENbHO, YTO B paMKaX (JOpPMaJsibHOM MaTeMaTHKH MOXHO KO€-4To
CKa3aTb H O cTo/ib HeopMaJbHBIX Belwlax (cp. ¢. § 5 aaabue),

3. O AJMHE AOKA3ATENbLCTB

3.1 Haapanue storo maparpaga BOCMpOH3BOIHT 3arsiaBHe HEGOJNbBIIOR
pa6otel I'epens 1936 roga. ConeprkaHHe ero COCTOMT B yTOYHEHHH H JOKa-
3aTeJIbCTBE CJELYIOUIMX KAueCTBEHHBIX YTBEPKIEHHH.

[Tyctb nan gopmanbHuil s3bIK L BMecTe ¢ HEKOTOPOH KOHIeNuUed Bbl-
BOIMMOCTH (opMy.a P u3 (nepemeHHoro) MHoxectsa ¢opmya A. Ceepx To-
ro, NycTb JaHa HeKOTOpasi PyHKIUHs, OIEHHBAIOMasl «CJOXKHOCTb BEIBOJAAY
dopmysbl P w3 MHOXKeCTBa A (3TO MOXKET ObITb MUHUMANbHbIL 00BeM (hop-
MarbHo20 8bico0a P w3 A, T. e. 4HC/IO 3HAKOB KOHEYHOro nportoasihaBHTa,
BXoJsllero B Takoil BwiBon). [Ipennoniokum, uto B L 3ajioxeH onpenelied-
HbI ¢pparMeHT Joruku &,, 4to L u A nocrtaToyHo GoraThl AJsi AeACTBHA
NPHUHIMMOB HEMOJHOTH M 4TO «CJOXHOCTb BhIBOZA» YIOBJIETBOPSET HEKO-
TOPBIM €CTECTBEHHbIM aKCHOMaM (He nyTaTb ee CO CJoXKHocTbio Koamoro-
pOBa; 3TO COBEPILEHHO APYroe MOHSTHE).

Torza copaBensusbl cienyiouye GakThl.

a) Cywecmsyrom eoeo0umbie u3 A Gopmyasl, 661600 KOMOPbLX CKOAb
yeo0ro boaee caoxcen, Yem cama opmyra. .

Ha6lonenve nokaspiBaer, 4To K 3TOMY pacmJblBYaTOMY KJaccy MpH-
HanJlexaT ecyld He CaMmble BaXkHble, TO, MO KpafiHedl Mepe, «[PH30BLIEY Ma-
TeMaTHYecKue (PpakThl.

6) Ecau dobasume & axcuomam A awobyro Hesasucumyno opmyasy A,
mo Haidymes eoeodumbie u3 A gopmyavt, 66600 komopbix uz A | {A}
6ydem ckoab y2adHO npouje, 4em 661800 u3 A (MPHHLUN YCKOPEHHs [oKa3a-
TEJIbCTB).

Cp. GonblLIyl0 CHJIY «aHAJHTHYECKHX» METOJOB [0 CPAaBHEHHIO C «3Jle-
MEHTapHLIMH» B TEOPHH YHCEJ.

Crenyioliee TOUHOe H3JIOXKEHHE OCHOBAHO Ha 3aMeTke JpeHdoiixTa u
Mbinenbckoro B c6opuuke [6]. B 3Tom cGOpHHKE HMEIOTCs TaKXKe POACTBEH-
Hble PaGOThI 0 CJIOMHOCTH BHIUMC/IEHHH H YCKODEHHIO BbIYMCJEHHH.

3.2. PaccmotpuM cienytominii HaGop NaHHBIX.

a) Cuemmbwil asasum A ¢ bukcupoBaHHOH Hymepaumed N A — Z+.

6) Ioamuoxectso F = S (A), 3/ieMeHTE KOTOPOTO HAa3bIBAIOTCSA ¢hop-
myaamu.

B) Uactuunoe orobpaxenue P : P (F) - P (F), koTopoe HEKOTOPEIM
muoKecTBaM GopMya A = F cTaBHT B cooTBeTcTBUE MHOXKeCTBa D (A) €8bi-
600umbix u3 A» gopmya. Buecto P € D (A) Mbi Gyaem nucatb A E P.

r) Cromnocms evieoda: dynkuus Cd_g (P), onpeneiennas s mnap
A=F, P ¢ D(A) u npHHuMaIOasl 3HaYeHHs U3 Z¥. Y 106HO CUMTaTb,
yto Cd_gz (P) = oo, eciin P & D (A).
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HaJtoxum Ha 3TH naHHbE cnenyloume YCJIOBHS.

3.3. a) A codepxcum —, —, (,).

6) Ecau P, Q € F, mo - (P), (P)— (Q) € F. Kak obuuno, 6y-
IeM mHcaTbh P — Q smecto (P) — (Q) v 1. m.

B) A =D (A); ecru A < A u D(A) onpedeseno, mo L\A') onpe-
denero u D (A) = D (A).

8:) Ecau o | {P}1—Q, mo A4 1—P Q.
83) S 1— P -~ (— P - Q) Oan a060ex P,Q € F.
ro) Ecau A4 S A’ mo Cdd,, (P)<Cda{,(P)

r1) Mroacecmeo {<P, n> | Gd_, (P) < n} < S(A)X Z* paspewuno.

YcnoBue r,) He 06513aHO BBIMOJHSITHCS A5 JOObIX A= F, HO MBI Gyliem
paccMaTpHBaTb TOJIbKO TaKHe A4, /15 KOTOPBIX OHO BepHO. B cayuae, koraa
Cd_g (P) — ob6bem kpatuaiiluero Z,-sbiBofia P u3 4 B KOHEYHOM MPOTO-
andasure, a A — paspellIMOe MHOXKECTBO aKCHOM, CBOWCTBO ry) BHINOJI-
HAETCA [0 chaelyiouiel npHynHe. Mpl MoXKeM HamucaTb BCe TEKCTHl B A
o6beMa < 1, KOTOPBIX KOHEYHOE YHCIO, H JJIsl KaXKAOTO H3 HHX MO o4epelnH
(IPOBEPHTb, AABJAETCA JU OH BbiBOAOM P u3 A.

r,) Cywecmsyem makas Heybuiearowan no x oduwepekypcusHan YyrKyus
[ (x, y, 2), umo

Cdg | oy (@ < (Cd g (P—>Qu N(P), N (Q)

onascex Q € D (A).

OGe yacTH HepaBeHCTBA KOHEUHBI B 3TUX YCJOBHAX: Tak Kak 4 |- QB
cuny B,) umeeM AU {P} - Q, a B cuay B,) A P — Q. Ouenka Tuna
) UMEET MeCTO B si3plKax £,, MOTOMY d4TO H3 JioGoro BeiBoga P — Q u3
A MOXHO moayuutb BbiBod Q u3 A J {P}, npocto no6aBus P, Q (B cuay
modus ponens). 1o yBesuuHBaeT o0beM BbiBoda P — Q Ha 06bembl
P u Q.

rs) Cywecmsyem maxas obwepekypcusHas QPyuKyus g (x, y), 4T

Cdg (P— (4 P~ Q) <g (N (P), N (Q).

B asbikax £, popmyna P — (— P — Q) sBAsieTcsi JIOTHUECKOH aKCHO-
MOH U ec/ii A ee CONepIKUT, TO BbIBOA aKCHOMBI HUMeeT MJUHY | 4 oGbem,
coBrnajamiui ¢ o6bemom camoit ¢opmyJel. [locnennuii, koHeuHo, npenc-
taBaserca B Buge g (N (P), N (Q)).

Coopmyaupyem Tenepb Teopemy ['enensi «o6 yCKOpeHHH 10Ka3aTelbCTBY.

MPEANoJIaraeM,yTo BLINOJNHEHBl COTJIalleHHs H ycjoBusa 3.2, 3.3.

3.4. Teopema. a) [Tycmo A4 < F. 2D (A) nepaspewumo. Tozda 0as aro-
6ol obwepexkypcusrot pynkyuu 1 cyuecmeyem 0ecKOHeuHO MmHO20 Gopmya
P € 9 (A), marux, umo

Cd g (P)> 1 (N (P)).
)



6) ITycmo A’ = A {A} u ¢opmysa A maxosa, amo D (A {=4))
Hepaspewumo. Toeda 0rs a0boti 0b6wepekypcusroti pyrnkyuu r cywecmsyem
beckoneano muozo gopmya P € D (A), makux umo
Cd_g(P) > r(Cd_g- (P)).

llokasateabcTso. a) Eein nepeoe yTeepxnenne HeBepHo, To
ans noxoxset I u Beex P € D (A) umeem Cd gz (P) < (N (P)). Ho Torza
MHOXKECTBO

DA)={PICl,(P<IN(P))} =S (A)

paspewiimMo B CHJY Iy), HOO MOJy4aeTcss UPUMEHEHMEM OrPAHHYEHHOTO
KBaHTOpa CYIIECTBOBaHHsl (IO 1) K pa3peliiMOMY MHOXECTBY, ONHCAHHOMY
B [;). DT0 NPOTHBOPEUHT NPEMJIOIKEHHUIO.

6) [lycte P € D (A)U{ — A}). B cuay r,) umeem

Cdg (= ay PV <I(Cd g (TA—P), NTT4), N(P))

Eciin Tenepb npennosioXuThb, YTO BTOPOe YTBEPXKIEHHE TEOPEME HEBEPHO,
TO 415 MOAXONsilIeH HeyObiBalowed oOLepeKypPCHBHOM (QYHKUMH 7 [OoJYys
YHM

Cdg (T1A=>PY<r(Cd g, (T14 - P))

W/IH B CHJY Ty) U T3)
Cdg (HA—>P) <rof(Cd g (A — (- A= P)),

N (A), N(P) <r-flg(N(A), N(P), N@A), N (P).

INoacraBasis 310 B caMoe nepBoe HePaBEHCTBO, NOJyuaeM NPH (DHKCHPO-
BaHHOH A OLEHKY BHIa

Cd_, U= 4) (P)y <IN (P,

rae | obwepekypcuBHa, P €D (AU {— A}). d10 npoTHBOpeuHT Hepas-
pewnmoctd D (A J{—A}) B cuny nepBoro yTBep:KIEHHS TEOPEMb.

3.5. 3ameuanue. B dopMyspoBke TeopeMnl 3.4 CyllleCTBeHHO YCJIOBHE
Hepa3peLIUMOCTH MHOXKecTBa JoKa3yeMbix topmyn. Ero nokasan Uepu aas
110604 TeopHH, HE MeHee CHIbHOM, yeM apudMeTHKa.

4, APUDMETUYECKASA UEPAPXUA

4.1 Onpexenum pexypcueii mo n clepyowHe KJaccH Zp, [Ip noaMHOXecTB
B (Z+)m pas BCceBO3MOXHEX m=0,1, 2...
a) Zo=1IIy={paspemnmeie MuoKecTBa}.
6) 2n+1={npoekunu KopasmepHOCTH > | 3/ieMeHTOB l'.l,,}.
B) Iy 1= {onoNHEHHS K 371eMEHTaM Zpi) B HX 0OBEMJIOUHX npocrpancraax}.
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OueBunno, =, —nepeguciauMule MuoXectsa, Il —pgomoanemns k Hum, Caeny-
IOlHA pe3ysbTaT ONpaBILIBaeT Ha3BaHHe «apudMeTHUeCKOd HepPapPXHHY A/ MOCJAEAO~
BaTeJbHOCTH {Z,, [Ip}.

4.2. Mpeanoxkenre, a) yn > 0, S, UMK € Zp4 N Hpgae

oo oo
6) U Zn= M, = {apudmernaeckne Maomecrsa}.

n= n=

m. e. MHOXcecméa, esipasumvie gopmyranu sassika Ly Ar,

B) Mnoocecmea kaacca =, npu n > 1 cosnadarom c MHONCECMEAMU, KOMOpbie
aoupasumel caedyrowumu popmysamu muna L, (keanmopo—no nepemennvin 6 Z+,
E — paspewiumvie mHozxcecmsa):

X ¥ X2 g Xy Vxn KXy, ceoi Xny Xpi1,eees ¥m) € E), n uemno;
X1V XeT X3 o X0 (KXLs oves X0y Anslre-, ¥md> € E), n sevemno;

AHAA02UUHO D4R Tip

VX1g XV Xg TXn ({X1seees Xns Xnygseees Xmd € E), n uemno;
VX g XV X500 ¥Xn V(KXp,eiey Xy Xpygseees md € E), n Hewemno,

r) Mrooecmea Kaaccos Zp, Tp 6mpasumet anarocuunoimu gopmysamu 8 Ly Ae
€O CACOYIOUUMIU USMEHERUAMU: 6MeCMO <Xy, ..., Xp> € E caedyem nucamo aw6yo
AmMoMAPHYIO POPMYAY; 4UCAO KBAHMOPO8 neped Hed > R, HO 4UCAO nepemen Keanmo-
poe (coceOnux nap euda Y uau qy) no-npescnemy passo n — 1.

HDokaszateabcTBo. a. [IpoBerem uuaykuuio no n. [lpr n = 0 umeem
2o Ul = Z; N II; no onpexmesennio paspemumeix MHoxXects. Ecam Z,_;
c Zp, 10 2, < Zpy4q (60 Z54y — NpOEKUHH JOMOJMHEHHH K SiaeMeHTaM X,
a ¥, — NpOeKUHH IOoNoJHeHHHA K 3nemeHTaM X,_,) u I, < I,4, oo onpene-
nenno II. Hakoweu IIn < Z,4,, otkyna Z, < I,y neficteutenvHo, ecin E €
€ I, To EXZ+ € II, (Tak KaK yMHOXeHHe Ha Z+ KOMMYTHPYeT C JOMOJHEHHAMH
M NPOoeKUHsMH H nepeBo3uT Xy = [, B ce6s) H, 3HaunT, E — npoekuns E X Z+ ¢

€ Zn41
o0 0o
6) Cosnanenue U02n= Uon" caenyer u3 a). ITOT KJIacC MHOMKECTB COAepKHTCA
n=" n=:

B apupMeTHYECKHX, HOO MNepEeUHCIHMbBle MHOXeCTBa apHOMeTHUHH, a NPOeKUHH
M JONOJHEHHH He HapYIIAloT apHPMETHUHOCTH: WM OTBeYaeT HaBeIIHBAHHE J H —.
Ilna noxasaTtesbcTBAa 06PAaTHOrO BKJIIOYEHHS {apucpme'mqecxue MHOXecTBa) &

00
C U Z, = Z_, 3aMeTHM, 4TO MHOMKECTBa, BHPa3HMble aTOMapHHIMH GHOpMYJaMH,
n=0

paspemiHMBbl, a OCTa/JbHhHe MOJYYalOTCd M3 HHX NpPHMeHEHHeM MPOeKUHi, AOonoJ-
HeHuil, o6beanHenufl n nepeceuenn (§ 2 ra. II kunurn I u HI). [Mostomy nocratou-
HO NMPOBEPHTb, 4TO £ _ 3aMKHYT OTHOCHTEJbHO (KOHEUHBIX) MmepecedeHHi M OGbenH-
HeHHil, DTO BePHO MJIA KaxXaoro X, B otTaenbHocTH. das 2o 310 yXKe GO J0Ka3aHO)
Aajsee MHAYKUHA.

Ecau X, saMxkuyT otHocHTtedabHo [), To Il, 3amkuyT otHocHTensno U, Ecam
Eq, Ey € Zn41, Ey — npoekuus Fy, F; € II,, To MOXHO BBeCTH PHKTHBHBHIE Mepe-
MeHHBble H OTOXIECTBHTb APYT C ApPyroM obGbemuomue F; NMPOCTPaHCTBa B X MPOEK-
IHH B NpOCTPaHCTBO, obmue mas E;. Torma E; \J E, = upoexuus Fy |J F,, 1ax
uro Ey J Ey € Zp4y, ¥ 3HAUHT, Zpyy 3aMKHYT OTHOCHTENBHO |J.

Haxonen, ecin 2, 3aMkAyT oTHOCHTeabHO |J, To I, 3aMKuyT oTtHoCHTesbHO (),
H aHaJOTHYHOE pacCyXJeHHe MOKa3uBaeT, 4TO D4, 3aMKHYT OTHOCHTEABHO ()i
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31ech, OIHAaKO, HYXHO BJIOXHTL B o6llee NMPOCTPAHCTBO HEKOTOPHIE MPOH3BEAEHHA
Fy X (Z+)™, (Z+)™ X F,, TaK, 4To6H NPH OTOXAECTBACHHH OTOODPaXKeHHi NpoeK-
UHH Mbl HMeJIH

pr(Fy X (Z*)yns (Y (Z+)ym: X Fy)=pr F, ) pr Fs.

Ha si3bike ¢opMys 3TO 03HAauaeT, 4To CBSi3aHHEE KBAHTOPAMH 7 NepeMeHHHE B (op -
MyJax, orBeualowux Fy H Fy, HYXXHO MepeHMeHOBAaTb Tak, YTOOH HX MHOXECTBAa He
nepeceKJHUCh.

B) 910 y1BepXJeHHe MoJy4yaeTCs HMHAYKIHeH Mo n U NPsSIMbIM NMpHMEHEHHEM O~
penenenuii. CBA3Ky —, BHIPaXaloULY!0 NOMNOJHEHHe, HYXHO KaXIblil pa3s NPOHOCHTh
yepe3s BCe KBAaHTOPHl HaNpaBO, MOJAb3yfACh OGBIYHLIM NPABHJIOM KOMMYTHpPOBaHHS
=y = g—1, 1E = y —. lpoekurio Kopa3MepHOCTH m > 2, KoTopas BhIpaXKaercs
cepuell KBaHTOPOB X ;; Xj,» HYXHO CBOAHTb K NMPOEKUHH KOpa3MepHOCTH I,

saMeHsis TPYNNY MePeMEHHBX <Xy, ..., X, > Ha <H™ (), :::, &M (y)>, Menasn
COOTBETCTBYIOWHM 06pa3oM MHOXecTBO E M cTaBfl KBaHTOD T ¥.

r) JlokasaTeabCTBO MOJNydYaeTCsi TaKOH »Ke HHAYKUHeH, KaK B), C HCIOAB3O-
BaHHEM JHO(DAaHTOBOCTH MHOXECTB H3 Z,. YdecTb, YTO 3JeCb 3aMEHATb 3 gHaF
XKe, BooGUle roBops, Heab3d.

Tlpemsoxenne npokasaHo.

4.3. Teopema. Las scex n > 1

I\ #= @, Ua\Zn+ 3.

HokaszarteabcrBo. Yreepxaeane 3\ II; ¢ & — sto rteopema 5.8
ri. | o cyilecTBOBaHMH HepaspellHMbIX NepeYHCAUMbIX MHoxKecTB. OJ3uwui ciay-
yail JOKa3blBaeTC C MOMOILbIO aHAJIOTHYHOTO JHAFOHAJBHOTO pPacCyXXAeHus, MpPH-

MeHEeHHOro K BepCaJlbHOMY CeMeHCTBY.
Ilycts {Eh} — BepcalbHOE CeMeHCTBO MepeyHC/AHMbiX (n = 1)-MHOXECTB Hajg

Z+, E — ero toTaJbHOE NMPOCTPaHCTBO:

Sk, Xoyeeey Xpd € E ==» (x9,..., x> € Ep.

Il

[Monoxum, cuutas anas onpeneseHHoctn n = 0 (2):
F={k|ax1Vx2... VX "\ (Kk, k) x1,..., xp> € E)} S Z*.

B cury 4.28) F€Z,. B cuny sepcanbnocrn {Er} u 6.28) m060e noamnoxecrso Z+
H3 T, MOXKHO BHLIDa3HTb B BHIE

Fko :{xoll_—. (gxle2... Vxn)_l(<k(). X0» X1se00s Xn> E E)}

Ana moaxopauero kg€ Z+ Slcuo, 9T0 ko JeXHT AH60 B F\ Fpy, aH60 B Fpo\ F -

[ostomy F = Fpo u F € 25\ II,.

OcranbHble cyyan pa3GHpaloTCsi aHaJOTHYHO,

4.4. 3ameuanns. a) C Touku 3penus TteopeM Tapckoro u legenss pesyabTaThl
4.2 u 4.3 noNYEpPKHBAlOT OTPOMHOE PacCTOSTHHE OT JI0Ka3yeMOCTH J0 HCTHHHOCTH:
D € %,, a T He ToabKO He MpHHaAJeXHT Z,;, HO JaXe BHIXOLMT 3a npedean I _.
B caenyioutem naparpade Mbl yKaxeM HeKOTOpbie BEPCTOBbie CTOJNIGbl Ha 3TOM MYTH.

6) PopmaabHO He onpaBlaHa NpeAIleCTBYIOIHMH DacCMOTPEHHSIMH, HO HMeeT
CMBICA KJaccHpUKaluMs apHPMeTHUeCKHX 3ajay, T. e. BonpocosB «Bepno Jn, 4io
P € T?, no uncily nepeMeHHHX KBaHTOPOB B 3aMKHYTOHl dopMy.e P, sanucaHHo#i
B BHZE 4.2r).

Kak nokasano B § 1 ra. I kuuru I u H]I, runoresa ®epma Bhipaxaercs ¢op-
Myno#t 7y, a Pumana — QopMyJsoii T3, XOTH €CTb SKBUBAJEHTHOE €d yTBepXKAeHHe

THNA .
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X. Pomxepc [2] nuurer: ¢<HeTpyano 3aMeTHTb MPH OTHOCHTENLHO MOBEpPXHOCT-
HOM HCCJIelOBaHHH, YTO NOYTH BCe rUNOTe3bl, Kotophle (I) WuTeHcHBHO paccMaTpH-
BaloTcsi MateMatHkaMu u (11) Bbipa3nMbl B apHMeTHKe, HAXOAATCA HA 1OBOJbLHO HH3-
KOM ypoBHe B KaaccHpukauuun Z,. [lo-BHauMOMY, MOXHO moJaraTb, 4YTO 4esoBe-
9eCKHIl MO3r crnocoGeH MOHMMaThb M H3YuaTh TOJBKO MpeisoXeHHA C He Gosee deM
4eTHIpbMs-AATHIO NepeMeHaMH KBaHTopoB. Boaee Toro, MoxHo cuuTaTh, 9TO BCAKHE
u306peTeHNs, MOATEOPHH B TJaBHbie JeMMbl B Pa3JHYHbLIX YacTAX MaTeMaTHKH —
3TO MpHCnoco6yieHHe B MOMOWbL MO3ry MpH paboTe ¢ OXHOH HJH ABYMS AONOJHHTENb-
HbIMH MepeMeHaMH KBaHTOPOB».

5. MPOAYKTUBHOCTbL APUDMETUYECKON UCTUHDI

5.1 B 3tom naparpade Mbl o6cyxIaeM MocJeIHU acneKT TeopeMbl
[enensi: BO3MOXKHOCTb, UCXOIs1 U3 JOGOTO NEPEUHCAMMOro MHOMKECTBA YIKe
H3BECTHBIX HCTHH apHOMETHKH, 3(PEeKTHBHO MOMOJIHHTL €T0 HOBBLIMH HCTH-
HaMH.

C 3T0il 1e/bl0 PACCMOTPHM NepBOHAYANbHBIH BapUAHT NOKA3aTeJIbCTBA,
B KOTOPOM JHaroHa/bHbIH METOJ BEISIBJIEH, @ He CKPHIT B KOHCTPYKIIMH nepe-
YUCAMMOTO Hepa3peliiMOro MHOXKEeCTBa. ¥ I0GHO onucaTh €ro, CpaBHHUB G
AOKa3aTeNbCTBOM TeopeMbl Tapckoro.

5.2. IlycTs 3amaH HeKOTOphI A3bIK apudmeruku (L, Ar, SAr wau ux
paciuvpenue). Bynem cuutaTth, uTo BbIOpaHa QUKCHPOBAHHAs HyMepauus
ero asagaBuTa, ompeaeasiomlas (PUKCHPOBaHHYIO HyMepaumnio dopmya N.
Jaa nanbHeiiero CyiecTBeHHO, YTO KOHCTPYKIHA He MHBapHaHTa OTHO-
CHTEJIbHO 3aMeHbl HyMepauHd Ha SKBHBAJEHTHYIO efl.

Kak Tapckuii, Tak 1 [enenp onupalorcs Ha CJeAYIOULVIO «wiemMMy 06
ayTopedepeHTHOCTH».

5.3. Jlemma. [To awboti hopmynre a3vika ¢ 00rH0E cBOGOOHOL nepemerHot
P (x) moxcro sghpexmusro nocmpoums samxrymyo dopmyry Qp, Komopasn
2080pum: «MOU HOMEp He NPUHAOACNHCUM MHONCECIBY, BbLPAUMOMY  NO-
cpedcmeom Po.

Huomu crosamu, Qp ucmunnas, ecau u moavko ecau P (N (Qp))
aoxcna, 20e N (Qp) — mepm «ums Homepa Qp».

JdokasateabcTBo. [Has S Ar sta Jemma Gulla yCTaHOBJIEHA B
§ 11 ron. 1] xgurn A v HA. Onsa L, Ar dopmyna Qp cTpOHTCS Tak.

Hazosem duazonarusayued dopmyibl R (x) ¢ onHol cBoGOAHOW mepe-
menHoi popmyny R (N (R)). Ilycre diag: Z+ — Z+ — vacTuuHas ¢yHK-
uusa, «N — HoMep GOpMYyJibl ¢ OAHOH cBOOOAHOH MepeMeHHOH |— N —
HOMep ee AUaroHasusauuu». PesynbraThl ¥ Metolnbt Ti. IV nossoasior Jer-
KO yCTaHOBHUTb, uTo diag BbiuHcauMa. [ToaTomy ee rpaduk Bhipasum gopmy-
Joit L, Ar, KOTOpYIO MOXHO SIBHO MOcTpoHTb. OGO3HAa4YUM ee uepe3 ¢y =
= diag x», noctpoum ¢opmyay R (x): gy («y = diag x" A\ P (y)) n,
HaKOHell, MOJIOKHM

Qp: "V R(N (71 R)) = nnaronannsauns "I R.

CorsiacHO onpeJe/ieHHsAIM HMeeM
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Qp ucTuHHA <==> HOMep — R He ynoBneTBOpsieT R <=
<==> HOMEp AMaroHa/Jusauuu — R He YNOB/eTBOPSeT P <«=>
<= Homep Qp He ynoBnerBopser P.

Jlemma nokasaua.

OtmeTum, uTo npoBepKa BepasumocTd «y = diag x» B L, Ar TpeGyer
GoJIbHION TexHHueCKol paboThl, u3-3a yero B Kuure JL u HII mbl 1 3amenn-
a L, Ar ua S Ar

5.4. [lanee paccyxnenus Tapckoro u lenens B napaasienbHoMm wu3fio-
XKEHUH BLITNIALAT Tak:

Tapckuit:

a) [lpeanosioximM, 4TO MCTHHHOCTBL Bbipasuma (dopmyJson P)

6) Torna ectv opmyJia, rosopsiiias «i He UCTHHHA» (Qp).

B) OHa He MOXeT ObiThb JIOXKHOH (IO CBOEH ceMaHTHKe).

r) OHa He MOXeT 6biTb UCTHHHOH (MO CBOEH ceMaHTHKe),

1) CrefoBaTe/ibHO, HCTHHHOCTD HE BbIP33HUMA.

lenenb:

a) [lokasyeMocTb Bhipasuma (dopmysnofi P)

6) Ectb dopmyaa, roBopsitias «s He nokasyemas (Q.).

B) OHa He MOXeT GbITb JIOXKHOH (MO CBOeill ceMaHTHke, HHAUE OHA JOKa-
syeMa # 0OTOMY HCTHHHA).

r) CnenoBaTenbHO, OHA WCTHHHA.

n) CaenoBaTe/lbHO, OHA Ke He NOKa3yeMa (Mo cBOell CeMaHTHKE).

OtmeTHM, 4TO MYHKT B) paccyxfieHUs [enens B HalleM nepeckase siBHO
HCNOJ/b3YeT THMOTe3y O TOM, UTO NOKa3yembl JIHIUb WUCTHHHbIE QOPMYJibl.
B 1931 rony, korna nosiBunack pa6ora [emens, cneunanuctel Gulin BCE
elle 3aHATHl IOHCKAMH QUHUTHBIX IOKa3aTe/IbCTB HEMPOTUBOPEUHBOCTH aK-
CHOMBI apu(MeTHKH, TaK 4TO MpUHSTHe runotesst D — T npOHBOpednso
6bl 1yXy Bpemennu. [losTomy B penakuuu camoro ['enens paccyxneHue Ebl
TJISIIUT HECKOWIbKO WHaue. Bce 3To mo Tpaauuuu moapoGHO OcBelllaeTcs BO
Bcex yueGuHKax Jornkd Ham mocratouHo sameTuTb, uto ecan D £ T, 1o
D =T w Teopema 0 HENoJHOTE BePHA TPHBHAJNBHO, HO Mbl HACTOJIbLKO
rJ1y6oKo 3aGJy)KHaeMcsl, 4TO 3TO yXKe W HeBaxKHO.

Bousee cyuiecTBelHo A9 Hac chepyiollee 06GCTOATENbCTBO: MO KaXKAOM
(HDUKCHPOBAHHOH KOHIEMUHH A0KA3yeMOCTH, MNPUBOLSILEH K MepeyHcHMO-
MY (MJTH JaXKe apHpMEeTHYECKOMY |) MHOXKEeCTBY IOKa3yeMblX HCTHHHBIX ¢op-
MyJs1 D, MOXKHO 3(h(heKTHBHO NOCTPOHTb HOBYIO OPMYJY, UCTHHHYIO, HO He
IOKa3yeMylo.

YToyHHM, 4TO 31ech MOHUMAETCS MOA «3(PeKTHBHOCTHION.

5.5. Onpepeneune. Mnoxcecmso F < Z+ naseigaemes npodykmusHoim
OMHOCUMEAbHO 8epCaibroz0 cemeticmea | -mroxcecms {E .}, ecau cywecmeyem
makast 4acmuuro pexypcusrad gynkyus f, umo 0an ecex k¢ Zt ¢ E, <
< Fumeem B € D (f) u | (k) € F\Ey.

5.6. Mpennoxeuue. B npedroxcenunx n. 7.2 MHONCECMBO (HOMEPOR)
UCMUHKHBIX (POPpMYA NPOOYKMUBHO OMHOCUMENAbHO BEPCAAbHOCO Cemelicmea

{E}, nocmpoennozo 6 § § ea. IV.
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HokaszaTtenabcTBo. Byrem mis KoHKpeTHOCTH paboTaTh ¢ A3bI-
koM L, Ar. [pexne Bcero nmocTpouM nepeddcauMoe cemeilictBo {Pj (x,)}
¢opMmya co cBOOGOIHOH NepeMeHHOH x;, TaKuX uTo P, BblpaxaeT Ej.
3TOfi We/blO ONpeje/nM Moc/enoBaTesbHOCTh TepMoB f [kl B L, Ar, kak B
n. 8.1 a), § 8 ra. VI, nosoxus

Flakl=k=+(...+(T,1)...), & pas;

Fl4k+ 11=xp,=(k+ 1)-5 nepemennas Ly Ar;
T1ae+21=+(F [t (0)), T [t2 (R)]);

T4k +31=-(F [t, (&), F [t (R)]),

M 3aTEM HalHLIeM

Pp= g x2(q x3... (3 xu (Ft2 (R)] =TF(ta (B)])...)).

PekypcuBHOCTb QyHKUMH kB — N (P)) Jierko nposepsieTcss MeTofamu § 4.
[Mocse 3Toro, UKcHpoBaB mepeBof «y = diag x», MOJTOKUM

Rr=g9 k1 (("xr+=diag x7) A (Pp(xy))),
Qp, =" (Rr (N (T 1(Rp))))

¥ OKOHUaTeJbHO

812N (@),

BuiuncauMocTs 3Tol GyHKUMH cJellyeT H3 BbiuHcaumocTH N (P,). Oua
yIOBJIETBOpsieT ycaoBHio 5.5, 1is T Bmecto F no jemme 5.3.

5.7. KoHuenuusi OpoAyKTHBHOCTH NPENOCTaBJsAeT CJAeAYIOMMH MOAXOX
K 3afaue ucuepnanus T: HauHeM c MHOXxecTBa D ¢opMyJi, 0Ka3yembiX OT-
HOCHTENBLHO cHcTeMbl akcioMm [leano Axg, Buipasum D, dopmyaoii Py,
nosoxuM Ax, = Axe U {Qpr,}: ananoruuno nocrpoum D;, P; u Ax, =
= Ax; U {Qp,} u T. & M3 Teopemnl ['enens cnenyer, uto noka Ml npo-
JeJIbIBAEM BCE 3TO «pPaBHOMEPHO 3(peKTHBHO», Mbl BCE PABHO HE CMOXKeM
MoJIyuuTb LeJNHKOM T Jaxe nocie TPaHCPHHUTHOTO yucaa waroB. Tem He
MeHee, Kak nokasaa C. @edepman, neHoi HensbexkHOH yTpaThi 3dheKTHB-
HOCTH Mbl MOXX€M TaKHM crocob6om moay4utb Bce T Ar, 4To naet 06 3Tom
MHOJKECTBE HeOXHIaHHYI0 H (HIOCOPCKH HHTEPECHYIO HHPOPMALIHIO.

CchopMyJupyeM B 3ak/oueHHe pesyabraT Pedepmana [27].

5.8. MpuHuun npoposkenus. [Ipexne Bcero ans wcuepnanusi TAr
HEJOCTaTOUYHO HA KaXKJoM Luary no6asnastb K Ax; auiub gopmyay Cenens.
CyulecTByeT MHOTO APYTHX CMOCOGOB CTPOHTb HHTYHTHBHO HCTHHHbLIE (op-
MYJbl, NO-pa3HoMy (OpMajiN3ys «Bepy B aKcHOMBI Ax;».

®edepman ucnosbayeT, B 4aCTHOCTH, CJAEAYIOLLYIO KOHCTPYKuHIO. [TycTsh
cHcTeMa aKcHOM Axg yiKe MocTpoeHa (o6 — OpAHHAJ) U MHOXKECTBO HOMEPOB
BbIBOAUMBIX U3 Axq GopMya Bhipaxaercs dopmyaoit D,. as mo6oi dop-
MyJbl C ONHOH cBOGOAHOH nepemeHHol P (x) mocTpoum dopMyay Bh ¢
MHTYHTHBHBIM CMBICJIOM:
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cecqn P (n) nokasyema (ucxofist u3 Axy) 1/151 BceX TePMOB-HMEH YHCEJ 1, To
vx P (x) ucTursar. ITH GopMyJibl AO/KHBI JexkaTb B T, U Mbl CMOXKEM [O-
JIOXKUTh

Axoq1=Axa U {Bg|Bce P},

Axg= | Axq s npesenbHbix f.
a<fB

Bot cnoco6 ykasath BY, sBuo. Dyuguus n — N (P (n)) sbluucanma
Kak ¢yHKuus ot n u N %P). Boipasum ee rpaduk popmynoit M (x, y, 2)
Tak, uyTo Ans d, m, n € L+

! ectb HoMep ¢opMyJT P ¢ elHHCTBEHHOH CBO-
M (I, m, n)ucrnnna <= |OOLION MepeMeHHOH x;

m ecTb Homep P (n).

[Tocnie sToro noJoxum

Bt =vyyz(M(N(P), g, 2)= Da(y)) - yxP (x).

5.9. Mpo6aema Bwibopa D,. 10 — Hanbosiee TOHKHII MOMEHT; 0COGeH-
HO OCTPO CTOMT BOMPOC Jaxe O cyllecTBOBaHUM Dg A5 npenesibHBIX op-
JvHaJjoB .

dedepmaH noxaselBaeT, Kak MOCTPoUTb D, ANg nopxoasiued CUeTHOd
noc/eloBaTebHOCTH Op/JWHAJIOB C IPEAeJIoM Y, He OPEBOCXONALUINM @,
TaK, 4TO OKAaXXeTCsl BepHbIM CJelyIOWHH pe3yJibTaT.

5.10. Teopema. Bce ucmunnote gopmyret L, Ar evieodumet uz U Axg.
ay

HWrak, nycTb Mbl npuHsIu akcHomsl [leano.

Torga /sl MOCTHXKEHWS MOJIHOH HCTHHBI B apuUdMeTHKe OCTaeTcs elle
COBEpIINTb TPAHCHUHHUTHYIO MOCJAENOBaTeIbHOCTb AaKTOB Bepbl B TO, 4TO,
MpeAlieCTBYIOUINE aKThl Bephl He OblIH 3a0J1yXKAeHueM.

6. BbIYUCIIUMBIE DYHKLIUU C OYEHDL BLICTPbIM POCTOM

6.1. B sTom nmaparpade Mul npuBelem IBa NpHMepa HCTHHHBIX apHudme-
THYECKHX YTBep:KIeHuil, He JOKa3yeMblX B apH(pMeTHKe, CKa)keM, C akK-
cuomamy [leano. O6a oHH CBSI3aHBLI C CYLIECTBOBaHHEM O4eHb GBICTPO pac-
TYIMX BBIYHCJIHMBIX QYHKUHME: B 1epBOM NPHMEpPE MO NMOCTPOEHHIO, BO BTO-
pOM — MeHee OYEeBHJAHBIM 00Pa30oM.
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6.2. Moka3yemo Buluncanmuie dynkunn. [lycte f: Z+ — Z+ — neko-
Topasi BbluMc/uMasi (T. e. obmepeKypcuBHas) dynkuua. [lpeacraBum ee
rpajguk I', B BuAe AHopanTOBa MHOMNKecTBa. Torfa oOUIePEKYPCHBHOCTD f
03HauaeT UCTMHHOCTb YTBEpXKIeHHs BHAA

vx ql y Gxy - X8 (P (X, 43 Xy oony X8) = 0),

rie P —MHOTOuUJIeH C LeJbIMH Ko3(pHLHeHTaMy; KBAHTOPLI OTHOCAT K fepe-
MEHHbIM U3 Z*t.

Cpenn ucmunHbLX YTBepXKIEHUH TaKOro poja HEKOTOpble OOKa3yembt
B JaHHOH (opMasibHON TeopHH, cKaxkeM, B Teopuu [leano. Ho saBemomo
HE BCE TaKHe HCTHHHbE YTBEPXKIEHHS NoKasdyembl. [leficTBUTENbHO, MHO-
KECTBO JOKa3yeMblX YTBEPKIEHHWH MNEpeuuciiMo; eciH n-e JoKasyemoe
yTBepK/JeHHe onpefe/sieT BbIYHCIUMYIO QYHKUMIO [y, TO dyHkuusa F (n)=
= f, (n) + 1 BbluKCIMMA, HO HE CONEPIKUTCS B CIIHCKE NOKA3YEMO BbIYHUCIIH-
MbIX GyHKuui. MHpIMH cnoBamu, npob6JiemMa pacno3HaBaHWUSI BHUYHCJHMBIX
GyHKuMH Ccpely NOJYBbIYUCAHMbBIX (3a1aHHBIX CBOHMH OMHCAHHSIMM) He-
paspeiunMma.

6.3. Teopema Pamcen. [lyctb X — HekoTOpoe MHOXKECTBO;, 0603Ha-
yuM yepe3 P, (X) MHOKECTBO ero MOAMHOXKECTB, COCTOAIIUX M3  3JIeMeH-
toB. fcho, uto ecan Y < X, 10 P, (Y) <= P, (X). [oumuoxectso Y Ha-
3blBAeTCsi OAHOPOAHBIM OTHOCHTE/bHO JaHHOrO pa3bueHus P, (X) ua
knaccel, ecan P, (Y) uenukom nomanaet B oAuH Kaacc. O6o3Haunm uepes
(n] mHOXecTBO uennix uncen ot | go n. Teopema Pamces — 3To caenyio-
ulee KOMOGMHATOPHOE YyTBepxIeHue: 0aa awboix m, r, k > 1 cywecmsyem
makoe n, 4mo 0aa awbozo pasbuerus P, (nl na k kaaccos 6 \nl nadidemes
00HOPOOHOe NOOMHONCECMB0, codeprcaujee = m 3remenmog. B uactHocTn, ¢
nomoubio nepebopa BbiuucauMa ¢yHKuusa Pamces R, (m, r, k), nawowas
HaHMeHbllee 3HaUeHHe n ¢ TAKMM CBONCTBOM

CripaBeasuBo Takxxe ycuneHHe teopembl Pamces. UTto6bl ero copmy.in-
poBaTb, Ha30BeM MOAMHOXeCTBO |nl| ducnepcnoim, eciv KonMuecTBO ero
3/1eMEHTOB He MeHbllie, YeM ero HauMeHbILUUH 3/7ieMeHT

Ycunennaa teopema Pamces yTBep:kLaeT, uto 0as aobbix m, r, k > 1
cywecmeyem makoe n, wmo 0as aoboeo pasbuenus P, |n) wa k kraccos 6
[n) waiidemcs Oucnepcroe 00HOPOOHOE NOOMHONCECMBO, COOepHCawee = m
snemenmog. TOUHO TaK e C MOMOLLbIO nepebopa BLIYMC/INMA BTOpas (PyHK-
una Pamcea R (m, r, k), nawouias HauMeHbllee 3HaueHHe 7 ¢ TAKWM CBOH-
CTBOM.

OkasbiBaercsi, OlHaKo, 4To X0Ts Teopema Pamces 1okasyema B aprdMe-
tuke [leano, ycunennas Teopema Pamces yxe He nokasyema.

Ckopoctb pocta (yHKUMHM R 4pesBhuafiHo Beinka. ¥Yxe R, pacTter

L.2m
LOBOJIbHO OBICTPO: Ry (M, m, m) mnpuMepHO Kak 22 (m pas), Ho R (m,
m, m) He MOJIAeTCS1 HUKAKOMY BOOOPaXKeHH10. DTN pe3yJibTaThl OblAH JOKa-
3anbl [JapucomM u Xsppuurronom [24].
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Fnasa VI

PEKYPCUBHbIE rPYMMbl
1. OCHOBHOM PE3YNbTAT U EFO CNEACTBUS
1.1. PaccvmoTpuM cueTHBIfi «TpYNNOBOH a/ipaBUT»

A = {a,, ay ...; ai’* a7, )

Beipaxenus B andaBute A, BK/Ouas myctoe BhipaxkeHHe A, 6ylem mo
TPajHIMM Ha3bIBaThb caoéamu. CIOBO a;...a; (m > |1 pas) Gyaem 0603Ha-
yaTb ai; a'...a”' (m > | pas) — cooTBeTcTBeHHO a; ™; GyleM CUMTAThb,

m
yto a’ = A. Cnoso a;" ... a;h" HasblBaeTCst npusederHoim, eCii OHO MyCToe

WK B €ro MOJIHOM 3alUCH HeT [I0ACJO0B Buaa a ' a; u a;ait.

Ha MHoKecTBe mpHBeleHHBIX CJIOB ONEPallHsi «COeNMHeHHe W MpHuBele-
Hue — BbluepKHBaHHe BceX MOJAC/OB BHIA a;a” ' a”' a; onpenensieT CTPyK-
Typy rpymmbl ¢ equHuued A, KOTOpYIO Mbl Takxe Oyiem 0ob6o3Hauath 1. I1o
— cBobGonHas rpynma F co cueTHbIM MHOMKecTBOM ofOpasywoowux {a, ...,
Gy, ...}. He o6Gsa3aTenbHO npuBeleHHble CJOBa TaKkKe MOTYT paccMaTpH-
BaTbCA Kak 3JleMeHThl F: OHH OTOXAECTBASIOTCS ¢ pe3yJibTaTOM NpuBeje-
Husi B F.

Ha A umeercs xanonuueckas uHymepauusi: N (a;) = 2i, N (a7') =
= 2{ — 1 Bce noHsiTHs, cBsi3aHHblE C BBIYHCAUMOCTBIO Omepauuil u nepe-
YHCAUMOCTbIO nMoaMHoxecT™8 B A u S (A) 6yAyT paccmaTpuBaTbes MO OT-
HOILEHHIO K JioGoH u3 Hymepauuil A, sKBUBajeHTHOH N, u J06d#H M3
Hymepauuil S (A), cornacosannoél ¢ N (cm. onpenenenus 8 § 1 ro. 1V).
Mbl 6yaeM nOCTOSIHHO MOJNb30BATLCS CAENYIOWHMH HaKTaMH.

1.2. Jlemma. a) Mrowecmso F npusedennoix cao6 6 S (A) paspeuiuno.

6) 'pynnogeie onepayuu 8 F 8otuucaumor. ‘

B) [Todepynna G = F nepewucauma 6 S-(A) moeda u moasko moeoa,
K020a Y Hee ectmb NnepetucAUMOe MHONCECMBO 00pA3YoWUX.

r) Hopmanerowi Oeaumess H = G 8 nepeuucaumoid nodepynne G = F
nepeducaum mozda u MoAbKO mozda, Koe0a OH NOPONCOCH NepesucAUMbIM
MHONCECBOM KAK HOPMAAbHbLU OeAumens.

1) Fomogopmusm F — F pexypcusen moeda u moavko mozda, Ko2da
PEKYPCUBHO UHOYYUPOBAHHOE UM OmODRaNCerue

{ay, .., ap, ...} > F.

310 xXopolee yrnpaxHeHHe Ha BJajeHue TeXHUKOR ra1. IV, u Mbl ocTas-
JisieM ero yuTateqto HayaTh n0Ka3aTeabCTBO yAOOHO C YCTAHOBJIEHMS Bbi-
YHCJIMMOCTY OmepalkH NpHBEeNeHHs; Bce OCTaJbHOe leJlaercs GoJiee HIH
MeHee aBTOMATHYECKH.

1.3. Cnpenenenne. 'pynna Ha3v6i6aemcs. peKypcusHodl, ecau OHA u30-
moppra gaxmoepynne suda G/H, ede G = F — nepeuucaumas nodepyn-
na, a H = G — nepeaucaumolii Hopmarvorvild Jeaumens.
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3nech MOXxHO GbLIO OBl OrpaHHUYHThCs noArpynnamu G << F, KoTopbie
MOPOXKAEHbl [ePeYUCHNMbIM MOAMHOXKECTBOM CTaHAAPTHHX O00pas3yIomHUX
{ag, .-y Qn, ...}

1.4. 3ameuanus W npumepbl. a) PekypcuBHbie rpynnsl He Gojee 4eM
CUETHBL.

6) I'pynnbl, 3ajaHHBIe KOHEYHBIM YHCJIOM 0OPa3yIOMKMX U COOTHOLIEHHH
(koHeuro onpedesetrole, COKpALLEHHO K.0.), peKypcHBHbL. B wacTHOCTH, pe-
KYPCHBHEI KOHEUHble TPYNIHBl W KOHe4HO noposxcdennvie (k.n.) abeJieBHl
rpyImbl.

B) [Moarpynna H k.o. rpynnut G He 06si3aHa ObITh K.O. (MJH Jaxe K.0.)
rpynnoil. ONHAKO ecau OHA KOHeHHO NOPONCOeHA, MO OHA PEKYPCUBHA.

Heficteutensro, nycts {hy, .., hp,} — cucrema obpasyiomux H. Ho-
MOJIHMM ee IO CHCTeMbl o6pasytowux {1y, ..., hm, Amiq, .., Ay} Cpynnn G,
e R iq,---» in MOPOXKIAIOT G M CBA3aHB] KOHEUHBIM YHC/IOM COOTHOLUEHHI,
v onpenesum romoMopdusm @: F—G, ¢(a;)=h; mai<<n, ¢ (a;) =1
ans j > n. Ero aapo E nOpoXaeHO KOHEUHLIM YMC/IOM COOTHOLIEHHIH MeX-
ny hy, ..., b, 1 MHOXKeCTBOM {dn+1, Qnigy ...} # MOTOMY [EPEUHCIUMO
no nemme 1.2.r). [logrpynna H — F, nopoxieHHas a,, ..., d,, TaKxe
nepeurcauma no Jemme 1.2 B). [loatomy muoxectso H () E mnepeuuciu-
mo. Ho ¢ unnyuupyer wusomopdusm H/H (| E 7 H Chenosatenbho H
PeKypCHBHa.

OcHoBHasi wesqb 3TOH TrJiaBbl — [0Ka3aTelbCTBO CJelyiolleli 3aMeua-
TeJbHOM Teopembl XurmaHa [28], koTopasi o6paiaer npoctoe yTBepKie-
uue 1.4 B cjenyoiyio Teopemy.

1.5. Teopema. a) Jlwbasa pexypcustas epynna G/H (8 obo3nauenusx
1.8) noepyxcaemcs 6 nodxodawyro k o. epynny F N

6) Imo nozpyxcerue MOXCHO cuumams ggekmusHoim, m. e. UHOYYU PO~
BQHHBIM NOCPEOCmBoM hnoOxo0awezo pexypcusroezo omobpaxcerus G — F.

BoT HekoOTOpbIE ee C/1enCTBHS.

1.6. YuuBepcajbHas KoHeuno onpejeneHHas rpynna. Cyuwecmsyem
makas K.o. epynna U, 4mo aobas k.o. epynna G moxcem Obimb noepyrcena
8 U (3nauum, u mobas pekypcusHas epynna nozpyxcaemcs ¢ U).

HeficTButenbHo, a06as K.0. rpynna H3oMopgHa dpakropy F no Hopmanb-
HOMY JeJiHTeNt0, KOTOPbii MOpOXKIAeH KOHeYHbIM MHOXKECTBOM [1PHBEAEHHbIX
cnoB B F v BceMH @; aas i > n ¢ nonxonsiuM n. O6osnaunm uepes | <
< S (S (4)) X Z*+ paspewmimMoe MHOXKECTBO 0ap << KOHe4Has [MOC/EN0-
BaTeJIbHOCTb MPUBEINEHHBbIX CJOB, n > W nyctb N; (ans i € [) — coor-
BETCTBYIOUIHH HOPMaJibHbI AesiuTesb. [TocTpouM «aBaxibl 6eCcKOHeuHbIH»
rpynnoBofi andaBut {a;n, aji' | j, & > 1}, BHiGepeM peKypCHBHYIO Hyme-
paimio MHOXKecTBa I, oToxecTBHB ero ¢ Z+, u 3amanum rpynny U, o6-
pasyomuMH {a;p} ¥ cooTHOWeHUsiIMH «N;, 3aNHCaHHBIMH B ajdaBuTe
{a;1, ajs, ... . SlcHo, uto U, pekypcuBHa. M3 pesysabTaToB caeaylomero
naparpada 6ynet BunHo, uto U, — cBOGOXHOE MpOM3BeneHHe BCEX Tpymn
F/N;, nostomy mo6as k.o. rpynna B U, norpyxaerca. 3HauuT, Jio6asn
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k. 0. rpynna U, B KoTopyio no Teopeme XurmsHa norpyxaercs U,, yHH-
BepcaJabHa.

B paGote M. K. BanueBa [29] cTpoutcsi yHuBepcasnbuas rpynna U, sa-
naHHan 14 obpasyounMu # 42 cooTHouieHusimu. Tam e yKasaHo, 4To
MOJKHO OrpaHuuuTcs 2 o6pasyiomuMi B 27 COOTHOLIEHHSIMH.

1.7. K.o. rpynna ¢ airopuTMHYecKH Hepa3peuiuMoii npoGaeMoi TOXK-
AECTBA CJIOB.

[lycts G — rpynna ¢ 4eTbIpbMsi CBOGOAHBLIMY 06pa3yiomumu a, b, ¢, d v
COOTHOILIEHHSIMH
b~mabm = d=mcd™ pns scex m € E, rne E — Zt — nepeunciumoe He-
paspeturnmoe MHOKecTBO. M3 pesysbtaToB § 2 Jerko caenyer, 4yto B G pa
BEHCTBO

b~abx = d~cd*

BLINONHEHO moaeko 1a x € E (B camom gmene, snemenTel b= ab™ pas
m > | nopoxnaiot B G cBOGOAHYIO MOArPYNNy, Tak uto G COMEPKHUT CBO-
GoIHOe [pOH3BeleHHe MOArPYNN, OOpoXKAeHHbx {b~*ab*|x =1} u
{d=%cd*|x = 1} c obbennuenHbiMu moarpynnamu {b~*ah* = d~*cd* |x € E}.
[MosToMy cripaBelIMBOCTb HAMHCAHHOTO PaBEHCTBA HepaspellnMa (Kak mact
coBas 3aiaua, MPoilymMepoBaHHAs X), W 3(deKTHBHOe morpyikeHne G B
K.0. [pyMny AaeT #epa3pelinMocTb Mpo6/eMbl TOXKAECTBAa CJOB B 3TOfl

K.0. Tpymme.
CylecTBoBalHe TaKUX Tpynn 6biyio Buepeuie yctanossero [1. C. Hosu

KOBBIM.

1.8. «EcTecTBeHHbe» pPeKypCHBHbIE TPyNnb. MHOrO NpHUMepOB peKyp-
CHBHbIX FPYNN He SIBJASIOUIMXCS anpUOPH KOHeUHO OmnpelesleHHbIMH, JO-
cTaB/jseT ajre6panueckasi reoMeTpHsl Hal MOJsAMH ajrebpanueckux uyuced
OrpauuuuMcsl THNHYHBIM PHMEPOM.

[Mycte @, (Q) — rpynna opTOroHasbHLIX aBTOMOP(HH3MOB HEKOTOPOro
n-MepHoro JMHeHHOro mpocTpaHcTBa L (Hald MojeM pPaulHOHANbHBIX YHCes
Q), cua6xenHoro kBamaTuunol dopmoit f. Tlyctb b — coorTercTBytOLWLas
6unnneiinas dopma. s mo6oro Bektopa x € L ¢ } (x) %= 0 onpejesiena
cummerpus T, € O (Q):

T (y) =Y —Qb(—;(‘xiﬂ x 1ns scex y € L.

MuBoawounn 1, € O (Q) COCTaBIAT MepeyHCcIHMyI0 CHCTEMY -06pasy-
[OLLUX 3TOH rPYNObl. @ BCE COOTHOIUGHHSi MOPOMKAEHbI MepeyHCAHMOM
(naxke paspelumMoii) CHCTEMOM COOTHOLIEHHH
w2 =1, (1,7,1,)?=1 s Bcex konnanapubix {x. y, z} (C. Bekkemn).

lNonpasymeBaemass Hymepauua L = Q" corsacoBana ¢ oGod Hyme-
pauueit Q, KoTopas Z* corsdcoBaHa CO CTaHNApPTHOH H B KOTOPOH
onepauuu Mojs BbIYHCIHMBI.

1.9. Teopema XHrM3HAa POACTBEHHA TEOpeMe O AHO(AHTOBOCTH nepe-
yHCANUMbIX MHOXecTB (ra. [I), xoTss Oblia BrepBbIe [0Ka3aHa paHblie
nocseanell. Bo3MoxkHO, 4To 00a (akTa sBASAIOTCA YACTHHIMH CJyyasiMH
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MOAXOASILEro o6lLero YTBEepXKIEHHS O PEKYPCHBHHIX anrebpauyeckHx
CTPYKTYpax.

Bo BcsikoMm cayuyae ucnoJib3oBaHue TeopeMbl 0 IMO(AHTOBOCTH 3Ha-
YHTEbHO YMNpOLlaeT «PeKYPCHBHYIO» 4YacTb JOKas3aTelbCcTBA XHIM3IHA.
It10 nokaszan M. K. BasueB, paccyXIeHHs KOTOpOro Mbl [pHBeleM B
§ 5, 6. TeopeTuko-rpynnosoil NOAroTOBKe NOCBALLEHB § 2—4; 31ech MbI
ciaenyeM XHIM3HY.

2. CBOBO/HbIE NPOU3BEAEHUSA U HNN-PACLLUUPEHMA

2.1. Ilyctb pano cemeiictBo rpynn (G;), i € I, u cemelicTBO roMOoMopdH3MOB
rpynn e; : A — G;

PaccMotpuM Kaacc ceMmeficts (H, P;) romomopdusmos B; G; — H ¢ ycnobnem:
Bioa;: A — H ue saBucut or i € /. B 3ToM Kaacce cyulecTByeT eIMHCTBEHHOE
C TOUHOCTBIO A0 H30MOp(GH3Ma YHHMBepcaJbHOoe ceMeucTBo @; G; — * Gy:, Ji060e

A

npyroe ceMeiictBo (H, P;) onHo3HauHO onpefensiercs romMomopduaMoM y, * Gy — H
A

s Kotoporo B; = v-;.
Huxe Mbl 6yaeM noJb30BaTbC TONBKO CJyuaeM, KOTJa BCE Of; — BJIOMKEHHS,
B sToMm cayuae *Gy HasbiBaeTCs CBOGOAHBIM pOU3BefeHHeM Tpyni G; C 06beAHHeHHbIMH
A

noxrpynnamMu a; (A) € G;. CrpykrypHble oTob6paxenns G; — = G 6ymem o6o-
A

3HayaTb, KaK NpPaBHJO, ¢;, BO3MOXHO, C JONOJHATENbHEIMH HHIekcaMH. CTpyKTyp-
ubii roMoMopdusM @; o; A — x Gp, ue 3aBHcAWME OT {, 0603HaUUM .

B cayuae A = {l} Mbl nuweM npocto * G; BMecto * G;; €CNH MHOXKeCTBO WH-
A

nekcos ectb {1, n}, npuMensiercs 3anuch Gy * * Gp ¥ T. I,

Mp GyzeM NOCTOSIHHO MOJb30BaThCS CJEAYIOWIHM CTPYKTYPHHIM pe3yabTa-
oM.

Oycte a; A - G; — eaosmenua n nycts S; C G; — TaKHe NOAMHOMKECTBa, 4TO

G \a;(A)= US a;(A)s v a; (A)s; = a; (A)s, npu s;5~=s, € S;.

2.2. NMpeanoxenne. Jwboi sremenm epynno * G; 00H03HAYHO npedcmasanemcen
A
6 eude
¢ (@) @y, (s1) --- @iy, (Sn)s

2dea € A, s € Sih' ij 5= ij41 npu gcex j. n > 0, 306ucam om sremenma.

Aro pasnoxenne 6yneM Ha3biBalb KaHOHUYECKHM.

IlokasaTenbcTBO 9TOTO (akTa M HasbHelluue NoAPoGHOCTH CM., Hanpumep,
B sekunax Ceppa «[lepeBbs, amaneramm n SLy» (Matematuka, 18 1, 1974, c¢. 3—
51).

2.3. Crencteus. a) B ycaosuax n. 2.3 cmpyxmyproe eomomopguamo @, ?;
ABAAOMCA BAOHCEHUAMU.

710 nossoasier WHorna otoxecTBAATr A n G; ¢ noarpynnamu = G; OTHOCHTENIb-

A

HO ¢, ¢;. B caenytomnx ¢popMysHpoBKax Mbl Tak H nocTynuM. OAHaKo B MHOro3TaX-
HbIX KOHCTPYKUMSX NOCHENYIOWNX Pa3aesoB OAHA W Ta Xe rpynna Gyaer no-pas-
HOMY BKJAaLblBaTbCH B APYTYIO FPYNNY C NOMOMbIO Pa3IHYHBIX KOMRO3HUHI CTPYK-
TYPHBIX OTOGpaXKeuHil, 1 3a HUMH NMPHIAETCS TILATEJIbHO CAELHTD.,

6) G Gi = A npn i+ j (s ;Gi), T. e @ (Gi) N ¢ G)) = ¢ (A)
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Jlas nOKasaTenbCTBa BKAIOueHus C BOCNONbL3YEMCH OpennoXenweM 2.2: unave My
Hmesn 6u @; (s;) = @j (sj) BONpeKH eNHHCTBEHHOCTH.

8) [lycmo dano cemeicmeo eaomcenud P; H;—G; u sovepynnu BS A, ma-
Kas, 4mo

B: (H) N ag (A) = a;(B) 04 ecex b
B tay 9By,

Tozda xomnosuyus B » Hi —~ AG; ne sasucum om { u nomomy. onprdeseno
KaHonuueckoe omobpaxcenue » H; — » G;. Ono s6asemcs 6roncenuem. B wacmmnos
B

cmu, nodepynna B s G;, nopoxoennas @; B; (H;), usomopgna « Hy
A B
leficTBHTe/IbHO, KaHOHHUYECKOE Pa3/iOXKeHHe SJHeMeHTa ; H;, onHcaBHOe B
0. 2.2, nepexOART B KAHOHHYECKOe pasjioxkelHe ero obpasa B » Gy,
a

r) B mex ae o6osnaenusnx umeem

H A=B G;,
(5 0N B »Gi
(+H) N Gj=H; B +Gj.
B A

2.4. O6pasyiomne u coornomenns. [lycrs M — HekoTopoe MHOXKecTBO, 8 R —
HeKOTOpoe MOAMHOXecTBo cBoGoanoi rpynnu F,y, cBo6oaHO mopoxaennols M Tore

na sepes | M R| 6ynem o6osnauate akroprpynny Fp/R, rae R — nanmenown
HOpMaZbREIA AeanTeas Fy, conepxawniéi R. 10 sananse rpynnu o6pasyoutHME
(M) n cootHouenusimi (R).

Mu 6yreM LONOAHHTENBHO MOJbL3OBATLCA CJAELYIOWMHMHE BONBHOCTSMA SaMHCH,

a) Ecan M nmeeT nenycToe nepecedenne ¢ KaKoii-To patee ongcannofi rpynnofi,
TO CAEACTBHA H3 COOTHOWeHHH B 3TOfi rpynne NMoOApasyMeBaloTCs BXoaswHMy B R,
faXe eC/IH OHH He BHNHCaHH. YNoMHHaHHe 06 R moxel BooGlie GuTb OnyiuleHo, ec-
2# CBEPX TaKHX COOTHOWeHUH Huuero Goabwre Her. Hanpumep, ecan E,FG G —
ase noarpynnk, 1o | E Y F| — nopoxiennas mma noarpynna 8 G 8 T, n.

6) B R Bmecto, cKaXeM, @;a5' MH MCXEM HanHCaTb G; = @,

Npumep. Ecaiw @; A — G; — BAOKEHHRA, TO “qGi 8ajaeTca 00pasywwnmg

A COOTHOWEHHAMH TakK:

U Gi:ai(@)=a;\a) arn scex a€A;, l.:GIl.
el

Beaem Temeph (yHAaMEHTaNbHYIO A8 BCEIO JjlaJbHEHWEro KOHCTPYKLMIO
(T Xwurvmsxn. b. Hefimaun, X. Heiimann).

flycrs naxu aBa BAOXewns rpynn &, f A — U

2.5. Onpenenenne. HN N-pacuupenuen epynnw G (omHocumenvro A, @, P) Ha-
3vi8aemcs zpynna.

K=1G {t}:t-a (@) =0 (a) 48 ecex a € A},
2.6. Npenanoxenue. Credyiowue 20MOMOPGHUIMbL AGNAIOMCS GNONCECHUAMU:

a) G -~ K gi1— kaacc g € G mod coomnowenuii 6 K
6) G« =Gt — K, 20e c6060010e npouseedenue Gepemcs omiocumensviio 610-

A
aenud aj— P (a), al—~tra (@) &
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HokxasaTteabcTBo. B rpymne G« {u"} noarpynna U, nopoxnennaa G
u u-ta (A)u, nuzomoppua G » u='e (A)u. JleldCTBHTeNbHO, KaHOHHYECKoe pas-
JIOXeHHe 3JeMeHTa BTOPOll TpYynnbl HMeeT BHJ

gru—ta(a)ugs ... gnu~ta(og)u,
rae g1€G, go, ..., Gn€G\{1};
ay, ..., an— € AN{1}, @1 € 4,

M [0TOMY HMeeT KaHOHHUeCKHH BHI Takxe B G + {u"}:
AnanoruyHo noCTpoMM moATpynny

V=20G=»dup (A)U'ICG*{U"}.

Oroxpnecteum ¢ U u V rpynny W = G w-! Aw nocpenctBoM H3oMopdu3MoB,
TOXKJeCTBeHHBIX Ha G W nepeBoAswuXx w—law, B u~la (a)u, vf (a)v—?! cooTBeTCT-
BEHHO.

Pacemotpum rpynny (G x {u"}) = (G * {v"}). Tpynna G W KaHoHHueckH

w

BJOXeEHAa B Hee, H 3JIeMEHT !/ = uv yHOBJETBOpPsieT COOTHOWIEHHAMH (~la (a)t =

= B (a) nns Bcexa € A, GOTOMY uTO Mbl OTOMJECTBHIM u~lo (a)u = uf (a)v—1,

Kpowne Ttoro, M3 nmnpemjoxeuus 2.2 BuaHo, uto u~'Gu, vGu—' nopoxnaior B

(G * {u"}) * (G » {v"}) cBOGoaHOEe mnpou3BeneHHe C OGLENHHEHHOH DOArpymmoit
w

A, BJIOXEHHON NOCPENCTBOM oToOGpaieHHH al— u—la (a)u, al— v (a) v—?! coort-
BeTcTBeHHO. 3HauuT, G u {~1Gf TakXe NOPOKAAOT CBOGONHOE MPON3BELEHHE, ONH-
caHHoe B (OpPMYJHPOBKe (MPHMEHHTh CONMPSiKEHHe MOCPENACTBOM r).

Nostomy noarpymna K'=|G | {t=uv}| S (G*{uﬂ})“; (G x{om})

aBAseTcs roMoMopdHuM o6pasoM K, W yTBepxXneHus a), 6) cnpaeeanusw nas K.’
BoJsee Toro, KaHoHHueckoe otoGpaxenue K — K’ saBaserca usomopdusmom. Ias
NpOBEPKH NOCTATOYHO 3aMeTHTb, YTO CYLULECTBYeT H30MOPQH3M,

K x {v"} = (G« {u"}); (G *{vn}),

nepesonswnit ¢ ¢ K B uv.

B uwacrnocrtH, nopsiaok f B K Geckoneyen. Ilpemoxenue nokasano.

Ham nonanoburtcsi yrouneHHe M 06oGlueHHe 3TOrO pe3y/ibTaTa B IBYX HanpaB-
JeHnax. Bo-nepBuix, cienyer paccMoTperTh HTepauuio [ANN-pacwHpenuii; Bo-BTO-
puix, cBsA3b FINN—pacmupennii rpynnel ¥ moarpynnbi. O6GbefHHHM BCe HYXHbe
¢akThl B 0ZHOH (opMyJHPOBKe.

IMpennosoXKuM, 4TO 3ajaHO Lejoe CeMeHCTBO nap BiIOXeHUA a;, B; A; —
— G €1) n nmonrpynna HCG ¢ ycaosusmH ai! (a; (A) N H) = Bt
B; (A) N H)= B; ©C A—noarpynnul. B 3tux ycioBHax HMeeM

2.7. NMpenaoxenne. [llorosum

Ko=1GU{ti|i€I}:t7 Y a; (a) ti=P; (a) a5 Beex i€, a € 4;|
KH=|HU{t,’ |i€1}:t7Y az(b)ti=Pi(b) Ann Becex (€1, bE B;|.

Torpa
a) {t;} ceo6odno noposcdaom c6060dnyw nodepynny e Kg;

6) ecmecmeennoe omobpaxcenus G— Kg u K g™ Kg: 4 \— t; seastomea eaooxe-
Huamu. Kpome moeo, Ky (| G = H ¢ Kg.
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Dokasarennctso. a) Ecan 66 B K; 3 HMEIOWAXCA COOTHOWEHHH Cie-
Z0BaJIO HETPHBHAJbLHOE COOTHOWICHHE MEXAY !;, OHO COXpPaHHJOChL Gb B pakTope Kg

N0 HaHMeHbilleMy HODMaJAbHOMy AenuTenmo, coiepxamemy G. Ho B stom dakrtope
CooTHOWeHHA /i la; (a)t; = P; (@) npespamatorcs B TpHBHAJbHBE | = | H HHKa-

KHX OrpaHHuenHfi Ha 00pasH #; He HaKJaJBBaIOT, ITO A0KA3LIBA€T NEPBYIO 9aCTh.
6) Pas6epem cayuaii omHo3nemenTHoro /. B 0603maueHHsiX NOKa3aTeibCTBA
Apeabyllero nyHkra paccMotpum Kg Kak moarpynmy (G = {u"}) = (G + {v7}). B

G » {u"} umeem no npennokenuio 2.2
H s {ur}NGru=' & (A) u=Hsu=' a (B) u
B ananormuno B G» {v7}

H+{v"}NG+ 0B (A) v=1=H « vB (B) =T,

Onuncansoe Buime otoxnecrnrenie U ¢ V OTOXKAECTBASIET 3TH NepeceueHHs C MOA-
rpynno#

Wo=H+w 'BwCG+uw-'Aw=W.
U3 caencteus 2.3B) HaXOLHM KAaHOHHUYECKOE BJOKEHHE

YV (H nY) - (G * * (G * .
(H * {un )W..( *{v"}) > ( {u"})W(G )]

Ho, kak B KoHlUe N0Ka3aTenbcTBa 2.6, rpynna cjaeBa ecTb Ky » {v"}, a copa-
Ba — Kg * {vn}, 910 naeT BiOXeHHe K, — K.
Ianee (nepeceuenve B (G + {u"})‘;(G » {v"})):

(H+ {u”}) s (Hequr}h)NGsv-ta(Au=H+u"'a(B)u,
wo ‘

oTKyna, nmepecekas eme ¢ G, nonyuaem H. Tem Gonee, Ky N G = H.

Orciona cayuail obutero / nosydaercsi AJAs KOHeuHBIX / HeCNOXKHOH WHAyKOHed
no n, a 11 GeCKOHEYHHIX — TepexoioM K HHIYKTHBHOMY npeiely (3ecb — oGbe-
annennio). [logpo6HocTH MBI OCTaB/sieM 9HTaTeNiO.

3. BIOXEHMS B rPYNMbl C ABYMS OBPA3YHOLLMMH

B stom nmaparpage Mbl 1OKaXeM pe3yJabTaT, KOTOPbIi 6ydeT HCOONBL3OBAH B
NanbHellleM H B TO Xe BpeMs BbINYKJO MPONEMOHCTPHPYET B MPOCTON CHTYyalHM
npHeMbl yMeHbIIEHHA 4Hcla O6pasyiOWHX MPH BJIOXKEHHH.

3.1. Mpennomenne. a) J106yw cuemHyl0 LAU KOHEUHYIO eDYNMNY MONHO 610K UMb
8 epynny ¢ 08yma obpasyruumMu.

6) Ecau G pexypcusna, mo 640%ceHUEL MONCHO COEAQMb DEKYDCUBHBLM.

HokasateanctBo a) B ZxZ= {b"} » {v"} ectb cBOGOAHAs noarpyn-
na CueTHOTO paHra, Hanpumep:

S=|{b—tvb'|i> 0}].

OTtcyTcTBHEe COOTHOINEHHH MeX1y o6pasyiomnmn b=Ilob! pemennenno crenyer H3

npenjoxenus 2.2.
Moatomy ecin G — cBo6OAHAsm CYETHA® rpynna, TO OHa nmorpyxaerca B Z s Z.

B npoTHBHOM Cilyuae MOXHO nonbiTaThcs npeactaBuTh G B BHAe F/N, rae F cueTna
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# cBo6oana, norpysuts F B Z + Z # 3aTeM pacCMOTpeTh HHAYUHDPOBaHHHIA FOMOMOD=-
usm F/N'— Z « ZIN', rne N’ — nopMaabHblil JeauTedb B Z = Z, nopoxaenubiii N,
K coxanenuio, N’ [} F moxeT GwiTb cTporo Goabme N, Tak 49TO 3TOT FOMOMOPp-
pu3M He o6s3aH GHTb BloXeHHeM. Cielyiomas KOHCTPYKUHS MOKa3blBaeT, Kak G
3TUM GopoTbeH.

Myctsb {gl, g2r 3, .;;} — cueTHasi cucreMa o6pasylomux rpynne G, g; + L
nomenc&Banano NOCTPOHM CJAeAyioliHe pacmHpenus rpynns G:

1 = Qu}.

2; HNN-chm.npeHHe rpyonn G =+ {u"}:

'G*{un} U {ti Iti"l uti=ugi, i=l, 2, ".}l.

Yuectb, 9T0 4, ug; nopoxaaer B G« {u"} GeCKOHeuHble WHKJIHGECKHE MOATPYMIH.

3) CBoGonnoe npoussenenne P sroro HNN-pacumupenns u rpynmsl {h"} = {o"
¢ obbenunenHbiMM noxrpynnaMu | {ty, ty, ...} |, | {b=twbfli > 1}| orHOCHTENbHO
H3o0MophH3Ma

ti=b—i_pb’, i>1.

4) B-P ecTb aBe cBoGonubie moarpynmsl panra 2: | {b, v}| u | {u, b}|. Orcyr-
CTBHE COOTHOILEHHH MeXAy U, b ClefyeT H3 TOTO, YTO OHH He MOTYT NMOSIBHTbCHA B daK-
Tope N0 MHHHMaJbHOMY HOpMaJbHOMY JeduTelio, copepxauemy G, ¢;, v,

OkonyatenbHo uoctpouM fINN-pacwupenne rpynns P

Q=I|PU{a}:atba=u,a"lva=b)|.

[ns saBepuieHHsl A0Ka3aTeAbCTBa OCTAJ0Ch NPOBEPHTb, 4TO Q noposxcdena sremerma-
mu a, b.

HeitcTBHTENEHO, OUEBHAHYW0 cucTeMy o6pasywowux Q CoCTaB/AseT MHOMXKECTBO
{8, 4 (6> l); u, v, a, b}'

CooTHOWeEHHS Q; = u~—'#7 'ut; NO3BOJAIOT HCKJIIOYHTL gj,

CooTHoweHUs ¢; = b—'vb; NO3BOJAIOT HCKJIOYHTb I;.

CooTHolenHs u = a—'ba, v = aba=' no3BOJAAIOT HCKJIIOUKThL «, U. DT0 0O-
Ka3blBaeT NepBYI0 4acTb npenstoxedus. Chenyiolinii anaau3 KOHCTPYKUHM yCTa-
HaBJAHBaeT BTOPYIO 4acTb.

Brepaxas g; uepes a, b 8 Q ¢ mOMOLLIbIO BLIMTHCaHHLIX COOTHOWEHHH, HAXO-
aum  g; = e; mod cootHowenudt B Q, rTae e;=a-lbh-Vab-iab-a-! bla-'X
X bab—2 aba—! b2. Tlostomy s rpynne {a?} = {b"} mnomrpynna |{e;|i > 1}|= E
o6nalaer CAelYIOUIHM 3aMedaTelbHBIM CBOHCTBOM: Ji0G0OH HOpPMAJIbHBIH NeJAHTETb
N < L nopoxnaaet B {a} x {b") takoli HopMaNbHBIA Keautens N', uto E () N'= N
(cp. ¢ obcyxlneHHeM B Hauaje N0Ka3aTeJNbCTBa).

B wuwactnoctn, ecanm {g;} — nepeuHciMMas cHcTeMa 06pasyioOWIHX FpPynnH
G, cBfi3aHHAs MepeYHCAHMBIM MHOXKECTBOM COOTHOUIeHNHH, To orofpaXeHHe
gi \— e; mod cooTHOWeHHHl NopoXi1aeT peKypcHBHoe.BJoxeHHe G B PeKYpPCHBHYIO
rpynny E/N’, u6o N’ nepeuncaumo Bmecte ¢ V.

4. XOPOWMUE NOArPynnb!

4.1 Onpenenenue-aemma. [Tycmo G — Konedno noposcdennan epynna, H S G —
ee nodzpynna. H wasvigaemcs xopowtell, ecau 86in0AHeHs caedyouiue ycao08ua:

a) Cywecmsyem xoweuno onpedesennas epynna K, ee komeuno nopoxc dennan
nodepynna L u enrowmenue G C K, maxoe, umo G (\ L = H

6) HNN-pacwupenue
Ke=1G U {t} t-mt=h daa ecex h € H| skradvieaemca 6 Koneuno onpede-
NPHHYIO Zpynny

B) G * G 6xaadbieaemcs 6 KOHEUHO OnpedeneHnyio epynny,

H
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IloexasaTeabcTBo SKkBHBajeHTHOCTH. a)=> 6). [lyets G C K, L ynos-
nerpopsoT a). Torna K; Bkaagmpaercs B HNN-pacunpenne
KU {t} t"YMt=1 pnnsn Bcex | € L| B cuay 2.6. Ono KoOHeuHO onpelesieHo:
K 06pasywoinM K HyXHO 106aBUTh ¢, 3 K COOTHOLIEHHAM MeXAy obpasylomumn K —
cooTHoweHHs #~;f=1[; ana KoHeuHo# cucreMbl obpasyromux {/;} rpynnm L.

6) = 8). pynna G;_; G Bx/aaaviBaerca B Kg B cuay 2.66), a K; BKaaabiBaerca

B K. 0. Tpynny no mnpejpjoxeHnuwo 6).
B) => a). [1ycts G+ G C M, M xoneuno onpegenena. Toraa nosoxum K == M,
H

L = o6pa3 G npu cKB03HOM BjoMeHHH @, G — G-» G— M u Baoxum G B K no-
H
cpeacteoM @; G — GxG— M. H3 Toro, uto @ (G) ) @, (G) = H, cneayer
H

Tpebyemoe.

OcHoBHan weib 3TOro naparpaga COCTOHT B cBeleHWH TeopeMb 1.5 XHrmsna
K OKa3aTeJbCTBY TOrO, 4TO MepeyucjauMble NoArpynnus B Z » Z xopowu. Has sro-
ro H AJd JanbHeHUIHX HYXA HaM MOHAZOGHUTCH CJeAywllas JeMMa.

4.2. Jlemma. [Tycme R — xopowas nodepynna k. n. ceobodwnot nodepynnet F,
R — nopoxdennuii ero Hopmeavrod Oeaumenrs. Tozda F/R moxcro eroxume 6 K. 0.
epynny.

HokasaTteabcrtso. [lycrs i — Baoxenne FR F B K. 0. rpynny K (cMy
4.18)) u nyctb @, @, F — F = F — cTpyKTypHbie oTo6paxenus. PaccMorpum asa

R

saoxenns F 8 K X F/IR:

a:f |- <tcg (), JR>
B /1= <aga(f), .

Ha nomxrpynne R C F oHmn, oueBHiHo, coBnajaior: [lo3ToMy OHH MHAYLHpOBaHU
romoMop du3mom

v: F+F— KxF/R,
R

KOTOpHIl MMeeT TPHBHAJbHOE AADO (3TN TAK NIF KOMMO3WUHMM ¥ ¢ mpoeruved ua K,

coBnanatouieft ¢ i). _
Moctpoum HNN-pacwupenne, nepesopswee ¢t X {1} : F« b — NX t/K B
R

Y:
L= | KXFRU{: =1 oy (), 1>t = oy (f), [R)s
=1 o bo(f), 1) =<t oo (f), 1> ans Bcex fE F|.

Ouesnano, L comepxut F/R. TlokaxeM. 94TO OHa KOHEUHO oNpefenena.
O6pasyrowue L {t} U {ommewennoie obpasywwue K} |J {ommewennwe obpa-

syrowue F)} rta cHcreMa KoHeuHa.
Coomrowenus 6 L: a) {cooTHoweHus Mexay obpasywounmn K},
6) {COOTHOWEHHA KOMMYTHDOBaHMA MEX1y O6pasyiomuMu K n o6pasyowunmu

Fy.
Ha/lloXHB MX. Mbl MOXEM CUYHTaTb, 410 Aadblie paboraenm B K X F,

B)
t=log (P, =< ¢ ()). b,
t=l<ico (N I r=ddega(f), 1>,

rae ! upoGeraer oTMedennbie obpasylowue F,



r) CootHolieHHs MexXay ofpasywouuMH F, npuHagaexamne R.

Crcremy cooTHoweHHil Rg = a) {J 6) |J 6) MoxHO B3aTb KoueuHoil. Ocraerca
TOJBKO MpPOBEpHThb, YTO TI) CJAENYyeT H3 Hee.

IMycts R C F — HopManbHBI JeaHTelb, HOPOXAEHHHIH Ry, T. e. AApo ecTe=
cTBeHHOro romomMopduama F — |K {J F | {¢} Ro|. Mb XOTHM YCTaHOBHTb, 4TO
R’ =R. Brmouenne R’ & R oueBnaHo,. IlpoBepuM o6paTHoe BK/Ii0uenHe.

Oas f € F nonoxnm f' = fmod R’, fi,o =1 @,,,() € K. Torna us co-
oTHolWeHHit 6) u B) caenyer, uto B K X F/R' umeem

- <hy, I>t=<fr, 1> <1, f'>,
t_l <f2y I>t= <f2’ 1>,

C npyroit cropousl, ecnu f € R, 10, nockonbky Fg * F Broxesa B K us eoorHome-
HBi a) ciaenyer, uto f; = fs. IloaToMy f/ = 1, Tak ut0 R C R',

BbiseneM H3 3TOH JieMMbl pelyKLHOHHBI pesyJbTarT.

4.3. NMpepnoxenne. Ecau ece nepewucaumeie nodepynne 6 Z » Z xopowu, mo
meopema Xuemsna 6epHa.

HDoxasareabctBo. Ilyctre G — cBoGofHas rpynna, NOpoXKieHHas mne-
peurcAHMbIM MHOXKeCTBOM cBOGoAHBX o6pasyounx {g;}, i= 1,2,3, ., NC G —
ee nepeauCAHMHI HOpMaabhbifli genutens. [okaxkeM, kak Broxuts G/N B K. 0. rpyn-
ny.

PaccMoTpuM cHauasa BJoxeHHe G — {a"} = {b"}, g; |— I;, rme l; onucaumi
B konne § 3. Ilycib npu 3TOoM BJOXKeHHH N mNOpoXKAaeT HOPMaJLHBLIH HEJHTeNb
N’ C {a") « {b7}.lo sameuanuto B koHue § 3 G/N BknanwiBaercs B {a%} « {b7}/N’,
Ho N’ nepeunicanm no jgemme 1.2 r), H6o nopoxnaen o6pa3oM nepeuncanMoro MHOXe-
CTBa NpH PeKypCHBHOM oToOpaxkeHHH. 3HAauyHT, N’ — XOpoOIIH# HOPMajbHBIH JAenH-
Teab. JleMMa 4.2 nokaswmiBaer TOrAa, uto {a} s {b"}/N‘ MOXKHO BIOXHTb B K. O,
rpynny.

B sakaioueHue 3Toro naparpada ycralnoBHM HeCKOJbKO MOJNE3HBX CBOHUCTB XO-
poliMX MOATpyNM.

4.4. Jlemma. lycme E, F & G — xopowue nodepynner. Toeda

a) E N F — xopowas nodepynna;

6) |EU F| («yuma E u F 8 G») — xopowasn nodepynna.

HDoxasateabctBo. a) llyete @, @:G—>G*G u @f, ¢, : G-

E

— G * G — cTpYKTypHBie roMoMop¢usmbl. [lycte M;, My — Takue k. 0. rpynnm,
F
410 Gx G & My u G+ GES M, OroxpectsuM ¢ (IS My n 9] (G) S Myc G n
E F
noctpoum rpynny M, 2 M,. Ona koneuno onpenesena (K cooTHowennsiMm B My u My

JIOCTaTOYHO A06aBHTb COOTHOLIEHHS @y (g;) = @7 (g;) IAA KOHEYHOW cHCTeMBb 0O-
pasywwux G). Ilycis @{, @, v My— M’E M, — CTpyKTypHble BJIOXKEHHS.

Monoxum K = MIE My, L = @ o @y (G) n Baoxum G B K nocperctsom @; o @g.

Vreepxaaercs, yto G (| L = E (| F (kak noarpynna G B K). [efictBHTensHO,
@1 (My) N ¢; (My) = G c KaHOHHUeCKHM BJoXeHueM B M, = M,. Ecan B My B3ats
G

JHlWb @, (G), a B M, anwb ¢4 (G), To nepeceuenne ¢ ob6beiHHEHHON MOATPynnoi
G nact E w F coorBercTBeHHO, a ApYyr ¢ apyroM E () F.
6) Noarpynnw ¢, (|EUYU Fl) n 9, (G) BG EG HMeIOT OJIMHAKOBOE MepeceyeHme

¢ o6beuHeHHOM noarpynnoii: oHu ee conepxart. [losromy B cuay 2.3r) B G =+ G umeem
B

(EUMUe(G)INe(G)=IEU FI,
T. e. nockoabky E o6Gwbennuena,

191 (AU (O NP (O)=IEUFI.
110



Axanoruuno
lei (E)Ue; (I Noi(GO=IEUF]I.

OGo3HaueHHs COIIacCOBaHH C TeM, HTO STH NepeceueHUs OTOXIPCTBASIOTCS B 06bend-
HeHHOM MOArpynne NpoH3BeleHHS Mla M,, nocTpoeHHOro, Kak B MyHKTe a).

Mpumenss 2.3r) Kk 5TOMy OpOH3BENEHHIO, HaXOIHUM
191 (1 (A U@ DU s (o1 (E)YU s (GO DNG=1EIUFI.

Ho rpynna |@; ¢ @4 (G) U @3 ° 95 (G)| N G, oueBHIHO, CONEPXKHT MPaByO uaCTh
9TOTO PaBeHCTBa H COAEPKHTCH B JieBOH, MOITOMY OHa TaKKe coBnajgaer ¢ | E (J F|

Haxkonen, |97 > @5 (G) U 95 © @; (G)| KoHewHo mopoXKiaeHa B K, 0. rpynae
My :;Mz’ 4970 3aBeplIaeT A0Ka3aTeJbCTBO.

4.5. Jlemma. llycms G, H — k. n. nodepynne x. o. epynn. Tozda arwbod zomo-
mopdusm G 9 H nepesodum xopowue nodzpynne G 8 xopowue nodepynnee H.

OHokasareabctBo. a) Ecim A & G xopowas, o A X {1} & GXH—
ToXe xopoinas: no Baoxeduio (G, A) B (K, L) yciaoBusimu 4.1 a) CTPOHTCS O9eBHa-
Hoe Baoxenne (G X H, A X {1}) B (K X M, L), xoTopoe TaK¥Ke YNOBJETBOpPA-
er 4.la), ecnu M — K. o. rpynna, colepXawas H

Hao6opor, ecim A X {1} & G X H xopowas, to no Biaoxexnwo 4.la) (G X
X H, A X (1}) B (K, L) crtpontcs cooTBeTcTBylouiee BjoXxeHHe (G, A) 8
(K, LN G X {1}).

6) llycte rtenepp @: G — A — mo6of  roMmoMoppusM, F — ero rpafdum
{A @ G — xopowasn noarpynna. Torna umeem B G X H

DXe@A=1AX{HULXHINFHUYUGX {1} NN X H,

Us npeanonoxennfi oraocutenvno G, H scuo, aro F — xopomwas noarpynma 8
G X H. W3 nyuxta a) BulHO, 9TO OCTajbHbie DOATPYNIE B NpaBo# 4acTH GopMvin
Toxe xopomue. {lo Jemme 3.2 {1} X ¢ (A) — xopowas noarpynna. [Tosromy u
@ (A) xopolas.

5. OTPAHUYEHHBIE CUCTEMb! OBPA3YHOLLIMX

5.1. Myers G’ == | {ay, ..., @p}l, 7 > 1 — rpynna, cBo6ONHO MNOPOXKAEHHAR
o6pasyiomiime a;. Hasosem nonmuoxectBo R’ C G’ ozpaxuuennsim, eclH Ccyuiect-

Byer rakoes > l, 4To a1060@ 3jneMeHT R' MoxeT GbITh NpeNcTaBJeH B BHe aj.“' a*r,
’

& € Z. .
B stom maparpade MB HDOKaXeMm CjelyloWHA 4acTHLIA Cayvall MOCBIJIKH npel-

Joxenus 4.3.
5.2. Mpennoxenne. Ecau nodepynna H' & G' nopoxcdena ozparusennoim ne-

peuucaumomn nodmnoxcecmsom R' C G', mo ona xopowa.

Caenctsue. To e seprno 0an G', asasaowuxca K. n. nadepynnamu K. o. zpynn
(BOCMONB30BATLCA JIeMMOA 4.5).

B caenyiomem naparpade Oyner mokasaHo, Kak OGULHB Cjaywal BHIBOAMTCH HB

8TOTO.
HokasatTeabCTBO 5.2. COCTOHT W3 odepeiHOW CepHH peAyKHHOHHHX

maros.
5.3. Mepsas penyxkuma. PaccMoTpHM B cBOGOLHOM rpynmne

G=14ag; bo, Co; ---3 Grn» brms Cra}l )
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H €KOTOpOe MHOMKECTBO «CJIOEHBIX» CJIOB BHJA

X X, x
R=‘aon bocoo, ...a‘:;nbmc’;nl

A mopoXXneHHyio uM noarpynny H G G. Mu nokaxem B najabrefimeM, 9To ecau R ne-
peuucaumo, mo H xopowa. 310 — uactuHil cayuali 5.2, K KOTOPpOMy 06mas CHTyaUHs
CBOAMTCA CJEAYIOWHM NPHEMOM,

Iycrte nanw G’, R’, kak B 1. 5.1. o kaxaomy sneMenTy g’/ == a;‘:' m a:" € R’
(4
noctpouM 3eMent g € G caepytomum ob6pasom, [lpexcrasum g’ B BHIe

n a
I a[xl,i IT a*2i... I1 a*r.i,
i=1 l=1 ' =1 "'

[*r mpH i=ig,
Xp,i=

0 npu =iy,

[locse 3TOrO MONOKHM

n n
g .—.—.( Il G:l,ibic’:l.i> ( I1 afr,ib,- c‘fr.i).

. . t
i=1 i=1

Ecniu R’ nepeuHCIHMO, TO MHOXECTBO R BCeX 371eMEHTOR 0. MONVUEHHHX TaK
13 BCeBO3MOXHBIX g € R’, nepeuncaumo.

PaccMoTpuM crOpbeKTHBHBIH romoMopousm @: G — G': @ (a;) = a;, @ (b;) =
= @ (¢;) = | nns Bcex { = 0, ..., n. SlcHo, uto @ (R) = R’ m, suaunt, ¢ (H) =
= H’ W3 nemmnl 4.5 Torga ciaepyer, uto ecau R xopoma B G, o R’ xopowa B G,

5.4, Ucnoan3osanue NHOGAHTOBOCTH NEPEUHCIHMBIX MHOXKECTB.

Hauunas c atoro mecra, Mol ¢ukcupyeM napy (G, nepeyucanMoe R), Kak B
n. 5.3. Bmecro rn 6ynem nucate [ > 1 u onpesenum muoxectBo E C Z!+1 +ycao-
BHEM

R = |aze by cxo a;‘zblchl (Xoy + oy x> € EJ.

Herpyano yGeiHTbCs, UTO NEpPEUHCIHMOCTh R paBHOCHJIbHA mnepeuncanmoctn L.
Mubi nokaxeM cefiuac, uto £ modxHo npedcmasume 8 8ude npoekyuu Ha nepsole
! 4+ 1 xoopdunam mHoxNceCMBQ

N
‘N EsC @'t ' x@m—t m> 142,

s=1

e0e kaxcdoe us Eg sadaemca o0num u3 ypasHenud euda

xj=¢, C€Z;
xi=x; 0<i, j<m
HIH

xp=x;-+xi,

Xp=x;-x;, rae [+1 Kk<ji<Ligm,
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B camom nene, nycte &, i::, Ge € {1, —1}, T = <&, ::s, €;>. PaccMor-
pHM nepeyHcjuMble MHOXeCTBA .

8- {<to, vees xp € ZFHU{OP' T (<8 20, -on s 8, 11D E EY,

Mo ocHoBHol Teopeme ri. VI cymecTByioT Takiie MHOTOUJIEHB! C LEABIMH Kodbduuu-

eHTaMH P$, 4TO

E% = npoekuus 0-ypoBHs PE & (z+ U {0})+1 X (Z+)"-! na nepeme [+ 1
KOOPAHHAT <Xg, :::, X;>. [IpH 3TOM MOXHO CUHTaTb N HACTOJABKO GOJBWHM, YTO

MHOXeCTBa «MPONARALWHX» IPH NPOEKUUHU NepeMEeHHbIX, peaJbHO BXOAALIHX B Pﬁg, ]

P& npu & = & ue nepecekarorcs. No6asus K nponajaloiuM NpH NPOeKLUHH nepe-
MeHHBIM ette (n -+ 1)2{+3 HoBLIX nepeMeHHBIX yl.l.%—(o <i<n, j=1, 2.3, 4,

Mbl MOJAYYuM, 4T0 E MOXHO MpeACTaBUTL B BHJe NPOEKUHH Ha nepBble / 4 | Koopau-
Har 0-ypoBHSI MHOrouJeHa

7 2 ! @ 2
Q=I1 ((Pg(goxo, cen & X Mgy e an)) + (fgix,-— 2 y?,..(_> +
'%'; i=0 l]cg

ji=1

n 4 2
i—1— 2=
+ I=1F1 (x fg'l yijﬁ) }

[4+3_
yme B 2+ x (z)n+ @+ 2 L,

Haxoueu, uTo6n npeacTaBuTh MHOXKecTBO Q = 0 B BHIle NNDOEKLHUHU NepeceyeHns

N
n Es OMUCAaHHOTIO BbLIILE BHAA, 6y,"leM BBOIHUTbL JNOMOJIHIITE/NbHbI€ MEPEMEHHblE CJle-

s=1
ayloumum cnocobom. [ycrs xo, ..., x4 — nepemennsle, Bxoasue B Q. Buecto Q = 0

nannwem Q; = Q,, rae Q; — CyMMa OIHOYJEHOB Q C MOJOXHTeNbHBIMH KO3(duun-
enTamn, a Qo — c oTpuuateabubiMi. Toraa O0-ypoBenb Q = npoekuus (x;44==01) ()
N (42 = Q) N (%441 = Xt42). Ecan Q; u Q, CyTb KOHCTaHTHI "MJIH MepeMeH-
Hble, HCKOMoe NpencTaBienue naitneHo. MHaue, ckaxkeM, (; MOXHO NpeiCTaBHTb B
Bure Q] + Qf nm6o Q; Qi ¥ HanucaTb, BBelA IOMOJHHTEJbHbIe MepeMeHHble:

(x341=Q{ + Q) =npoekuus (x;+3=0Q1) N (xt+4=QY) N (xt+1=xXt+3+Xt+4)-

Huayxuus no cymme kodpouunentos u crenmend Q nact TpebyeMoe.
5.5. Bropan penykuus. Temepb Mbl cuntaeM, uto mia napsl G, R, onucaHHoi B
N

n. 5.3, sabuKcupoBano npeacrasienue E B BHAe npoekuun () Es BHIa, OMHCAHHOTO

§=
B 1. 5.4. B 3ToM nysK1e MBI nokaxeMm, uto noarpynna A © G, nopoxaennas R, xo-
pola, eCJOH XOPOIWH BCE MOATPYNIbI
HsC G, s=1, ...,
OnMHCbiBaeMble CJIENYIOWHM 06Gpa3oM:

5=|{a0»b0= Cos ---;am»bm- Cm; aj,rblv Cry ooy a, b[, C[} I»
m -1/ 1 -1 m
A= Tl afib;ch (n afibicyi) T afibicfi; <xos oovy xm> € Esf -
(=141 ! i=1 i=0
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C 3Toit HeNAbIO TOJMOXHM

=1

i X X -1 ! —X: = =X “tm X. X
a(xo,...,xm;=( n ayibiali) (n a;lb;B;l) na,‘bic,i. (l)

=41 ie=()

MuoxecTBo C10B {@ (Xg, 1115 Xm); <Xgs 133, X> € ZM+1} cBOGOAHO: HefCTBETEABHO,
NpH COeAHHEeHHH NapH TAKHX CJIOB (MJIH OXHOTO CJIOBA H 0GPATHOTO K APYTOMY TAKOMY
CJIOBY) B3aHMHOE COKpalleHHe He MOXET SaTPOHYTb 4CEPEelHHK» KaXAO0ro CJaoBa,
cocTosillell H3 CHMBOJOB a;, b;, ci

Orciopa ciaenyer, 4To

H, =

>z

N
{a(xo. cee Xm), <Xoy eeesxm> € E,}
=1

s
- N _ -
n noarpynna H = ans C G xopoura, ecnn Bce H, xopomn. Hakonen,
=

IFI U {al.H. b141s Cl41s =+ » Gm>s bms Cp; al, b—ll El, sees al: 171» El} ,"

1 N
X X
= I{ Il aibic;t, <xps oo, x> EE:-npoeKmm[ﬂ1 E,} U {8141, bi41, 0141, oo

i=0 = A i
e El,zl.?l}l,

OTKYyZa _
H=|H U {ar41, brars - oo ad 10 H{aos -.n, br, e} |

M 3Ta MOATpynna xopowa Bmecte ¢ H.

5.6. Kouctpykuua rpynnwi K. Ml 6ynem nposepats. ato Hy & G — Xopotu e
MOArpynNmNbl, MO/Ab3YsCh KpHTepHeM 4.la): BHO NMOCTPOUM KOHEYHO OmpeleneHHYIO

rpynny K = G u KoHedHO nopoxiennsie noarpynnu L. & K, takue, 910 Lg ()
N G= Hg ana scexs= 1, ..., N,

Tpynna K 6yner nocrpoena Kak kpatHoe HN N-pacwnpenne G.
a) Mepeoe HN N-pacuwupernue. onoxum

K0=' Ia U {to, ceey tm}:Rol.
rae Ry — MHOXKecTBO cooTHOWeHHH BHAa
tylbiti=a;bjc;, i=0, ..., m
-1 .
4 biti=ag b ¢y} @
t; KOMMYTHPYIOT CO BCEMH OCTaJBbHEIMH 06pasyiomnmu G.
6) Bropoe HNN-pacuinpenne. [lonoxum
K=1Ko U {tijn: 141 <k<i, k<ij, t==]; i, ],k <m}:R|,
rie R — MHOXeCTBO COOTHOIIEHHH BHJIa
Lk by tijn=a; by ¢y,
t;,.,} cjtii=typcj, (3)
13jn KOMMYTHDYET C {p H OCTaJbHHMH 06pasyiownm G,
114



B oranune or 5.6a) ne Bnosne ouyeBnaHo, 910 K ectb HN N-pacwupenne K,.
Jns npoBepKH 3TOrO JOCTaTOMHO YCTaHOBHTb, Y4TO OTOGpAXKEHHE Q;jp MHUOMKECIBA

{o6pasyiomue G} U {tx} B ceba (i, j, k¥ puKcuposann, i 7= k, ;5 k)

bi > a; b i,
¢cj =+ tpcj,
th— tp, .

TOXIECTBEHHOE HAa OCTaNbHHX o6pasyiounx G, MponOJKaeTes 10 HEKOTOPOTO aBTO-
mopdusma moarpynnut | G U {fx} | & Ko. Hmeem

IEU {tk}|= LG* {t;:}:tk-lbitk=bi: tk—lej th==0j; ... I,

rlie MHOTOTOUHE 3aMeHAeT COOTHOLIEHHS, He 3aBHCsILIHE OT b;, €j H MOTOMY mepexons-
e B ce6s NpH NPHUMEHEHHH Q;ji. BHimHcaHHBle XKe IBa COOTHOWEHHA NPH NPHMeHe-
HHH Q;jr MePeXoNsiT B CAEICTBHA COOTHowWeHHit B Ky: nepsoe B

tzlagbjcitr=a;bicy,
a BTOpoe — B

tyltpcjtn = trcj.

Ocraercsl yuectb, uTo i = k u j =+ k.
Us onpenenenus K suano, uro K KoHeuno ompenenena; u3 csoiicrs HNN -

paciMpeHHii — 4To GC K.
5.7. Konctpykuus nonrpynn L; G K.
Bun nmoarpynnsl Lg 6yner 3aBHCETb OT ypaBHeHHS, ONMpeNeAsiOUlero MHOMXKECTBO

Es (n. 5.4).
OnpenennM sanac TPy, Cpeln KOTOPHX CopepHatca Bee Lg:

L§= |{a(o...oco...0).tr (r#t‘)}l.

7
L;'l:=|{a(0 L0yttt (rE DY
Lin=1{a(0... 0), titn, titn, tr (r=i. . BY 1,
Le=1{a(0 ... 0), tijn, tiin, tr (1, 1, k)} s
1 aHaJOTHYHO B 0603HaueHusix 5.5
AS=1{a(xe, .-+, xm), xi=c} |,
A7 =1{axo, -+ xm) xi=2x5} |,
’—f,-}-k=|{a(x0- cers Xm)s xk=x,'+xt} I’
R, =1{a(x0, -+ Xm)» xp=xj-%i} |
flcao, uto Ls KoHeuno mopoxmens. OcraeTcs ROC/AeHAA Cepusi MPOBEPOK,

5.8. H{=GNL{, HT =GNL7g 414
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[Mpexne Bcero us (1) — (3) naxonnm
trla(xg, -« Xm)li=a(xg, «ouy Xim1s Xi+1, X544, cov s xm), 4)
f,'_,'}?a(xo,~--vxm)tijk=a(yo,---vym), (5)

rpe yy=x;+1, yp=xntxj, ys=x; 0pu s==1,k

(NpK npoBepKe MOC/TE]HEr0 PaBEHCTBA yuecTb, uto Rk > ! =+ 1, TaK 4TO I, KOMMyTH-

pyeT co cpeLHell uwacTbio cJoBa 4 (Xg, ..., Xm), CoCTOosiled u3 a;, b;, c¢;, i<l),
Orciopa caenyer, 4To

L‘=|17f U {trirsi}l,

L7 =|HG U {tity, trlr =i, i},
L.~}'},=|H,ﬁ U{tite, titn, trlrs=i, 1, k}|,
LS, =|HX U {tij, tin, trlr 0, j, k).

B camoMm nene, BKaloyennsa & oueBuaHbl. lanee, HauaB ¢ @ (Xg,:::, X;,) ¥ IPHMEHHB
conpsi2KeHHe NMOCPeACTBOM Iy, Mbl MOXeM KaK YFOLHO H3MEHHTb r-10 KOOPAMHATY B CHe
Ny (4): 10 cpasy aeT BKJioueHue L§ = Hf u notomy tpebyeMoe paBeHcTBo. AHa-
JIOFMYHO MNpPOBEpSieTcss BTOPOe pPaBeHCTBO.

Tperbe: conpsxeHHe C MOMOWLBIO #;¢; YBEJHUYNBAET (-10 U K-10 KOOPAHHATH Ha |,
a ¢ noMmolulbio fjfp— j-10 ¥ k-10, MOTOMY 4TO MOMKHO MOJNYUYHTb JI06QH BEKTOp C Xp =
= xj - ¥; HCXOLS M3 HYJIeBbIX KOODJAHHAT Ha 3THX MecCTax.

UYerBeproe: COnpsXKeHHe C MOMOULbIO {;jn YBEJIHUHBAET X; Ha 1, Xy Ha xj; tj;; aHa-
JIOTHYHO, YTO MO3BOJISET MOJY4YHTb J1060H BEKTOpP C Xp = XjXp HCXOAf H3 HYJEBOTO:

dra HOBas XxapakTepH3auus rpynn Lg nmokasbiBaet, uto Ls [} G = H, nns Bcex
s. Ocraercsi yCTaHOBHTb OGpaTHOE BKJIOUeHHe.

C 3T0il Le/blo 3aMeTHM, 4TO JMI060H 3JeMeHT 3 Lg C MOMOLLbIO COOTHOWEH UK (4) U
(5) mMoxer 6biTb npencraBaen B Buge Th, rae T € | {#;, t;jr} | (Ha6op DONyCTHMBIX HR-
NeKCOoB i, ijk 3aBucuT OoT S) W h € H (To xe paccyxiende, yto u Bhue), Ho no npen-
JoXeHuio 2.7 a) Bce {f;, {jjr} MopoXKAalOT CBOGOAHYIO NMOArPYNNYy, WMEOWYO TPH-
BHasbHOe nepecedeHde ¢ G (CM. npokasaTenabcTBo 2.7a)). CaenoBaTesbHO, €CaH

ThC G 10T=1mnh € Hg, 4To 3aBepluaeT NOKa3aTebCIBO,

6. OKOHYAHME OOKA3ATESIbCTBA

6.1. B sToM naparpage 3akaHunBaeTCs NPOBEPKa TOCHIKH mpensoxenus 4.3 u
T€M 3aBeplIaeTCs A0Ka3aTelbCTBO TeopeMbl XHIMIHa.

IMonoxum G = | {a, b} | u nyctb H © G — nepeuncaumas noarpynna. Mu no-
KaxceM, uyto H xopowa. [lepBuifi Wwar COCTOMT B peNyKUHH 3a4a4H K AOKA3aTeNbCTBY
TOr0, 4TO XOpOlla HEKOTOpas KOHKpPeTHas NOArpynna

Heo =1z,

He 3aBucswmasn ot H. Uro6u onpenennts H' BBeaeM cHauana pekypcuBHoe (6ecKoHey-
Hoe) nepeunciaesne y Z+ — G

1 (Qmo am p':lr) — F}J a™ai T it taite T it
=
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Mocne sToro momoxum
G'=|{a,b,t,0,0,d,¢e}l,

uS({a, b,a"1,b~1}) - G': [T o™i s™2i+1 o ¢ [ (0~ apiy™i p—t poty™i+1
>0 >0

H' =|{t(g)e"de"1g€S({a, b,a",b=1}), n€Z+, g=y(n)} |EG".

Brinucannas Qopmyna onpenensier T Ha He 00513aTeJbHO NPHBEAEHHHX CJIOBAX,
U npuBeJieHHe MOXKeT M3MEeHHTb T-06pas.
CrnoBo t (g)cde®, obpasyiomee H’, o1HO3HaTHO ONpeNeNsETCS 10 CBOEMY HOMe-

py n.
6.2. Jlemma. Ecau H' C G' xapowas nodepynna, mo 4100as NEPEMUCAUMAR nod-

epynna H G G xopowas.
HokasarteabcrtBo. a) [omroxum

H'=|{t(hyctde™|obpas h€H, n€Z+, h=y(n)} | S H',
Toraa
H'=H" N [{a,b,t,0. cde"| n€y=1(H)}|.

B camom rnene, Bkiawouenne & oyeBHAHO. O6paTHOE BKJIOYEHHe CjaelyeT H3 TOro, 4TO
MHOXeCTBO 0o6pa3os 3jeMeHTOB ¢*de, n > 1, B pakrope G’ uo A4py, MNOPOKIEHHOM Y
a, b, t, v, cBoGoano. [losToMy MO KaXKAOMY NpHBEAEHHOMY CJI0BY OT o6pasyouiy X
T (g) c"de nocieiOBATENLHOCTb HOMEpPOB 7 3THX 06pa3yiOMlMX BOCCTAHABJH3aeicHd
ONHO3HAUHO, H €CJIH BCe OHHU JexXaT 8 y~! (H). 10 ciioBo Jexur B H”

3uayut, H” ectb nepecedennie H' ¢ noArpynmoi, MOPOMAEHHOH OTPAHHYEHHH W
nepeyncaAnMbIM MHOXECTBOM obpasywounx (y~! (H) nepeuyucaumo Bmecre ¢ H). [lo-
9TOMY
H" xopouwa, eciu H' xopomwa.

6) IMosoxum

H=|{t(hhCH} IS G,

Jlerko yGennThesi, 4TO
HU{c,d,el=1H"U{c,d, e}l
Moatomy

H=(H" U l{c.d,e}lIN1{a.b,v, 1}

Mo nemme 4.4 H xopomwa, ecnin H” xopoma.
8) Haxkonen, paccmoTpum. romomopdusm @ : G’.— G, nepeBonsimuf a, b B, cebs,
t,v,c,d,e B1. Ouesurno, @ (H) = H. Ilo nemme 4.5 H xopowa, ecan  xopowa.
6.3. [Npucrtynum K NoKasareabCTBY TOro, uto moarpynma H' (C G xopowas.,
C 370it UeJbIO MOCTPOUM KOMMYTaTHBHYIO KHarpaMMy BJOXeHHHA rpynn

G - K->K

1 1 0

H' ~L'3L

CO CAeNYIOULMMH CBNACTRAMH:

a) K onpenenena KoHeuHblM MHOXeCTBOM 06pa3yioUIHX A OTPaHAYEHHLIM lepegnc-
JIMMbIM MHOXXECTBOM COOTHOLIEHHH; L nopox/AeHa orpaHHYeHHbIM eDeuYHCAHMEIM MHO-
XKecTBoM ¢10B B o6pasyomux K;

6) L' = L ecth u3oMophH3m;

B) H=G L 8 K.
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Orciona caenyer, uto H' xopowa. B camoM gene, nyets K = F/R, rae F — ceo-
GonHasi Tpymna, NOpoXIeHHasi KOHeuHol cucreMoit o6pasyomux K ; Ry —orpanvuen-
HOe NepeyHC/HMOe MHOXKECTBO COOTHOLEHHA MeXIy HHMH, a R —mopoXaeHHbI HMH
HopMaJnbhbil nennrteab. M3 npenyoxennus 5.2 cnenyér, uto Ry nopoxnaer xopouyio
noarpynny R B F, a u3 semmu 4.2 Torna BhiTekaer, yto K== F/R BKkaanbiBaercs B K.0:
rpynny M. [Ipn 3ToM BJIOXKEHHH OrpaHHYeHHOe MepeyHCHHMoe MH 0XKecTBO 06pa3yio-
wux L ocraercsi takuM B M (oTHOocHTeNbHO o6pasyiowmnx M) n notomy L < M Xopo-
wa 1o CJeACTBUIO npeljoxeHus 5.2. Orcioga B cuay 6), B) HMeeM: noarpynna H’' =
=G’ L xopowa Bmecre ¢ G u L kak nmoarpynna M. 3uauur, ectb Baoxenue (M, H’)
8 (M, H), takoe, 4yto M KoHeuHO onpejejeHa, H KoHedHo mOopoxXjaeHa U H'=
= H (| M. 310 BIOXeHHEe HHAYLHDYeT BJaoXeHHe napu (G, H') B (M, H) c TeMu Xe
cBoficrBamMu. CaenoBatensHo, H’ xopowa n B G’

Ocraercsi MOCTPOUTb YKa3aHHYIO AHarpaMMy H J0Ka3aTb CBOWCTBa a) — B).

6.4. pynna K’ 3to — KpatHoe HNN-pacunpenue rpynnsl G', onpeeseHHOe,
KaK B NpeasioXeHHH 2.7, C MOMOLIbIO YeTbipeX CUEeTHLIX MoCJedoBaTeJbHOCTeH HeTpH-
BHAJAbHBIX H3oMopdu3MoB moarpynnw | {¢, ¢, d, e, v=favt, v=ibvi)i > 0} | <= G’ B
G’ Tak Kak BHINHCaHHBIE 3J1eMeHThl CBOGOXHO NMOPOXKAAIOT 3TY MOATPYNNY, NOCTaTOY-
HO yKa3aTb, BO UYTO OHH MEpeBOASITCA HHTEpPeCYIOUMMH Hac W3oMopousmamu. B K*
3TH H30MOpPGH3MBI GYLYT MHIAYLHPOBaHbl CONMPSIKEHHEM MOCPEeICTBOM YeThipex Mo-
cnefoBaTelbHOCTER 0OGPasyOWHX X;, Xi, Yi, Yi, ¢ > 0 (BMecTo ¢;, i € [ B 0GO3Ha-
genusax § 2)s B crepyromed tabanue ykasaso Hx JefictBHe. O6Go3HaueHHs: a; =
= v—faul, b; = v=ibvl, pj = j-e npocroe uuca0. DNeMEHT TabJHUb, CTOSILAN HA
nepeceyeHMH, CKaxeM, CTPOKH ¢ W croabua x;, ecTb ¥ ¢ x;.

;l Y Wy
t ta; ;! by . b
c Pai clFain cPaite cFaits
d d d d d
e olai SPain oPaity oPaits
s ailaja;, j<t aiajait, j< 1| (b7razb, j<t biaj b, 1<
7 N .
aj, | >i aj, >t aj, >t aj. >1i
by artbya;, i< ajbjart 1< bt o0, 1< bibjbt, | <1
7
bj, i> by, j>i bj. i>1 by, 1>1
OKeHnuaTeIbHO [OJFOXMRM
K =1G" U {xi. xi. Yi, yili > 0}: cooTHowenus u3 rabanun |, G’ — K' —

€CTCCTBEHHOE BJIOXKeHHe,
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6.5. 'pynna L.’ [Tonoxum
L'=' {the’ Xi,x_;, yi--!;i |t > O}IQ K'v

L' — K’ — ecrectBenHoe BioxeHnHe. [IpoBepka Toro, ato [’ sknanesiBaercs 8 L’ (no
KOMMYTaTHBHOCTH AHarpaMmbl, Kak moarpynna K'), 6yaer nposeiesa B 1m.6.7.
6.6. Tpynnw K, L, INosnoxnm

K=|G'U {'”h Ug, Ug, By, Uy, Do, 03,04} R,

rke cooTHomenus R u Broxkende K’ — K onHOBDEMEHHO onpeIeNAIOTCA CIENYIOULHMH-

MH YCJIOBHSMH:
R=006pa3 TaGIMYHHX COOTHOWIEHHH [OCAE HOACTAHOBKM b HHA

xp —ui v dl, x> a7 gy,
" —i i - ) i
Yi > uz Ugly, yi > Uy Uslly,

K' - K — romomopdusMm, ToxaectBerun Ha G' ¥ neficTByownii Ha ocTasbHbIEe 06-

pasyloulyie STHMH NOICTAHOBKAMH. Fcmomopduam K' — K aBasiercss BJIOXKeHHEM.
o —l

JleficTBHTENBHO, BMEMEHTE U UjU; © 1 {uj, vj} | cBOGORHH, NO3TOMY K MOXHO pac-

cMaTpuBaTh KakK cBo6oiHoe npoussenenne K’ w |{uj, vjl1 < j< 4}| ¢ obvenn-

HEeHHbIMH COTAACHO BbIMHCAHHbIM NOACIAHOBKAaM NOATPYNNaMH (y4ecTb mpeisioXeHHe

2.7a)).
Hakoneu, nosoxum

L-o6pa3 L’ npu Baoxenun K' — K.

6.7. lnarpamma noctpoesa. YTsepXKiennwe 6.4a), 6) mid Hee mpoBepsercs He-
nocpenctsenHo u3 onpenpenenndt. OcTaeics pokasats, yto H' = G' N L’ B K'.

a) Monoxum [n]'= 1 (g) c"de" qna n € Z+, g = y (n) B 0Go3nauennsix m 6.1.
Hanomnum, uto H’ nopoxinena scemu |n] B G’ u, 3nauut, B K’

Ta6auna cootHowenuit B K’ Gblia npuiyMmaHa Tak, 4ToObl BHIIOJHSJANCH CAedy-

OlIHe TOoXJAeCTBa:
x7 " n) xi=[pyi n], X~ Xi=1pii4 nl,
g 1n) yi=(Pai+e 1), 4" (0] gi =Pai+s 1l

B camoM zene, npoBepuM, cKaxem, nepsoe u3 HHX. [lycTe Toraa cornacHo ompege-
NEHHAM

m,;—m,; m, —_—m,
v(n)=nﬂ aj T Maj+1 a2 e+,
i
(n)=tI1 a'i"aj—mdj+1 !,;"4j+2—'"41'+3 cn den,
i

OTKyla [0 nepBoMy croabuy Tabnuusl B 0. 6.4,

xit () xi=tag-ar VTT (oopyai TT (Lolyy P40 ™ dePai " —(p,; ).
i< >

Yuutbisas eite, ato [1] = fede € L/, u3 3THX GOPMYJ CONMPSKEHHS MONydaeM, 4TO
[n) € L’ nnsBcex nu H' C L’ kak Guio obemato 8 0. 6.5. Ceepx Toro

B U {xi, x1, 910 920> 0} =L*
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BKJIoyeHHe & npoBepeRo, a o6paTHOe OYWEBHRHO;
6) [lokaxem tenepsn, 910 B K’

[H" U lxi, x5, 95, gile> 00 |0 G =H"

Tak xak K’ aBasiercss - HN N-pacwupenuem G’, N0CTaATOYHO YCTAaHOBHTBH, 9TO MH Ha-
XOAMMCsi B CHTYallHH, KOTJa BHINOJIHEHbH YCJOBHH NpepJoxXenus 2.7 (OHH OMHCaHH
8 KoHle 1, 2.6) B IpUMEHHTb yTBepxKneHue 2.76).

[TpoBepuM 3TH yCJOBHs, CKaXXeM, JJISi MEepPBOH CepHH M30MOPHIMOB MOArPYNNH
G’, onucanuo#l B HauaJe n. 6.4. Dra cepHs OTBeyaer CONPSKEHHIO NOCPEACTBOM X; B
K’. B naweM ciyyae ycaOBHS NPHHHMAIOT CJeyOUWHH BUA

UIH NIt e, d, 5,051 >0 ) x=H" (1 x7t |{t,c,d, ¢ a5, 0i1j20)] %3,

7. e. no onpenenenuio H' u Tabnuue
oV H g =H' 0 | {1, 6™, d, i, b > 0}

Tak kak x7! [n] x; = [py;n), BkaAOUenne & ouesnano. Haobopor, nycrs 3anan sse-

vent u3 H', sanucaHublfi KaK npuBeneHnoe caoso B ofpasywounx {(n] : I ln,-]gl,

>3

&, = 4 1. PaccMoTpHM COOTBETCTBYIOLLEe eMy MpHBeleHHoe c10Bo g B G’
[NokaxeM, 4TO ec/lH ¢, d BXOAST B g TOJNbKO B CTeNeHfX, nemmmxca Ha D4j, TO
cpenn [nj], &€;#0, Bce nj 1eATCA A Pai, T. €. (n;] € x"l H'x;

B camoM pene, nycTb g = obpas g B | {c, d, e} | npn romomopqmsme, nepeBoaf-
wem ¢, aj, bj B 1. Tak KaK [n] = orden, 1o  BCe (n) cBoGonHm, 1 MocAenOBaTENLHOCTD
¥4 n]} 0AHO3HAYHO BOCCTAHABJIHBAETCSA nog Herpynno y6enntscs, 4To GopMy b, BH-
pa)Kaloume é’j nj uyepes CTemeHW, C KOTOPHIMH C, € BXOASIT B NPHBEIEHAOE CJIOBO
g, JUHeAHH C LelbiMH KO3(pdHUHMeHTaMH (TOuHee, 9TO NM3BIOHKIUHN JHHEAHHX Op-
MyJI, CONPOBOXAEHHBIX YCJIOBHSIMH THNa HepaseHCTB). [loaroMy W3 AeaumocTu scex

3THX ¢TeneHell Ha pg; CeAyeT H JeJUMOCTb nj HA Py;.
Aro 3aBepluaeT A0Ka3aTedbCTBO,



3AKNHOYEHME

B cenrsabpe 1979 rona B Ypreuue, neutpe XopeaMckoii obJa-
CTH Y36eKHCTaHa, COCTOSAJCS MEeXAYHapOAHBH CHMIO3HYM MaTeMaTH-
KOB «AJITODHTM B COBPEMEHHOH MaTeMaTHKe M ee NMPHJIOXKeHHAX». Me-
CTOM ero mpoBefeHHs1 Gblia BeIGpaHa poxuHa Beaukoro yuenoro IX Be-
ka Myxammena anb-Xopesmu (TO ecThb «Xope3aMHuiiuas). Mel yxe ymo-
MHHaAJH BO BBeneHnM, 4TO K MMEHH ajib-XOpe3MH BOCXOAHT TEPMHH
«aJITOPUTM» (a K Ha3BaHUIO COCTaBJEHHOrO HM yuyeOHUKAa — CJIOBO
«anre6pa»). Tpakrar anbp-Xope3mu Obl1 HanmucaH No-apabCKH; cpeld
npouero B Hem OblJla onHcaHa WHAHACKAas NO3WIHOHHAA CHCTeMa 3amH-
CH YHCJe U NpHeMbl BHIUHCJAEHHA B TakoH 3amnHcH. JlaTHHCKas BepcHs
TpakTarta, oTHocswasics K XII Beky, HauunHaercs csaoBamu «Dixit
algorizmi», To ectb «CKa3an anb-Xope3sMu».

Bosayx Xopesmckoro oasuca M ApeBHee palyllHe X035eB He TOJbKO
cnoco6CTBOBa/M yCneXy CHMIO3HYMa B TOM TEXHHUECKOM CMBICJE 3TO-
ro CJIoBa, KaK €ro MOHUMaloT OOBIUHO, HO 3aCTaBHJ/H YYaCTHHKOB BOC-
NpHHMMAaThb MaTeMaTHKYy OJXHOBpeMeHHO OoJiee HCTOpPHYECKH H GoJee
JHYHOCTHO. AGCTpaKTHasE MaTeMaTHYyecKas Npoleaypa, rapaHTHeH lieH-
HOCTH KOTOpOI [J151 COBPEMEHHHKA CJYXXHT HMEHHO ee 3alllHLIEHHOCTb
OT MPOU3BOJIa HHAMBHAYAJILHOTO CO3HAHHS, BAPYT NpelcTana B Ypres-
Yye MOUTH KaK MO3THUECKHH (heHOMeH, 3auaTbii H NOAAep:KaHHbIH aBTO-
PHUTETOM TBOPYECKOH MBICJH KOHKPETHOTO YeJiOBeKa.

XII Bex He Obla cJAyuaiiHBIM BpeMeHeM B HCTOPHH €BpONENCKOH
KyJAbTyphl. ®paHuyackuii meaueBuct Mapk baok B cBoelt kKuure «§1 ¢deo-
nanbHoe obuiecTBo» (cM. M. Buok, «Anosorus uctapuu», M. Hayka
1973) wHpoKHUMH Ma3kaMu HabpacbiBaeT KapTUHY oOOLIeCTBa, KOTOpOe
HMEHHO B 3TO BpeMs BCe aKTHBHee HauMHaeT NOCJEeNOBaTeJbHO pac-
Cy>KAaTb O cebe camoM.

«MO2HO JIH cuNTaThb HeCcylleCTBeHHbLIM B €Ille NMOJIHOH 3arallok HCTo-
PHI CBA3¢H MeXAY MBICJLIO H MPAaKTHKON TOT ()aRT,4TO K KOHLY BTO-
poro ¢eonanbHOTO NepHOAA JIOAH AeHCTBHS OObIYHO pacmosarann 6o-
Jlee COBEpLIEHHbIM, YeM NpexJle, HHCTPYMEHTOM JIOTHYECKOro aHaJH-
3a?» (M. Baok, loc, cit., ctp, 159). B 370l dpase ucTOopuk 0611eCTBEH-
HBIX OTHOLUEHHJI BOBCe He HMeeT B BHAY HMEHHO TPAKTAT aJ/ib-XOpe3MH,
HO, BI/IAbIBAsiCb B Pa3BePHYTYIO UM NaHOpaMy, Mbl HauMHAeM Jyulle
pas/iuaTh BpeMs, KOTAa NPpaBHJa CAOXKEHHs CTOJOHKOM MOIJIU BrepBbie
CTaTh COLHAJbLHBIM SIBJEHHEM

YuacTtne B cHMnosnyMme «AJNropHTM» no6YyaHJIO aBTOpa 3TOH KHHM-
KH elle pa3 3ajyMmMaTbCa O TOM, YTO ee 3arjaBHe MOIMO 6b 06emaTb
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MHOTro 60Jbllle, HeM MPELJOMNEHHOE YHTATENI0 KeCcTKoe H3JOXKeHHe He-
CKOJBbKHX (B CaMOM Jlejle 3aMeuaTesNbHbIX) TeOpeM H NOHATHH TeopHH
pekypcusHbix ¢$yukuniti. Hanpumep, caenosano Obl TUIATeNbHO NpO-
aHaJU3HPOBaTh NPeLCTaBJEHHe O KOHCTPYKTHBHOM (HJIM BLIMHCIUTE/b-
HOM) YHHBEpCYMe, KOTOpOe fIBIASieTCA €XHOH H3 MoayodhOopMHBIINXCA
abCTpakKUMH TEOPHM BBIYHCJAHMOCTP. TakoH yHHBepcyM — 3TO i1OTeH-
1Ha/bHO CUETHOe MHOXKEeCTBO OOBEKTOB, KOTOpbie MOXXHO (PdeKTHBIHO
CTPOUTL H 3(dEKTHBHO pa3/jHyaTh C MOMOLLLIO onepaluil U3 QUKCHpO-
BaHHOI0 KOHEYHOro CNHCKAa. AJNTOPHTMBbI B YHHBEPCYMe OCYHIECTBASIOT
nepepabOTKy ONHUX KOHCTPYKTHBHBIX 00beKToB B apyrue. Hymepaunn
lemenss wu oTOXDECTBJEHHe aJrOpHUTMOB (pe3yJbTaTOB HX pabGOTHI)
C YaCTHYHO PEKYPCHBHBIMH (PYHKUHSMH MOXHO HHTepNpPEeTHPOBATb Kak
YHUBepcaJibHbif cnoco6 yCcTaHaBJHBATb H30MOPDHH3IM MeXAY JIGbIMH
IBYMsi KOHCTPYKTHBHbIMH yHHBepcyMaMu. Ho usomopdusm He ectb
TOXHECTBO, U ONHAa M3 rNaBHbIX BO3MOXHOCTeHl TEOPHH YHHUBEPCYMOB
COCTOMT B CHCTEMaTHYECKOM pacCMOTPeHHMH paciuupeHuii. Ha d3bike
TEOPHH PEeKYPCHBHBIX (DYHKUHMH HOess TAKOro pacllHPSAIOLIerocst KOH-
CTPYKTHBHOTO yHHBEpPCYyMa INPHBOAHT K BONpPOCAaM, KOTOpble B KHHre
Naxe He NocTaBjieHbl. ApHhMeTHUYeCKHH yHHBepCYM Z,, OCHOBHOII
NPOTOTHN M MOAEJb BCEX YHHBEPCYMOB, MpeACTaeT B POJH, BaXKHOCTb
KOTOPOH, MOKeT ObiTb, MpeyBeaHyeHa.

B rHoceosiornyeckomM mnjaHe MHOrTOe MOXHO OwlJ1o Obl CKa3aTb
O COOTHOUIEHHH MOHATHII «BBLIUHCAHUMOCTb» H «NO3HaBaeMocTb». [lep-
BOe H3 HHUX OTHOCHTCH TOJNbKO K NMpopaboTKe u3OGpaHHON MaTeMaTuue-
CKOW Modesn NefCTBHTeNbHOCTH, 6yAb TO cucTeMa AudbdepeHHaNsbHBIX
ypaBHeHHMH HJH 3ajaya BLINYKJOrO NporpaMMHpoBaHHsl. BTopoe xe
MHOTO WWHpe, NOCKOJbKY U caM BbIOOp MOZENH, H 3alaya MPOBEPKH ee
afl3KBaTHOCTH HaXOAATCA OaJ/eKO 3a MnpelesaMd aJropHTMHYECKOTO
mupa. IlocraBseHHbifi Ha cuMno3uyMe Bonpoc «HTo genath mocse Toro,
Kak Hepas3pellMMOCTb MacCOBOH 3afaud NOoKa3aHa?» Obll M Apurjaiie-
HHEM B3TJIAHYTb Ha 3TOT MHD H3BHe.

Ho Bce 3T0 — «MbICAH Ha JecTHHUE». ABTOp OTK/JaAbIBaeT wWapH-
KOBYIO pPYuYKy B Hajxexne, — obulefl nas Bcex NHUIUYIIHX, — YTO KTO-
HHOYAb AOAYMaeT HX 3a Hero.
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